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PREFACE 


This book is the result of experience in teaching the principles 
of optics at the Massachusetts Institute of Technology. It is 
intended to serve as a basis for a substantial first course for 
students in the third year of their undergraduate training, and 
presupposes merely the general knowledge of optical phenomena 
that is acquired in the average first and second year course in 
college physics. The scope of the book is such that it should 
provide a solid foundation for those who intend to select optics 
as a career and at the same time it should furnish an adequate 
knowledge of the subject in a comprehensible form for those who 
intend to specialize in other branches of physics or engineering. 

The existing works on optics fall into two fairly well defined 
classes. Those dealing with what may be called pure optics 
treat the subject from a mathematical standpoint and commonly 
disregard the portions that are not amenable to mathematical 
treatment. Those dealing with what is sometimes called applied 
optics are devoted almost exclusively to the design of optical 
instruments. In this volume, we have attempted to steer a 
middle course and to treat the entire subject of optics as thor¬ 
oughly as can be done in a work of this size. Such a procedure 
appeared to be desirable because, in a broader sense, there can 
be no distinction between pure and applied optics. An acquaint¬ 
ance with the entire subject is as necessary for those whose chief 
aim is to discover new optical phenomena as for those who 
intend to find new applications for the known phenomena. 

There is as yet no profession that can truly be called optical 
engineering. In this respect, optics differs from the other 
branches of physics, such as mechanics, heat, electricity, and 
acoustics. Nevertheless, the ever-increasing importance of 
optics in industry makes it seem not unlikely that the profession 
of optical engineering will eventually assume its rightful place 
alongside the established engineering professions. The recent 
developments in such fields as illumination, motion pictures, and 
television, that depend primarily upon optics, have been brought 
about largely by engineers whose college training was received 
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at a time when optics was not regarded as an essential part of an 
engineering education. In the selection of material for this 
volume we have had in mind the needs of engineers who may wish 
to work up the subject by themselves quite as much as the needs 
of college students who may some day call themselves optical 
engineers. 

It is unfortunate that the study of optics must inevitably 
begin with the geometrical theory of image formation, which, 
although of little interest in itself, is a prerequisite to an adequate 
comprehension of all other branches of optics. This subject is 
disposed of in the five chapters that follow the introductory 
chapter. Chapter VII then deals with the phenomenon of 
diffraction and the limitation that it imposes on the performance 
of optical systems a limitation that is not indicated by the 
purely geometrical theory. The next seven chapters discuss the 
properties of radiation and light sources, the various detectors 
of radiation, such as the eye, the photographic plate, the photo¬ 
electric cell, and the measurement of light and color. The next 
group of four chapters describes the properties of optical materials 
and the construction and testing of optical parts. This informa¬ 
tion does not appear in any of the standard works on optics, 
despite its importance to any one who intends to make optics his 
profession. The remainder of the book deals primarily with 
optical instruments. Chapter XIX develops the general princi¬ 
ples underlying their design. It is followed by a discussion of the 
more important image-forming instruments, such as spectacles, 
photographic objectives, telescopes, microscopes, and projection 
systems. The last three chapters are concerned with spectro¬ 
scopic apparatus, interferometers, and polarizing apparatus. 

Those who are accustomed to regard optics as an exercise in 
applied mathematics will be disappointed in the present treat¬ 
ment because we have not considered it necessary to give a 
rigorous proof of every principle, since many of the proofs are 
extremely involved and may be found elsewhere. We trust 
that this lack of rigor is more than compensated by the greater 
emphasis that is thereby placed upon the principles themselves 
and upon the manner in which they can be applied. The refer¬ 
ences to original papers are more numerous in this volume than 
is customary in a work of this sort. These are intended to serve 
as a key to the literature and thus to encourage the student to 
obtain his information at first hand. In view of the impossibility 



PREFACE 


vii 


of giving a complete bibliography of the entire field of optics we 
have attempted to select papers that are readily available, espe¬ 
cially those which themselves contain extensive bibliographies. 

Grateful acknowledgment is extended to all who have assisted 
in the preparation of this volume, especially to Professor J. C. 
Slater for his aid in connection with Chap. VIII, to Mr. Alden 
Handy and Mr. Ivan A. Getting for reading a large part of the 
manuscript, and to the various firms who have so generously 
contributed material for the tables and illustrations. 

Arthur C. Hardy. 

Fred H. Perrin. 

Cambhidge, Mass., 

July, 1932 . 
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THE PRINCIPLES OF OPTICS 

CHAPTER 1 
GENERAL CONCEPTS 

The term ‘Tight” is used to describe radiant energy that is 
capable of affecting our sense of sight. It may denote also 
the sensation produced by this form of energy in the brain of a 
human observer. Physicists generally use the term in its first 
or objective sense; psychologists and physiologists use it in its 
second or subjective sense. Occasionally its objective meaning 
is extended to include the energy propagated by waves that are 
either too long or too short to be perceived by our eyes but 
which can be studied by the methods that are used in the visible 
region. 

Unlike other branches of physics, optics exhibits no simple 
phenomena, and there is, therefore, no logical point at which 
to begin the study of it. In mechanics, for example, one may 
begin with simple concepts like the equilibrium of forces, deferring 
more difficult ones until later, but in optics there are certain 
fundamental principles pertaining to all branches of the subject 
that must be grasped before a single branch can be studied 
intensively. Most of these principles arc to be found in more 
elementary texts, but they are so important that they will be 
summarized in this first chapter. Inasmuch as a knowledge 
of the history of optics conduces to a better understanding of 
the subject, a brief historical sketch will be presented first. 

1. The History of Optics, —The ancients were undoubtedly 
more familiar with optics than with any other branch of physics. 
The discovery in the ruins of Nineveh of a convex lens of quartz 
and tablets bearing inscriptions too minute to be decipherable 
by the naked eye indicates that the Chaldeans made use of 
magnifying glasses almost three thousand years ago. The use 
of a convex lens as a burning glass and as a magnifier is mentioned 
by Aristophanes and Pliny. Nevertheless, the knowledge of 
the ancient Greeks and Romans concerning the lens was probably 
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limited to its effects; for, although we know that they understood 
the laws of reflection at plane and curved surfaces, there is 
no evidence that they understood anything about the laws of 
refraction. It was not until a.d. 50 that Cleomedes showed by 
analogy with the appearance of a stick partially immersed in 
water that the sun must be visible after it has set. 

After the Dark Ages, the first outstanding figure in optical 
history was the Arabian philosopher Alhazen, who died in Cairo 
in 1038. Although he was distinguished in many branches of 
science, he is best known because of his optical works, which were 
later translated into Latin for the use of Europeans. He was 
the first to explain the functions of the different parts of the eye 
and to show that an image is formed by its optical system on the 
retina. He anticipated Huygens and others by explaining why 
we see objects singly with our two eyes. His astronomical 
investigations led him to explain the phenomenon of twilight; 
and with extraordinary sagacity he deduced that the atmosphere 
of the earth extends less than sixty miles above the surface, thus 
anticipating the epoch-making experiments that Torricelli and 
Pascal were to make many centuries later. 

The next figure of importance was Roger (Friar) Bacon, who 
lived in England during the thirteenth century. Only a little 
is known of this eccentric genius, who was centuries in advance 
of his day. He may have invented spectacles, which appeared in 
Europe about this time, and he is credited with having made 
combinations of lenses that acted like telescopes and microscopes. 
At least, his writings hint at a knowledge of these instruments, 
but if he invented them he did not claim so. Brave would have 
been the philosopher to admit being so manifestly a sophisticate 
in the black art! As it was, his scientific curiosity resulted in his 
spending some twenty-four of the last thirty-seven years of his 
life in prison. 

The Renaissance introduced a new era in science, which was 
characterized by an openly expressed dissatisfaction with the 
dogmatism of the Church and with the theories of the established 
argumentative schools of philosophy. This era marked the 
beginning of the experimental method in science, and the resulting 
advances in optics were as outstanding as those in the other 
branches of physics. Italy led the van with such pioneers as 
Leonardo da Vinci (1452-1519), Maurolycus (1494-1575), della 
Porta (1538-1615), and, foremost of all, Galileo (1564-1642). 
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There was but little specialization in those days, since all the 
known facts of natural philosophy could be comprehended by a 
single individual. As a consequence, the investigators who 
participated in the development of the branch of physics that is 
now called optics made contributions in other fields as well. 
The works of these sixteenth century pioneers are therefore too 
well known to require a detailed account here. 

The optical history of the seventeenth century is predominantly 
the history of the telescope. It is true that spectacles had been 
in use for some years, but, as few could afford such a luxury, 
the field of ophthalmic optics remained quite undeveloped. Also, 
the compound microscope had been invented by the Janssens 
about 1590, but it was so imperfect that the sciences depend¬ 
ent upon it could not progress beyond the most embryonic stages. 
Astronomy, on the other hand, was in a well-organized state; 
and the age-old heavens invited observation as never before, 
now that the novel Copernican theory was battling for its life 
against the accepted theory of Ptolemy. The actual invention 
of the telescope was probably the result of a chance observation 
of a Dutch spectacle maker. ’News of the discovery reached 
Galileo in 1609, and, although he had not seen one of the instru¬ 
ments, he instantly grasped the principle and made one which he 
exhibited in Venice for several months. A second and somewhat 
improved instrument followed very shortly, and in January, 
1610, he constructed one with a magnifying power of thirty-three 
times. These telescopes were similar to the modern opera glass, 
consisting of a double-convex objective and a double-concave 
ocular. Their definition was faulty, largely because of spherical 
and chromatic aberrations in the objective. It was soon found 
that these aberrations could be reduced without changing the 
magnifying power by increasing the focal length of the lenses. 
Such monstrosities as the 123-ft. telescope that Huygens pre¬ 
sented to the Royal Society were the natural result. A 
more elegant solution was proposed by Gregory, who in 1663 
suggested eliminating the chromatic aberration entirely by using 
a mirror instead of a lens. Newton adopted this suggestion 
and constructed a large number of reflecting telescopes, after 
hastily concluding that a combination of lenses could not be 
achromatized. But his conclusion was based upon inadequate 
evidence, and in 1733 an achromatic objective was constructed by 
Chester Moor Hall, an English gentleman. 
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In one sense, there are only two types of optical instruments: 
those that form images, like the telescope; and those that analyze 
radiation, like the spectroscope. It is quite fitting, therefore, 
that the seventeenth century should have witnessed the birth 
of the second type of instrument as well as the first. In fact, 
Newton’s classical experiment on the composite nature of white 
light, which led to the development of the spectroscope, was 
nearly contemporaneous with the construction of the first good 
telescope. 

The outstanding characters of the seventeenth century were 
Christiaan Huygens (1629-1695) and Sir Isaac Newton (1642 
1727).^ The contributions of both men to optical science are so 
numerous that they cannot be even mentioned here. Both made 
valuable experimental discoveries, but they are now remembered 
chiefly as the most famous supporters of rival theories of light 
propagation, notwithstanding that neither was satisfied with 
the adequacy of the theory he supported. Although these two 
investigators somewhat overshadowed all others of the period, 
mention must be made of Scheiner (1575-1650), who studied 
the optics of the eye, Snell (1591-1626), who discovered the true 
law of refraction, and Romer (1644-1710), who, by observations 
on the moons of Jupiter, was the first to prove that light travels 
with a finite velocity. 

During the eighteenth and nineteenth centuries, developments 
in optics were more in the nature of improvements than funda¬ 
mental inventions. Progress was slow because these develop¬ 
ments had to await inventions in allied fields. Only at the end 
of the nineteenth century did the photographic film, the electric 
arc, and the incandescent lamp appear; and the present century 
had well started before the photoelectric cell could be put to 
practical use. Even optical glass was limited in variety until 
1886, when the researches of Abbe and Schott made the modem 
highly corrected lenses possible. Optical research during this 
period was confined very largely to a study of the classical 
phenomena, such as interference and diffraction, which are 
explained so beautifully on the basis of the wave theory. The 
remarkable confirmation of optical theory afforded by these 
experiments led to the growing conviction that the work of the 
physicist of the future would be merely to determine the known 

1 Huygens’s “Treatiseon Light” was translated by Silvanus P. Thompson 
in 1912, Newton’s “Optick^' was reprinted in 1931. 
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constants of nature with greater accuracy. But this attitude 
was suddenly changed just before the beginning of the present 
century by the discovery of new phenomena which opened 
unexplored fields of investigation. At the same time, the indus¬ 
trial applications of optics were enormously increased by the 
appearance of the inventions mentioned above and by the 
development of optical instruments by Abbe. In fact, the begin¬ 
ning of the twentieth century marks the entrance of optics, which 
had never been exploited in an engineering sense, into practical 
affairs. 

The extraordinary progress in all branches of optics during the 
present centur}^ may be said to have resulted indirectly from the 
invention of the electric lamp by Edison in 1879. At that time 
there were no satisfactory sources of electrical energy, and this 
invention created a demand that led to the development of the 
electrical industry, which has lowered the cost of light to the 
{X)int where it has revolutionized the habits of mankind. At 
the present time, developments in optical science are progressing 
along three w(dl-detin(Kl courses. There is considerable activity 
in the improvement of sources of light and in methods of utilizing 
them. There are also many new applications of optics in science 
and industry, and the manufacturers of optical equipment are 
therefore constantly developing new instruments and modifying 
older ones to suit new purposes. In the field of pure science, 
it has come to be recognized that the branch of optics known as 
.spectroscopy holds the key to the secrets of the constitution of 
matter and possibly to the nature of the universe. The activity 
in this field is so great that spectroscopy is rapidly assuming the 
status of an independent science. 

2. The Nature of Light.— The nature of light is a puzzle 
that has absorbed the attention of philosophers and scientists 
since the earliest times. The ancient Greeks imagined that light 
consisted of a stream of corpuscles, but whether these emanated 
from the light source or from the eye was a subject of debate. 
Both theories accounted for the apparently rectilinear propaga¬ 
tion of light and also for the facts of regular reflection, thus 
supplying the Greek geometers with an application for their 
newly developed mathematical methods. 

No better theory concerning the nature of light was proposed 
until the seventeenth century, when experimental evidence 
of new kinds began to accumulate, especially the phenomena of 
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interference, diffraction, double refraction, and polarization. 
Huygens showed about 1690 that the phenomena of reflection and 
refraction could be explained by assuming that light is propagated 
as longitudinal waves like sound. However, no method was 
found of explaining rectilinear propagation; and Newton, after 
considering this new theory carefully, was inclined to favor the 
older corpuscular theory. The weight of his opinion squelched 
the wave theory so effectively that it was in disrepute until about 
1800, when Young and Fresnel attacked the problem anew. 
These investigators succeeded in explaining on the basis of the 
wave theory not only rectilinear propagation but the phenomena 
of interference and diffraction as well. Young later accounted 
for the phenomenon of polarization by assuming that the waves 
are transverse—that is, perpendicular to the direction of propaga¬ 
tion—rather than longitudinal, or parallel to the direction of 
propagation. Finally, in 1850, Foucault gave the coup de grdce 
to the corpuscular theory by proving experimentally that the 
velocity of light in a material medium is less than in free space, 
a result that the proponents of both theories had always admitted 
would be conclusive. 

But the wave theory had its difficulties. The propagation 
of waves necessitated some medium, and inexorable mathematics 
showed that the so-called ether^ invented for the purpose, must 
be endowed with the most extraordinary physical properties. 
For example, to account for the enormous velocity of light, it 
must have a rigidity that is difficult to reconcile with the appar¬ 
ently unhampered motion of the planets. Then Faraday and 
Henry discovered electrical and magnetic phenomena that led 
Maxwell, in 1873, to announce his famous electromagnetic theory 
concerning the mode of propagation of electrical and magnetic 
disturbances. That this theory would also account for certain 
optical phenomena was proved about 1888, when Hertz showed 
that electrical waves possess many of the properties of light 
waves. In fact, the electromagnetic theory was so success¬ 
ful in interpreting the known phenomena in the field of optics 
that everyone believed that the final chapter on the subject had 
been written. 

New experimental evidence began to make its appearance 
toward the end of the last century. Several investigators found 
that the space surrounding certain metals becomes electrically 
conductive when the metals are exposed to light. After J. J. 
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Thomson discovered the electron in 1897, it was naturally con¬ 
cluded .that this photoelectric effect, as it is called, is due to the 
emission of electrons by the metal as a result of some action of the 
light. The expulsion of an electron from a metal requires a 
certain definite amount of energy, and this energy presumably 
comes from the beam of light. However, calculations showed 
that the rate at which an electron receives energy from a beam of 
light of ordinary intensity is so small that several years would be 
required for it to accumulate enough to bring about its expulsion. 
Actually, of course, the expulsion of electrons begins as soon as 
the metal is exposed. As a consequence it was necessary 
to assume that the energy in a beam of light is not distrib¬ 
uted uniformly over the wave front but is concentrated at 
certain points, as if the light consisted of corpuscles instead. 
Other evidence in favor of this view soon be^gan to accumulate. 
In arriving at a satisfactory explanation of the radiation from a 
black body, Planck found it necessary to assume that the radiat¬ 
ing oscillators in the body radiate energy discontinuously in 
units called quanta. Then in 1905 Einstein suggested that 
the absorption of light in the photoelectric process might 
be in quantum units also, and experiment proved that these 
quanta are of the same size as those required by Planck. 

During the last decade, the physicist has been forced to employ 
two seemingly contradictory theories: the wdVe theory for 
classical phenomena such as reflection, refraction, interference, 
diffraction, and polarization; and the quantum theory for the 
more recent discoveries in the field of X-rays, photoelectricity, 
and radiation. The inability of the physicist to fuse these two 
theories placed him in an anomalous position. We may smile 
at Newton^s idea that corpuscles have alternate fits of easy 
reflection and refraction, but what shall we say when a modern 
physicist determines the energy of a corpuscle that causes the 
expulsion of a photoelectron on the basis of the wave length 
required by the wave theory to explain phenomena that the 
corpuscular theory is incapable of explaining? The reason for 
the existence of the two theories is that the human mind can 
conceive of but two ways by which energy can be transferred— 
either by the actual transfer of matter or by a wave motion. 
Both theories in their simple forms have been signally successful 
in explaining certain optical phenomena while failing to explain 
the others. 
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A deeper understanding of some rectmt experiments suggests 
that both theories are essentially correct as far as they go. 
The Compton effect has indicated that light corpuscles may 
behave much like particles of matter, while the work of Davisson 
and Germer has indicated that, under certain conditions, electrons 
behave like a group of waves. Wave mechanics is the name given 
to a new method of interpreting physical phenomena that may 
provide the fundamental principle necessary for reconciling the 
conflicting theories. While a detailed account is beyond the 
scope of tliis book, it may be stated here that the theory of wave 
mechanics accepts the equivalence of matter and energy at the 
outset, postulating that waves are always associated with 
particles of matter. This subject has been developed principally 
by de Broglie and Schrddinger and is intended to supplant the 
ordinary gross mechanics when treating particles of atomic and 
sub-atomic dimensions. In fact, it goes beyond this and makes 
the ordinary gross mechanics of Newton merely a special case of a 
more general theory. 

In the present volume, the theory that ‘‘explains” a certain 
set of phenomena most conveniently will always be used, notwith¬ 
standing that it may not “explain” some other set. Thus, in 
arriving at the principles of image formation, it will be assumed 
merely that light travels in straight liiKis; in discussing inter¬ 
ference, diffracftion, and similar phenomena, that it is propagated 
as transverse waves; and in discussing radiation and the photo¬ 
electric effect, that it behaves more like corpuscles and is emitted 
or absorbed in multiples of the elementary quantum of energy. 
Despite the seeming inconsistency of such a procedure, it should 
be remembered that if a certain theory tits the observed facts 
once it .will do so always. That the theory represents only a 
special case of a more general principle should not be an objection 
to utilizing it for what it is worth, especially in a book whose 
emphasis is laid more on the applications of the theories than 
on the proofs of their validity. 

3. The Velocity of Light. —The ancients were undoubtedly 
familiar with the finite velocity of sound and must have specu¬ 
lated about the velocity of light. All the early terrestrial experi¬ 
ments failed of their purpose, however, because of the crudeness 
of the apparatus. It remained for Rbmer in 1675 to note with 
the aid of the newly discovered telescope that a peculiar varia¬ 
tion in the apparent periods of the eclipses of the satellites of 
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Jupiter depends upon the distance between the planet and the 
earth. The remarkably precise value of 3.0 X 10^^ cm/sec. 
for the velocity of light in free s})ace was determined on the basis 
of his observations. The first terrestrial method of determining 
the velocity of light was successfully carried out by Fizeau in 
1849. He allowed light to pass through a rotating toothed wheel, 
thus causing rapid interruptions in the beam. A mirror located 
some distance away redirected the light to the toothed wheel 
again, and the velocity could be computed by observing the speed 
of rotation at which the wheel moved through a distance equal 
to one tooth in the time required for the light to travel twice 
over the distance between the wheel and the mirror. Fizeau’s 
method was improved by Foucault a year later by the substitu¬ 
tion of a rotating mirror as the timing device in place of the 
toothed wheel. This resulted in the same precision with a 
much shorter optical path, so that, Foucault was able to demon¬ 
strate also that the velocity of light in water is less than in air. 
The most accurate determinations of the velocity of light have 
been made by Michelson,^ who concluded in 1926 that its 
velocity in free space is (2.99796 4 0.00004) X 10^^^ cm/sec. 
Michelson used the essential features of Foucault's method but 
employed a greatly improved technique, so that now the velocity 
of light is known with greater accuracy than almost any other 
physical constant. 

4. Wave Motion.-- ' The simplest wave motion that can 
be represented mathematically is (he one shown in Fig. 1. The 
figure may be considered a snapshot of a longitudinal section of 
a transverse wave. Every particle in the wave is vibrating up 
and down, its maximum distance from the axis being a. If 
the origin is chosen at some particle that is on the axis for the 
moment, the distance of any other particle from the axis is 

7 / = asin.r, (1) 

where x is the distance of the particle from the origin, measured 
along the line of propagation. 

The concepts relating to wave motion are so ingrained in our 
consciousness to-day that even the layman uses the terms appro¬ 
priate to it without thinking. Nevertheless, it may be well 
to define a few of the more common ones, which is here done with 
reference to Fig. 1 in lieu of a more formal set of definitions. 

^ Astrophys. Jour.j 66 , 1 ( 1927 ). 
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Consider two particles nii and m 2 occupying corresponding 
positions in two successive waves of a train. The distance 
X 2 — Xi between these particles is one wave length, the symbol 
for which is X. Now mi, m 2 , and all the intermediate particles 
are vibrating up and down and therefore will return to their 
present positions again at the end of a time T called the period. 
During this time, the wave will have progressed from Xi to J 2 
with a velocity 



The velocity may be expressed also in terms of the frequency, 
which is the reciprocal of the period. Then 

c = X/. (3) 


Y 



Fill. 1. 

The position of a given particle in terms of these constants is 

?/ = a sin 2 . 1 /C (4) 

where t is the time measured from some instant when y was zero. 
The graphical representation of this equation is similar to Fig. 1 
with values of time as abscissae instead of distance. 

When a given particle is acted upon simultaneously by two 
disturbances of the type represented by Eq. (4), the resultant 
displacement is the vector sum of the displacements that each 
disturbance would produce alone. A case of considerable 
importance in optics arises when the two disturbances lie in the 
same plane and pursue substantially the same course. If the dis¬ 
turbances have the same frequency, the equations may be written 

2/1 = ai sin 2irft 


and 


y 2 = a 2 sin (27r/i + ip ), 
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where <p represents the phase of one disturbance with respect to 
the other. It is easily shown that the sum of these disturbances 
is a sinusoidal disturbance of the same frequency as the compo¬ 
nents and that it has an amplitude 

a ~ yja{^ + + 2ain2 coss^. 

If <p is zero or any multiple of 27r, the two waves are in phase 
and the resultant amplitude is the arithmetical sum of the ampli¬ 
tudes of the two components. Now in any wave motion, the 
rate at which energy is propagated is proportional to the square 
of the amplitude. 'Hence, the combination of two sine waves 
of the same amplitude and frequency results, if they are in phase, 
in quadrupling the rate of flow of energy instead of merely dou¬ 
bling it. This never causes a violation of the conservation of 
energy principle, however, because the surplus energy at one 
point is always accompanied by a deficiency somewhere else. 
This deficiency occurs at points for which 

if — TTj 37r, etc. 

The two disturbances are then 180° out of phase, and the result¬ 
ant amplitude is zero. This phenomenon is known as inters 
ference. li; is of great use in the precise measurement of distances, 
partly because of the convenient shortness of light waves but 
more because their length is so constant. 

The velocity of light in any medium except free space depends 
on both the nature of the medium and the frequency of the light, 
the ratio of the velocity in free space to that in the medium being 
termed the refractive index of the medium. This quantity is 
commonly represented by a. Now from Eq. (3), either the wave 
length or the frequency or both must change by an amount suffi¬ 
cient to account for the change in the velocity. It so happens 
that the wave length changes, the frequency remaining constant.^ 
In other words, the frequency of a light wave is a property 
impressed on it by the source and is unaltered by the medium 
through which it is transmitted. 

Light waves are so short that it is convenient to adopt special 
units for expressing their length. The shortest radiation that can 
ordinarily be seen has a wave length of about 0.0004 mm, which is 
generally expressed as 0.4 micron, 400 millimicrons, or 4000 
Angstrom units. The symbols for these units are /x, m/x, and A, 
representing 10"“S lO"'’^, and 10““* cm respectively. Following 
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the custom of most workers in the field of optics, wave length will 
be expressed in millimicrons in the present volume. 

When a source of light and an observer are in motion relative 
to each other, the frequency is apparently altered. If the source 
emits light of frequency v and is moving relative to the observer 
with a velocity Vj the frequency of the light appears to the 
observer to be 

/ = )’ (5) 

the negative sign applying when the source and the observer are 
approaching each other. This Doppler effect is used by astrono¬ 
mers to determine the component, of the velocity of stars in the 
line of sight from the change in fre(|uency of the lines in their 
spectra. It is also used in the same way to determine the velocity 
of gas within sun spots. 

6, The Wave Front.—On the old elastic-solid tluory, it was 
possible to visualizes light as being propagated by waves in much 



the same manner that waves are propagated along a string that 
is under tension. Of course, the similarity is but slight because 
energy is transmitted by the vibrating string in one dimension 
only, whereas light energy is transmitted in three. With the 
advent of the electromagnetic theory of light, these mechanical 
vibrations of the ether particles were replaced by oscillating 
electric and magnetic fields. A simple conception of the mode 
of propagation, other than the purely mathematical one expressed 
by MaxwelPs equations, is therefore impossible. Huygens, 
however, had demonstrated many years before that the progress 
of a wave in a three-dimensional medium may be visualized in 
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terms of the motion of a surface in which the phase of the disturb¬ 
ance is everywhere the same. Such a surface is termed a 
wavefront. Regardless of our present ideas concerning the nature 
of light, Huygens’s method still offers a simple interpretation 
of the facts of image formation and is generally used on this 
account. 

Let the point source of light S in Fig. 2a be situated in a homo¬ 
geneous isotropic medium—that is, one in which the velocity 
of propagation is the same at all points and in every direction. 
Under these circumstances the locus of any 
given phase of the disturbance is a sphere. 

Hence, the emission of light by the point >S 
may be visualized in terms of a series of con- 
cemtric spheres, each repres(mting the locus of 
the same phase of the disturbance at succes¬ 
sive intervals of time. Huygens showed that 
the wave front at any future time can be 
determined by assuming that every point on 
a given wave front acts as the center of a new 
disturbance emanat ing from that point. This 
is illustrated in Fig. 3, where Wi is the wave 
front at some particular instant. Treating 
every point, 1, 2, 3, etc., on this wave front as 
an independent source, the envelope of the 
arcs representing the wavelets emitted by these 
points can be shown to be the new wave front 
W 2 . The radii of the wavelets are proportional, of course, to 
the time that has elapsed since the wave front was at Wi. If 
the original source is at infinity, the radius of the sphere becomes 
infinite and the wave front becomes a plane. 

If the medium is not isotropic, like many crystals, the velocity 
of propagation is diffeient in diffeient directions. In such a case 
the wave fronts are ellipsoidal as shown in Fig. 2h. 

6. Rays, Pencils, Beams. —It is impossible to describe the 
shape of a wave front in simple mathematical terms unless it is 
either plane or spherical. In the passage of a wave front through 
an optical system, small departures from the true plane or 
spherical form are always introduced. These are of great 
significance in estimating the perfection of the image, and the 
designers of optical instruments have therefore been forced to 
resort to a method that permits a portion of the wave front to be 
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treated independently. The procedure is to locate certain lines, 
such as ri, r 2 , rs, r 4 , etc., in Fig. 4a, which represent the directions 
in which the corresponding portions of the wave fronts TFj and 
W 2 are moving. These lines are known as rays of light, and 
they are perpendicular to the wave front when the medium is 
isotropic. In the case of anisotropic media—crystals for example 

—the rays in general are not 
perpendicular to the wave 
front, as shown in Fig. Ah, 

A bundle of rays originat¬ 
ing at a single point is known 
as a pencil. The light used 
for all practical purposes 
comes from sources of finite 
area, every point of which 
emits a pencil. Such a group 
of pencils is known as a beam. 
The distinction between these 
concepts is often illustrated 
by the statement that a ray ox 
light will pass through two 
infinitely small holes, a pencil 
through one small hole and 
one large hole, while a beam 
requires two large holes. 

7. Monochromatic Light.-- 
The type of radiation repre¬ 
sented in Fig. 1 has a definite frequency which can be expressed 
exactly in a mathematical sense. This type of radiation is com¬ 
monly called monochromatic or homogeneous; but neither term is 
entirely appropriate, the former because it implies a correspond¬ 
ence between the radiation and the color sense of a human ob¬ 
server, and the latter because in its usual sense it would imply 
merely that the radiation has the same character throughout 
space. Of the alternatives, the term ^‘monochromatic” is perhaps 
less objectionable and is certainly more widely used. No actual 
source emits radiation that is truly monochromatic. In fact, 
before Michelson could undertake his classical determination of the 
length of the standard meter in terms of the wave length of light, 
he was forced to make an extensive search for a source whose 
wave length could be expressed with sufficient precision to give 
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significance to his results. He was fortunate in finding that an 
in cadmium vapor furnishes a comparatively monochromatic 
red radiation. It should be emphasized, however, that truly 
monochromatic light in the mathematical sense can never be 
produced. Even if all the atoms in a given mass of gas emitted 
continuously light of exactly the same frequency, the Doppler 
effect, due to the motion of the gas molecules, would prevent the 
radiation from appearing to be strictly monochromatic. 

8. Heterochromatic Light.—If the term monochromatic^^ is 
applied to radiation of a single frequency, the radiation from any 
actual source may be described as heterochromatic (or non- 
homogeneous). When analyzed by a spectroscope, such radiation 
produces either a line, a band, or a continuous spectrum. A 
line spectrum is characteristic of atoms and is usually produced 
by an element in a gaseous state. If the gas itself is excited, 
the lines are bright; if the gas is in the path of light from a 
source that would produce a continuous spectrum, the lines are 
dark. The solar spectrum contains dark lines, called Fraunhofer 
lineSy because the light from the photosphere passes through the 
cooler outside layer of gases and this layer absorbs the radiations 
peculiar to the elements constituting it. 

A hand spectrum is characteristic of molecules and hence is 
produced by a compound in the gaseous state. It is really a 
line spectrum in which the lines are in groups, the lines of each 
group becoming more crowded toward one end, called the head. 
Of course, if the compound becomes dissociated into its con¬ 
stituent elements, the line spectrum of each element may 
appear. 

A continuous spectrum is characteristic of incandescent solids. 
It has no detectable structure but is usually considered to consist 
of radiation of all possible frequencies. However, Gouy and 
others have shown that the light from incandescent solids could 
very well consist of pulses that are analyzed by the spectroscope 
into what appears to be a continuous spectrum. In other words, 
the colors that appear in the spectrum of the sun and other 
incandescent solids may be introduced by the prism or grating 
in much the same way that the reflection of a sharp sound at 
a tier of seats in an auditorium may give rise to a musical note. 

The appearance of a continuous spectrum is characterized 
by a gradual change in hue from red at one end through orange, 
yellow, green, and blue to violet at the other. There is, of 
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course, no one-to-one correspondence between the wave length of 
the radiation and the sensation of hue that it produces. Never¬ 
theless, it has been found convenient to divide the spectrum 
somewhat arbitrarily into six or seven hues which, according to 
Abney, have the following wave-length limits: 


Violet. .to 446 m/x 

Indigo. 446 to 464 

Blue. 464 to 500 mu 

Green. 500 to 578 in/x 

Yellow. 578 to 592 m/x 

Orange. 592 to 620 ni/x 

Red. 620 to-m/x 


9. Polarized Light.—In the simple type of wave motion 
represented in Fig. 1, the vibrations take place in the plane of 
the paper, and the kind of light this is supposed to represent is 
said to be pla7ie polarized. An observer viewing an oncoming 
beam of this light would notice, if he were able to see the vibra¬ 
tions, that they take place in one plane only. The effect on 
the retina is the same regardless of the azimuth of the plane of 
vibration, but, if a substance like tourmaline is introduced into 
the beam, the amplitude of the transmitted wave depends upon 
the relation of the azimuth of the tourmaline crystal to that 
of the plane of vibration. In fact, the beam may be practically 
extinguished for some positions of the crystal. 

The plane of polarization can be defined in two ways. The 
early investigators of necessity defined it arbitrarily, and later 
experiments proved that the vibrations of the ether particles, 
assumed on the basis of the elastic-solid theory, take place in a 
plane perpendicular to the plane that had been selected as the 
plane of polarization. The situation is analogous to that in 
electricity, where the electrons carrying the current were found 
to migrate in a direction opposite to that in which the early 
experimenters had assumed the current to flow. Ordinarily, the 
term plane of polarization^^ means the plane normal to the 
plane of vibration, but, as the term is occasionally used to mean 
^the plane of vibration, it is necessary to ascertain the meaning 
i of the author in each case. In the electromagnetic theory of 
light, the electric and magnetic vectors lie in mutually perpen¬ 
dicular planes, and the plane of polarization is understood to be 
tbe plane containing the magnetic vector. 
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If two beams of monochromatic light of the same frequency 
are plane polarized in mutually perpendicular azii;nuths, the 
result of their combination is elliptically polarized^ light. In 
this case, an ether particle would appear to an observer viewing 
the oncoming beam along the line of propagation to be vibratlig 
in an elliptical orbit. The ratio of the major to the minor axis 
of the elUpse depends upon the relative intensity of the two 
beams. In the special case when the intensities are equal, the 
ellipse becomes a circle. The light is then said to be circularly 
polarized. 

Ordinary or natural light is assumed to be composed of beams 
of plane-polarized light representing all possible azimuths. As 
it is impossible to imagine an ether particle vibrating in all 
directions at once, it is assumed that natural light is composed 
of a number of plane-polarized wave trains following one another 
in such rapid succession that, over any time interval which the 
eye can perceive or the photographic plate can record, all azi¬ 
muths are represented exjually. The same crystal of tourmaline 
that was suggested above as a detector of plane-polarized light 
can be used to produce plane-polarized light from natural light. 
In practice, Nicol prisms, cut from a crystal of Iceland spar, 
give better results. 

Polarized light is used by chemists in the quantitative 
estimation of the concentration of solutions, especially of sugars, 
which have the propert y of rotating the plaq^^ of polarization. 
It is found that the amount of rotation is proportional to the con¬ 
centration, and thus, when the constant for a given substance has 
been once determined, the concentration of an unknown solution 
may be found readily. The instrument employed for this 
purpose is called a polarimeter or, if designed especially for sugar 
solutions, a saccharimeter. 

Polarized light has numerous other applications. It is of 
use to geologists because crystals can often be identified by means 
of it. Polarizing prisms are used in several types of photometers 
for controlling the intensity of light. Also, one method of 
recording sound on photographic film makes use of the change 
in the behavior of certain liquids toward polarized light when 
the liquid is placed in a strong electric field. 

10. The Visibility of Radiant Energy.—The visibility curv.e of 
a normal human eye is shown in Fig. 5. The ordinates of this 
curve represent the relative visibility^ which is the reciprocal 
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of the relative amount of power required to produce a given 
brightness sensation. This curve is plotted from the data in 
Table I. 


Table I. —Relative Visibility of Radiant Energy* 


Visibility 

0.0004 

0.0012 

0.0040 

0.0110 


Visibility 

0.175 

0.107 

0.001 

0.032 

0.017 

0.0082 

0.0041 

0.0021 

0.00105 

0.00052 

0.00025 

0.00012 


* From Bur. Standards Sci. Paper 475, p. 174. 

As the curve indicates, the normal eye is most sensitive to 
radiation at 555 mu. No exact wave-length limits can be 


Woive Length iroja) 

Fig. 6.—Visibility curve of the human eye. 

assigned to the visible spectrum, but the region from 400 mfx to 
700 m/i contains most of the visible radiation. 

11, Photometric Units. —Photometry is the name applied to 
the science of measuring light. Just as current can be regarded 
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as a flow of electricity, so light can be regarded as a flow or fiux 
of radiant energy. If the human eye were uniformly sensitive 
to radiation of all wave lengths, the radiant power expressed in 
watts would provide an adequate method of evaluating the flux. 
However, the eye is so strikingly selective in its response that an 
arbitrary unit by which the flux is evaluated in terms of its visual 
efi'ect is chosen instead. The name of this unit is the lumen. 
It obviously has the same dimensions as power, and it has been 
found by experiment that for a normal observer one lumen is 
equivalent to 0.00161 watt of monochromatic green light of a 
wave length corresponding to the maximum of the visibility 
curve (X = 555 m/i); or, taking the reciprocal, one watt of 
monochromatic green light of this wave length is equivalent to 
621 lumens. 

The number of lumens associated with one watt of radiant 
power from a given source is called the luminous efficiency of the 
source. For a source of monochromatic light, the luminous 
efficiency is obtained by multiplying 621 by the value of the 
relative visibility for the wave length in question. In general, if 
the source has an energy distribution represented by Exj its 
luminosity in lumens is given by the expression 

h = Cy2l£"V,E,d\, 


where Fx is the relative visibility function given in Fig. 5. The 
total power in watts is, of course, 



and therefore the luminous efficiency is 


621 J“Fx£x(iX 


( 6 ) 


Because of the form of this function, the integration is usually 
performed either graphically or by a ]joint-by-point method. 

When a source of light does not radiate uniformly in all direc¬ 
tions, a mere statement of the total flux may be inadequate. 
If the source is so small that it can be regarded as a point without 
introducing an appreciable error, a more complete description 
can be given in terms of the amount of flux radiated per unit 
solid angle in each direction. In this case, the intensity of the 
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source in any given direction is defined as the number of lumens 
per unit solid angle radiated in that direction. That is, if a 
small source radiates dF lumens of flux within a small solid angle 
do), the intensity 


I 



(7) 


The unit of luminous intensity is the candle. A point- source 
emitting light uniformly in all directions radiates 47r lumens per 
candle. 

It happens to be easier for standardizing laboratories to 
maintain a standard of intensity than a standard of flux. Because 
of this practice, it is often assumed that the candle is the funda¬ 
mental unit. However, for the sake of a clear understanding 
of the work that is to follow, particularly in Chaps. XIJI and 
XIX, it must be realized at the outset that the lumen is the 
fundamental quantity and that the candle represents merely the 
amount of flux that a point source radiates per unit solid angle 
in some specified direction. 

The concept of intensity is applicable only when the source 
is so small that it can be treated as a point. If the source is too 
large to be treated as a point, the corresponding quantity is 
called brightness. By definition, the brightness in a given direc¬ 
tion at any point of an extended surface is the quotient of the 
intensity of an element of the surface at that point by the area of 
the element projected in a plane perpendicular to the given 
direction. In mathematical symbols. 


B 


^ (h cos d 


( 8 ) 


where dl is the intensity of an element of the surface in the 
specified direction, da is the area of this element, and 6 is the 
angle between the normal to the surface and the given direction. 
The unit of brightness is the candle per unit area. 

The brightness of a surface depends in general upon the 
direction of observation, put there is a large class of materials 
for which the intensity varies as cos 0, and these therefore appear 
equally bright from every direction. Such materials are said 
to be diffuse radiators if self-luminous and diffuse reflectors if 
illuminated by some other source. Freshly fallen snow is a 
good example of a diffuse reflector, but it loses this property 
when a crust forms upon it. 
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The apparent brip^htness of an extended surface is independent 
of the distance at which it is observed; for, as the distance 
from the eye is increased, the area covered by the image on the 
retina decreases at a rate that almost exactly compensates for 
the smaller amount of flux entering the pupil. This is in contrast 
to the case of a point source, where all the flux entering the 
pupil falls on a single element of the retina regardless of the 
distance of the source. Hence in this case the source appears 
fainter as the distance is increased. 

When light is incident upon a surface, the resulting illumina¬ 
tion is expressed in terms of the amount of flux incident upon a 
unit area. In the lilnglish system, the unit of illumination is 
the lumen per square foot; in the metric system, it is the lumen 
per square meter. The illumination produced by a point source 
is given by the well-known inverse-square law, which is 


E = 


I 

^2 ^ > 


(9) 


where I is the intensity of the source, d is its distance from the 
surface, and i is the angle of incidence measured from the normal 
to the surface. The method of computing the illumination 
produced by a source of finite area will be considered in Chap. 
XIX. In brief, it consists in dividing the source into areas 
that are small enough to be treated as points and then finding 
the total illumination due to all the elementary areas by the 
method of the integral calculus. Because of the relatively low 
precision of present methods of measuring illumination, the 
inverse-square law can usually be applied without appreciable 
error to any source whose greatest, dimension is less than one- 
twentieth of the distance to the surface on which the illumination 
is computed. 

Because the inverse-square relation is used so frequently, 
illuminating engineers have fallen into the habit of evaluating 
illumination in terms of a unit known as the foot-candle. By 
definition, a footr-candle is the illumination produced when the 
light from one candle falls normally on a surface at a distance of 
one foot. From a consideration of the illumination produced on 
the interior of a sphere by a point source at its center, it will be 
seen that one foot-candle is numerically equivalent to one lumen 
per square foot. The fonf.rianHlp dimensionally 

incorrect and implies that t|^ product of 



22 


THE PRINCIPLES OF OPTICS 


the candlepower of the source and its distance from the surface. 
It is in common use in illuminating engineering practice, but it 
will be avoided whenever possible in the present work because 
of the confusion it causes; especially in Chap. XIX where the 
photometry of optical instruments is considered. 

12. Reflection.—The result of allowing a plane wave to fall 
upon a smooth reflecting surface can be studied by Huygens’s 
construction. Figure 6 shows such a surface with a plane wave 
front /-/' incident on it at .A. If the surface were not present, 
the wave front would pass successively through positions 
//-//', III-IlI'j IV-lV'j etc., each new position being deter¬ 
mined from Huygens’ principle by describing arcs representing 



the secondary disturbances erpanating from each point of the old 
wave front. With the reflecting surface present, only the portion 
of the secondary disturbances above the surface at the point of 
incidence of the wave front can go to form the new wave front. 
After reflection has occurred, the new wave fronts 

etc., are formed in exactly the same way as they would 
have been if the surface were absent. It will be seen from the 
geometry of the figure that the incident and the reflected wave 
fronts make equal angles with the surface. 

The kind of reflection discussed above is said to be regular or 
specular. In the majority of cases of practical interest, the 
reflecting surface is rough in comparison with the wave length of 
light. If a sketch similar to Fig. 6 be drawn for such a surface, 
it will be seen that the character of the reflection is very different. 
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A plane incident wave is no longer plane after reflection because 
the roughness of the surface causes the wavelets to combine in 
such a way that light is scattered in all directions. If the surface 
is sufficiently rough, its brightness is the same in every direction; 
or, in other words, the reflection is diffuse. Specular reflection 
and diffuse reflection thus represent limiting cases, between 
which lie the cases of practical interest. A surface that partakes 
of more of the properties of specular reflection than diffuse is 
commonly called glossy, while a surface exhibiting the properties 
of diffuse reflection to a pronounced degree is called matte. 
Surfaces intermediate between these two kinds are known as 
semi-gloss or semi-matte. Figure 7 illustrates the manner in 



which light is reflected from a semi-matte surface. The incident 
light follows the path AO, and the proportion reflected in each 
direction is indicated in polar coordinates by the curve. The 
specular component is reflected in the direction 0/S, such that 
the angle SON equals the angle AON, 

No surface ever reflects all the light incident upon it. Even 
a block of magnesium carbonate, which is about as white as 
any known substance, reflects only about 98 per cent of the 
incident light. If the reflecting power of a material is independ¬ 
ent of the wave length, it is said to be non-selective and the material 
appears white, gray, or black depending upon the value of the 
reflecting power. In general, however, the reflection is selective 
and the material appears colored. 

13. Absorption.—Of the light that enters a material, some is 
absorbed and some is transmitted. The transparency of a 
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material is defined as the ratio of the intensity of the transmitted 
light to that of the incident light: 

T=L (10) 

^ O 

The opacity is the reciprocal of the transparency. The optical 
density is defined as the common logarithm of the opacity: 

D = logic O = logio(11) 

A non-homogeneous medium, such as a photographic emulsion, 
behaves toward transmitted light as a semi-matte surface does 
toward reflected light; that is, the light does not all pass directly 
through. Some does, but a considerable amount is scattered 
and emerges at various angles with the incident beam. If 
I in Eq. (10) refers to the light passing through the medium 
without change in direction, the density is said to be specular; if 
it refers to the total emergent light, the density is said to be 
diffuse. Inasmuch as some light is always scattered, the specular 
density of a material is always greater than the diffuse density. 

In materials that are homogeneous, such as glass or clear 
liquids, the absorption depends upon the thickness in accordance 
with Bouguer^s law.^ Suppose that a layer of unit thickness 
transmits a fraction t of the light incident upon it. This layer 
will absorb a fraction (1 — t). Consequently a thickness x of the 
material will transmit the fraction and the intensity of the 
light transmitted is 

/ = /o^^ (12) 

where Jo is the intensity of the incident light. This expression 
may be written 

I ~ y (13a) 

where a, the absorption coefficient y equals —log* t. The absorp¬ 
tion of a solution is in general proportional to the concentration 
of the solute. The absorption coefficient can therefore be 
written as 

a = be y 

^ Bouguer set forth this law in 1729. It was rediscovered by Lambert 
and consequently is frequently called Lambert^s law of absorption. 
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where c is the concentration and 6 is the absorption coefficient for 
unit concentration. With this substitution, Eq. (13a) becomes 

/ = (136) 

which is known as BeePs law. 

Absorption, like reflection, varies with the wave length of the 
light and is therefore said to be selective. In rare instances, 
when radiations of all wave lengths are absorbed equally, the 
absorption is non-selective and the material is said to be neutral 
in color. 

14. Refraction.— Inasmuch as the velocity of light in a 
material medium is less than in free space, a wave front incident 



on the boundary of such a medium will be deviated or refracted. 
This can be shown with the aid of Fig. 8, in which Huygens's 
construction is used again. The first medium is supposed to be 
air, whereas the second is one in which light travels two-thirds 
as fast. The successive positions of the refracted wave front are 
the successive envelopes of wavelets emanating from the wave 
front in previous positions. These wavelets penetrate the second 
medium and travel two-thirds as fast as they did in the first. If 
the nornials to the wave front before and after refraction make 
the angles i and r respectively with the normal to the surface, as 
shown in the figure, 

n sin i = n' sin r. (14) 

This is known as SnelVs law. The refractive indices n and n' 
here represent the ratios of the velocity of light in free space to 
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the velocities in the media. The ratio n'/n is sometimes called 
the relative indeXy but this term leads only to confusion and the 
invariant form of Eq. (14) is preferable. 

16. Total Reflection.—If n is greater than n', it is obvious 
that sin r will become unity when i is still less than 90°. It is 
of course impossible for sin r to have a value greater than unity, 
and experiment shows that this imaginary case represents a 
change from refraction to total reflection. Thus in Fig. 9, the 
rays a, by and c proceeding from a source aS beneath the surface of 
the water emerge from the surface into the air above. In each 
case, the angle of refraction is greater than the angle of incidence. 
The ray d strikes the surface at the so-called critical aiigle and 



Fig. 9. 


emerges parallel to the surface. The ray c, on the other hand, is 
totally reflected on striking the boundary surface. 

It must not be assumed that the transition from refraction 
to total reflection is abrupt. As a matter of fact, there is some 
reflection at the surface in the case of even ray a, although most 
of the light is refracted into the air. As the angle of incidence 
increases, more light is reflected and less refracted, the reflection 
finally becoming complete when the angle of incidence exceeds 
the critical angle. 

A quantitative expression for the amount t)f light reflected 
at the boundary surface between two transparent media was 
first derived by Fresnel. In Fig. 10, let /o represent the intensity 
of a beam of plane-polarized light that is incident at an angle i 
on the boundary surface between two media whose indices of 
refraction are n and n' respectively. Let it be assumed first 
that the light is polarized in the plane of incidence—that is, in 
the plane of the figure. In this case the vibrations are perpen- 
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dicular to the plane of the figure. Fresnel showed that the 
intensity / of the reflected beam is given by 

I _ sin^ (^ — ?*) 

/o sin^ {i + r) 

The ratio I/Iois the reflecting power of the surface for light that 
is polarized in the manner assumed. The variation in the 
reflecting power with the angle of incidence is shown graphically 
by curve A in P^ig. 11 for the case where the first medium is air 
and the second is ordinary spectacle glass of index 1.523. For 



light polarized perpendicular to the plane of incidence, Fresnel 
showed that the reflecting power is 

I __ tan^ ({ — r) 

10 tan^ (i + r) 

The variation in the reflecting power with the angle of incidence 
is represented in this case by curve B in I'ig. 11. 

Natural or unpolarized light may be assumed to consist of 
equal amounts of two components that are plane polarized in 
mutually perpendicular azimuths. Hence the proportion of 
natural light that is reflected at the boundary surface between 
two transparent media is given by 

7o ”” 2sin2 (^ + r) ^ 2tan^ (i + r) 


(15) 
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The variation in this quantity with the angle of incidences is 
shown by curve C in Fig. 11. For normal incidence, Eq. (15) 
can be transformed into the more convenient expression 


I ^ (n - ly 
/o + ly 


(16) 


if one medium is air. Thus, a single glass surface reflects about 
4 per cent of the light falling normally upon it and transmits 
96 per cent. A sheet of glass, which of course has two air-glass 



Fio. 11.—The variation of reflecting; i)ow'er with the an^le of incidence for 
spectacle crown glass (n = 1.523). Curve A, reflecting power for light polarized 
in the plane of incidence; (!urve /i, for light T>olarizcd perpendicular to the plane 
of incidence; curve C, ioT natural or uiipolarized light. 


surfaces, transmits approximately (0.96)^ or a little more than 
92 per cent, assuming no loss by absorption. 

It will be noticed that if natural light falls upon the boundary 
surface at such an angle that i + r = 90°, the second term of 
Eq. (15) becomes zero and the reflected light is therefore com¬ 
pletely plane polarized in the plane of incidence. The angle 
of incidence for which this occurs is called the polarizing angle. 
It is the angle whose tangent is the ratio of the index of the 
second medium to that of the first. It will be noticed also that, 
although the light reflected at the polarizing angle is completely 
polarized, the refracted light is only partially polarized. 
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16. Image Formation.—Since a large part of optics is concerned 
witii instruments that form optical images, a clear understanding 
of the process of image formation is essential. As explained 
before, the most satisfactory interpretation is based on Huygens’s 
wave-front concept. In Fig. 12a, the point P is a source of light 
emitting waves which are represented by wave fronts that are 
spherical when the material is homogeneous and isotropic. The 
velocity of the wave through the lens L depends upon the refrac¬ 
tive index of the material of the lens, and in this case the lens is 
assumed to have a higher index than the surrounding media. 
Hence the wave will travel more slowly through the lens and, as 


L 



(A 



Vui. 12. 


the center of the lens is thicker than the edges, the central part 
of the wave front will be retarded most. The curvature of the 
wave front will therefore be altered and may become of opposite 
sign, as in the case shown. Actually the wave front will be 
somewhat distorted by the lens unless the surfaces are especially 
figured, but, if the lens is properly corrected, the wave front will 
remain approximately spherical after refraction. That is, it 
will shrink until all the energy passes through the point P' and 
will expand again as though P' were a source. Then P' is said 
to be the image of the point P formed by the lens L. An 
observer situated at the right of the figure would see only P' and 
would be unaware of the presence of either the lens L or the 
point P, which in the theory of optics is called the object. The 
image atP' is said to be real. A lens that causes the wave front 
to converge in this manner is called a converging lens. 
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In Fig. 126, the lens is diverging in its effect on the wave front 
so that the center of the latter after refraction lies at the left of 
the lens. As before, an observer stationed at the right of the 
figure would be unaware of the presence of either P or L and 
would see only P'. An image of this type is said to be virtual^ 
because the wave front only appears to spread out from P' and 
does not actually do so. 

It is difficult, as stated before, to describe in mathematical 
terms a wave front that is not exactly spherical. Consequently, 
those who work in geometrical optics visualize the process of 
image formation in terms of rays, since the^sc can be traced 



01 



through the system by simple trigonometrical methods. To be 
sure, the path of a single ray gives information concerning only a 
single point on the wave front, but in practice the performance of 
an optical system can usually be judged from the behavior of a 
few properly selected rays. 

The process of image formation on the basis of the ray method 
is shown in Fig. 13. In Fig. 13a, the pencil of rays emitted by 
the point source P is refracted by the two surfaces of the lens and 
recombined to form an image at P'. In Fig. 136, the lens causes 
the rays to diverge after refraction as though they originated 
at P', so this point is the image of P, 

Now in any of these cases, there is no reason why the image P' 
should not serve as the object for a second lens. If P' lies at the 
left of the second lens, as in Figs. 14a and 146, the rays from P' 
behave toward the second lens exactly as though P' were an 
actual source. Such an image can then be regarded as a real 
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object for the second lens whether the rays actually diverge from 
it or only appear to do so; that is, whether the image is real (Fig. 
14a) or virtual (Fig. 146), it is, in effect, a real object for a second 
lens if it is situated at the left of the latter. If P' lies at the 
right of the second lens, as in Fig. 14c,.ihe rays are converging 
toward P' when they enter the second lens, and are therefore 
intercepted before they can form the image P\ Nevertheless, P' 
may still be regarded as the object for the second lens, but in this 
case it is said to be a virtual object. It is clear that whether an 
object is real or virtual depends merely on whether the light is 
diverging or converging when it enters the lens. From a mathe- 




c 


Fig. 14. 


matical standpoint it is unnecessary to make any distinction 
between these two kinds of objects, except in choosing the 
algebraic signs of the involved quantities in the equations to be 
developed in later chapters. * 

For every position that an object may occupy with respect 
to a lens, there is a corresponding position for the image. The 
object and image are therefore said to be conjugate to each other 
with respect to the lens, and the corresponding distances of the 
object and its image from the lens are called conjugate distances. 
The mathematical equations expressing this conjugate relation¬ 
ship will be developed in later chapters, and it will be sufficient to 
note here that, in the most general sense, an optical system 
transforms a three-dimensional object space into a three-dimen¬ 
sional image space. Since the object may be eit her real or virtual, 
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the object space extends from infinity in one direction to infinity 
in the other. A similar argument holds for the image, and 
consequently both object space and image space extend 
throughout the entirety of physical space. In other words, 
neither the object space nor the image space can be considered as 
a separate region, the expressions being used merely to differ¬ 
entiate between quantities relating to the object and those 
relating to the image. 

17. Geometrical Optics.^—I’he branch of optics that treats of 
the formation of images is called geomstrical optics because the 
subject can be developed from a few fundamental postulates by 
geometrical methods. The four postulates upon which the 
subject is usually based arc given below, and the next five 
chapters will be devoted to extending their significance by formal 
mathematical processes. Although the validity of these pos¬ 
tulates should be obvious from the experimental phenomena 
described in this chapter, the best proof lies in the fact that, the 
results to which they lead are confirmed by the excellence of the 
optical instruments that they have produced. 

1. Light travels in straight lines in a homogeneous medium. 

2. When two rays of light intersect, the subsequent paths of eacii are the 
same as though each ray existed separately. 

3. When Ji ray is reflected, the angle of incidence equals the angle of 
reflection. 

4. When a ray is refracted, n sin i ~ n' sin r. 
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REFRACTION AT A SPHERICAL SURFACE 

Inasmuch as the most- important problems in geometrical 
optics relate to lenses with spherical surfaces, a study of the 
subject must begin with a study of the formation of images by a 
spherical refracting surface. In Fig. 15, the point object P hes in 
a medium of refractive index ri. A second medium at the right 
of P with an index n' is separated from the first by a spherical 
boundary surface whose center is at C. The line PC will be 



Fig. 15. 


called the axis of this system and the point F, where it intersects 
the refracting surface, the vertex. Now a ray PV coincident with 
the axis before striking the surface will be coincident thereafter, 
because it strikes the surface normally and consequently is not 
deviated. Another ray from P, such as P7, will be refracted to 
intersect the axial ray at some point P\ This point where the 
two rays intersect is the image of the point P, The problem 
that arises most frequently is to determine the image distance 
s' =: FP', knowing the object distance s = PF and the angle 
0, which for convenience will be termed the slope angle of the 
ray PL 

18. Convention of Signs. —Since every distance involved in the 
problem must be measured from some origin, a convention of 
signs must be adopted to insure consistency in the derivation 
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and use of the formulae. No convention is universal, but the 
following coincides largely with the conventions of coordinate 
geometry and results in the greatest number of positive signs 
when applying the derived formulae: 

1. Draw all figures with the light incident on the reflecting or refracting 
surface from the left. 

2. Consider the object dtsiauce s — PV positive when P is at the left of 
the vertex. 

3. Consider the image dUtance s' ~ VP' positive when P' is at the right 

of the vertex. ^ 

4. (insider the radius of curvature R = CV positive when the center of 
curvature lies at the right of the vertex. 

5. Consider slope angles positive wh(m the axis must be rotated counter- 
clockwis(^ through less than 7r/2 to bring it into coincidence with the ray. 

6. Consider angles of incidence and refraction positive when the radius of 
curvature must be rotated counterclockwise through less than 7r/2 to bring 
it into coincident with the ray. 

7. Consider distances normal to the axis positive when measured upward. 

In Fig. 15, all quantities except B' are positive. 

Although the formulae that follow will be derived with the 
aid of Fig. 15, they can be proved to be of universal applicability. 
The reader may derive them from his own figure, making the 
surface concave or convex to the direction of light and placing 
the object or image on either side of the surface. All combina¬ 
tions of the involved quantities will be found to lead to the same 
formulae provided the latter are once corrected to suit the 
assumed convention of signs. 

19. Ray Tracing.—^Let the path of the ray P/ in Fig. 15 before 
refraction be described in terms of s, the object distance, 
and the slope angle. To find the corresponding quantities 
s' and B' after refraction, the angle of incidence i must first be 
determined. In triangle P/C, by the sine law, 


Solving for t. 


sin ^ __ R 

sin (tt — iy R + s 


sin i 


R s 

'~Rr~ 


sin B, 


(17) 


Now the angle of refraction can be found from SnelPs law, Eq. 
(14), which, for convenience, will be rewritten in the form 


n . 

sin r = “7 sin ^. 
n 


( 18 ) 
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Then in triangle PIP' the sum of the angles is tt. In other 
words, 

^ (tt — -j) 7* 0' = TT 

Making this equation explicit for 6' and remembering that the 
latter is negative, 

(9' = r + <9 - z. (19) 

This gives the slope angle of the refracted ray. To find the 
distance s' = VP', consider the triangle P'lC and, from the law 
of sines, set 

6*' — _ sin r 

R —sin B' 

Solving this for s', it becomes 

s' ^ R - R (20) 

sm B' ^ 

The four equations, (17), (18), (19), and (20), are sufficient to 
locate the point P' for any ray in the object space whose inter¬ 
cept and slope angle are known. 

If the refracting surface is plane, E = oo and the above formulae 
become indeterminate. For this special case, it can easily be 
shown that the following relations are sufficient: 

sin ^ sin B (21) 

n 

and 

s' = —s tan B cot B '. (22) 

Another important special case’ is illustrated in Fig. 16. Here 
the point P is at infinity so that Pi is parallel to PV. Designat¬ 
ing the height of the ray PI above the axis by hj it appears at 
once that 

sin i = I • (23) 

^ Occasionally there arise certain other special cases that can be treated 
more conveniently by other methods of ray tracing, but they are beyond 
the scope of the present volume. They can be found in such works as 
von Rohr's *^The Geometrical Investigation of the Formation of Images 
in Optical Instniments” and Steinheil and Voit's '‘Applied Optics." The 
latter contains many examples of trigonometrical computations. 
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The law of refraction, Eq. (18), applies as before. Then, in 
triangle P'lC, the exterior angle at C equals i, so 

e' = r - i. (24) 

Finally the law of sines gives Eq. (20) just as in the general case. 
The four equations, (23), (18), (24), and (20), are sufficient in this 
case for tracing the course of a ray after refraction. 

‘Most optical systems consist of many refracting surfaces; even 
a simple lens is bounded by two surfaces. When the system 
consists of more than one refracting surface, the procedure in 
ray tracing is to trace the given ray through each surface in turn, 
the object for each surface (after the first) being the image formed 



Fig. 10 . 

by the preceding surface. Almost invariably optical systems 
consist of successive media separated by spherical surfaces whose 
centers lie on a line known as the axis of the system. A ray 
intersecting this axis (or that would intersect it if extended) lies 
in a meridian plane and is known as a meridional ray. The 
preceding formulae apply to such rays. Although most of the 
rays emanating from an object do not lie in a meridian plane, 
except for the very special case of a point object on the axis, the 
performance of an optical system can usually be judged from the 
behavior of properly selected meridional rays. The rays that 
do not intersect the axis—the so-called skew rays —are so much 
more difficult to trace that they are usually ignored in practical 
lens design. 

20. Numerical Calculations. —In practice, the designer of an 
optical system begins by selecting a set of glasses and radii of 
curvature that experience (or a rough preliminary calculation) 
has shown may produce a system capable of forming an image 
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of the quality required. He then traces selected rays through 
each surface in turn to determine the performance of the system, 
and modifies the constants by successive trials until the desired 
performance is attained. Different establishments have dif¬ 
ferent forms for the computation but they are all similar in 
essential details to the one about to be presented. This particu¬ 
lar form is selected because of the ease with which it can be 
comprehended, and the reader who attempts lens computation 
will undoubtedly modify it to suit his own convenience. 



As an example of the process of ray tracing, let us determine 
the behavior of the simple lens sketched in Fig. 17. The 
constants of this lens are: 

Radius of first surfaco Rx .... -f 100.00 mm 
Radius of second surfaco /?•> . . —100.00 inm 

Itcfractivo index n . ] .51767 

Axial thickness t . 20.00 mm 

Since the precision required in such a problem necessitates the 
use of logarithms, a formal argument facilitates the computation. 
This argument is merely a skeleton form, made out prior to 
beginning the calculation, into which the logarithms are inserted 
in the proper order for easy addition or subtraction in accordance 
with the operations indicated by the fundamental equations 
developed in the preceding section. The argument in Table H 
is for the first refracting surface and shows the calculations for 
three incident rays parallel to the axis—the axial ray {h = 0) 
and two others at an incident height of 10 mm and 15 mm respec¬ 
tively above the axis. The method of computing will be obvious 
by comparing the work with Eqs. (23), (18), (24), and (20). 

Although five-place logarithms are used ordinarily, the value 
of d' sometimes becomes so small that six-place tables must be 
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used to attain the requisite precision. The difference between 
keeping in mind five and six figures is great, and therefore six- 
place tables should not be used unless it is necessary. Indeed, 
seven-place tables are but little more difficult for an inexperienced 
computer, and, as they are readily available, they are to be 
recommended when five-place tables are not sufficiently precise. 


Table II. —Argument for First Surface 
(Incident rays parallel to the axis.) 



h — 15 mm 

h — 10 nim 

h =^0 

log h 

1.17609+ 

1 . 00000 + 


colog R 

8 . 00000 + 

8 00000 + 


log sin i 

9.17609+ 

9.00000+ 


log n 

0 . 00000 + 

0 . 00000 + 


colog n' 

9.81882+ 

9.81882+ 


log sin r 

8.99491+ 

8.81882+ 


r 

5° 40' 20”+ 

30 45' 4i"4- 

0.098836+ 

i 

80 37 / 37 , 

5° 44' 21”+ 

0.150000+ 

1 

II 

20 57 , j7„- 

r 57' 40”“ 

0.051165“ 

colog sin B' 

1.28780“ 

1.46571“ 

1.29103“ 

log sin r 

8.99491+ 

8.81882+ 

8.99491 

log R 

2 . 00000 + 

2 . 00000 + 

2 . 00000 + 

log (ft - s') 

2.28271- 

2.28453“ 

2.28594“ 

72 - s' 

191.74“ 

192.54“ 

193.17“ 

s' 

291.74+ 

292.54+ 

293.17+ 


The axial ray, for which sin i = 0, is computed by means of 
an artifice.^ The procedure is to trace any other ray parallel 
to the axis, and then, beginning with the operations represented 
by Eq. (18), to use the sines of the angles in place of the angles 
themselves. In the present case, the value of log sin r for A = 15 
is 8.99491, and the corresponding value of r is 5° 40' 20", Now 
the number whose logarithm is 8.99491 is found in the table of 
logarithms of natural numbers to be 0.098835, and the latter 
^ For the proof of the validity of this method, see Lummer’s ‘‘Photo¬ 
graphic Optics,” translated by Silvanus P. Thompson, p. 126. 



REFRACTION AT A SPHERICAL SURFACE 


39 


value is entered in the table opposite r for the axial ray. A 
similar procedure is followed with respect to and the value of 
B' is found by subtraction. Then against colog sin 6 ' is written 
simply the cologarithm of 0.051165, after which the pro¬ 
cedure is the same as for any other ray. It is immaterial what 
ray is selected as the auxiliary provided it is used throughout. 

The argument shown in Table II gives the distances s' from 
the vertex V\ of the first surface to the point Pi where each ray 
would intersect the axis if everything behind the first surface were 


Table III.— -Argument for Second Surface 



0 = 2^ 57' 17" 

= 1 ° 57' 40" 

0 

11 

log {R -f k) 

2.57024- 

2.57117- 

2.57191- 

colog R 

8 . 00000 - 

8 . 00000 - 

8 . 00000 - 

log sin B 

8.71220- 

8.53429- 

8.70897- 

log sin i 

9.28244- 

9.10546- 

9.28088- 

log n 

0.18118-* 

0.18118^ 

0.18118+ 

colog n' 

0 . 00000 + 

0 . 00000 ' 

0 . 00000 + 

log sin r 

9.46362- 

9.28664- 

9.46206" 

r 

16*^ 54' 24"- 

11 *^ 9' 23"- 

0.28977- 

0 

20 rjy/ jy./- 

r 57' 40"- 

0.05117- 

i 

ir 2'50"- 

70 jg. 28"- 

0.19093- 

(?'(= r -f 0 - r) 

80 4g/ 5|//- 

5° 47' 35"- 

0.15001- 

colog sin 0' 

0 81466' 

0.99596- 

0.82388- 

log sin r 

9.46362- 

9.28664” 

9.46206- 

log B 

2 . 00000 - 

2 . 00000 - 

2 . 00000 - 

log {R - s') 

2.27828- 

2.28260- 

2.28594- 

72 — s' 

189.79- 

191.69- 

193.17- 

s' 

89.79+ 

91.69+ 

93.17+ 


glass. But the ray never reaches P\ because it suffers a further 
refraction when it encounters the second surface, the vertex of 
which is F 2 . The direction and intercept of the ray in the final 
image space can be found, of course, by tracing it through the 
second surface. This procedure is straightforward since the slope 
angle 62 for the second surface is identical with Bi for the 
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first surface, and the image point Pi which has just been located 
is the object point P 2 for the second surface. That the object is 
virtual is of no consequence provided proper recognition of the 
fact is made in the choice of algebraic signs. Thus in the present 
case for the ray at h = 15, s' for the first surface was 291.74. 
This distance is measured from Fi. The object distance 6*2 for 
the second surface is the distance FoP/, which is obtained by 
subtracting the thickness of the lens from s^'. Thus ,S 2 = 
— 271.74, the negative sign being required because P 2 is at the 
right of F 2 . The rays are traced through the second surface by 
following the argument illustrated in Table III, which is based on 
Eqs. (17), (18), (19), and ( 20 ). As a result, it is found that 
if rays from infinity are incident on the lens of Fig. 17 at the 
heights zero, 10 mm, and 15 mm, the intercepts are at distances 
93.17 mm, 91.69 mm, and 89.79 mm respectively behind the 
second vertex. The inequality of these values is an indication of 
a defect known as spherical aberration, which will be treated 
more fully in Chap. VI. 

The distance from the vertex of the last refracting surface to 
the image of an infinitely distant point object on the axis is 
called the back focal Icncjth of the lens. This term is a misnomer 
since this quantity has no direct relation to what is properly 
known as the focal length, as will be shown in Sec. 31. There is 
a need for a better term but none has been suggested. 

21. Behavior of Rays in the Paraxial Region.^ —The sine of the 
slope angle B can be expanded by Maclaurin’s theorem into 

sin 0 = 0 - 3 j (25) 

For a ray in the vicinity of the axis, a paraxial ray, 6 becomes so 
small that sin 6 — 6 to a close approximation. The theory 
based upon this approximation is known as the first-order theory 
because the terms of higher order are neglected. It is also 
called the Gauss theory from the mathematician who first devel¬ 
oped it. 

If 0 is small, i and r must be small to the same order of approxi¬ 
mation. Then the fundamental equations become 

* = ( 26 ) 


( 27 ) 
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and 

s'=^R-Rjr, (28) 

with Eq. (19), 

e' r + 6 ~ i 


remaining the same as before. By direct algebraic methods, 6 
and 0 ' can be eliminated from these equations with the result that 


This equation is in many respects the most important in 
geometrical optics. From a theoretical standpoint, the fact that 
9 and 9' do not appear in it shows that all rays near the axis 
emanating from a point object unite to 
form a point image. To be sure, the 
rays traced through the lens in the 
preceding section did not unite at a 
point after refraction, but if more rays 
had been traced, it would have been 
found that those within a small region 
about the axis do so to a very close 
approximation. From a practical 
standpoint, this equation is adequate 
for locating the image formed by any 
system of centered spherical surfaces 
regardless of its complexity. Of 
course, the equation applies only to 
rays in the paraxial region, but in a 
properly corrected system, the extra-axial rays come to focus at 
substantially the same point as the paraxial rays. ^ This equation 
does not become indeterminate when R becomes infinite and it may 
therefore be used for refraction at a plane surface. It may also 
be used for reflection by setting n' = — n. That this is possible 
can be shown by Fig. 18. Here, by convention, i and r are 
always of opposite sign, and so sin i — — sin r. Hence, from 
Eq. (18), n' = By treating reflection as a special case of 



^ It is clear that Eq. (29) can be used for the treatment of the axial ray 
instead of the artifice used in the preceding section. In practical lens 
design, where several rays must be traced through a number of surfaces, 
the artifice is more convenient. 
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refraction, it is unnecessary to develop parallel sets of equations 
for the two phenomena. 

22. Lateral Magnification. —If a point is not on the axis, it is 
usually desirable to know the distance of the image from the 
axis in addition to its position along the axis. Consider the 
point Q in Fig. 19. This point lies in a plane through P perpen¬ 
dicular to the axis, the distance PQ being represented by y. It 
is easily shown that, provided PQ is not too great, the image of Q 
lies at Q' in a plane perpendicular to the axis through P', the 
image of P. If the distance of Q' from the axis is represented by 
y'y the lateral magnification in these planes is defined by 

m = (30) 

y 

This quantity is frequently called simpiy the magnification. 



To derive an expression for the magnification in terms of other 
constants of the system, consider rays PCP' and QCQ' passing 
through the center of curvature C in Fig. 19. Obviously these 
rays will be undeviated at the refracting surface. From the 
geometry of the figure, 


vl = -A. 

y s + R 


( 31 ) 


Now Eq. (29) may be written 

71 n _ n' 

R 7 


s' — R _ ns' 
s + R n's 


Combining Eqs. (30), (31), and (32), 


( 32 ) 
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This equation determines the height y' of the image formed by 
a single refracting surface of an object of height y. For 
a system comprising a number of centered spherical surfaces, the 
size of the final image is found by multiplying the size of the 
object by the product of the magnifications produced by all 
the surfaces. It must be noted that the term ‘‘magnification” is 
used in its most general sense and so includes values of m less than 
unity. 

23. Lagrange’s Law. —In Fig. 20, a spherical refracting surface 
forms an image having a height y' of an object having a height 
y. Let the corresponding slope angles in the object and image 



Fig. 20 . 


spaces be d and 6 ' respectively, B being so small that B and B' can 
be measured by their arcs. Then, 





and 



Therefore 



(34) 


Combining this with Eq. (33), 

y 


nd 

n'B' 


or 


nyB — n'y^B^. 


(35) 

(36) 


This equation, which represents what is frequently called 
Lagrange^s law after its discoverer, can be extended to include the 
case of refraction at any number of surfaces. Then the left- 
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hand member refers to the quantities in the object space and the 
right-hand member to the corresponding quantities in the final 
image space. The validity of this extension of Lagrange’s law 
can be demonstrated by writing it for each surface in succession. 
Then, since the image formed by one surface is the object for the 
succeeding surface and since the index of the intermediate media 
and the slope angles of the intermediate rays, taken successively, 
are the same, all the quantities referring to the intermediate 
refractions cancel in pairs. There remain only those quantities 
represented by Eq. (36). This equation will still be referred 
to as Lagrange’s law, although its application to a series of 
surfaces was demonstrated by other investigators. 

The formulae derived in this and the two preceding sections 
are valid for rays in the paraxial region only. In other words, 
these formulae can be applied only to small objects lying near the 
axis and to refracting surfaces whose areas are small compared 
with the other dimensions of the system. Althougli in practice 
it is impossible for obvious reasons to restrict the rays to the 
paraxial region, these formulae are nevertheless useful because 
well-corrected lenses behave closely as the first-order theory 
predicts. Even for ill-corrected lenses, where these formulae 
apply only approximately, the results are still of some value. 



CHAPTER HI 


THE THIN LENS IN AIR 

In the preceding chapter, formulae were developed for deter¬ 
mining the size and location of an image formed by refraction 
at a spherical surface. It was also shown that a system composed 
of any number of coaxial spherical surfaces can be treated by 
considering the surfaces one at a time, the object for each surface 
being the image formed by the preceding one. No more formulae 
are necessary, but inasmuch as certain special cases arise in the 
overwhelming majority of problems involving the first-order 
theory, it is convenient to have formulae for treating them 
directly. The case considered in this chapter is that of the thin 
lens in air. 

24. Formulae for Conjugate Distances. —In Fig. 21, let the 
refractive index of the lens be r/, its axial thickness be /, and the 



Fig. 21. 


radii of its surfaces be Ri and R 2 . The paraxial rays emanating 
from Pi unite after the first refraction at Pi as given by Eq. 
(29), which here becomes 


1 ^ _ n — 1 

Si si' Ri 


(37) 


because the first medium is air. In other words, if the medium 
at the right of the first surface consisted entirely of glass, an 
image of the point Pi would be formed at P/. Now if P/ is 
considered as the object P 2 for the second surface, and it is noted 
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that S 2 = 
becomes 


— {si — t)y p]q. (29) applied to the second surface 





(38) 


These two equations suffice to determine .s' 2 ' for any simple 
lens in air. If the lens is thin, can be set equal to — s/ and the 
latter eliminated. The result is that 



Inasmuch as t is assumed to be equal to zero, the distances Si and 
S 2 may be measured from any part of the lens and the subscripts 
lose their significance. Thus the thin-lens equation may be 
written 

It will be recalled that, by the convention of signs, s is positive 
when the object lies at the left of the lens and s' is positive 
when the image lies at the right. The radii Ri and R 2 are 
positive when the center of curvature is at the right of the vertex 
of the corresponding surface. As Fig. 21 is drawn, all quantities 
appearing in Eq, (39) except R 2 are positive. 

Inasmuch as no lens can have zero thickness Eq. (39) is always 
an approximation. Whether it is safivsfactory for a given case 
depends upon the importance of the error resulting from neglect¬ 
ing the thickness. If this error would be too great, Eqs. (37) 
and (38) should be used instead. 

25. Focal Length. —The quantities in the right-hand member 
of Eq. (39) are characteristic of the lens itself and do not involve 
the object or image distance. This member is often called the 
power D of the lens^; and its reciprocal, the focal length /. 
Thus 

(40) 

It will be seen that the value of / is the image distance s' 
when 8 is infinite. The sign of / evidently must follow from the 

^ The unit of power is the diopter (sometimes written dioptre, dioptrie, 
or dioptry). By definition, it is the power of a lens whose focal length is one 
meter. 
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convention already adopted. Thus, the focal length of the lens 
shown in Fig. 21 is positive. If this lens were in a medium of 
higher index than its own, its focal length would become negative. 
Since lenses are commonly used in air, they are called positive or 
co7werging when / is positive for the lens in air, and negative or 
diverging when / is negative. 

26. Magnification Produced by a Thin Lens.^—Consider an 
object of height i/i in a plane through Pi perpendicular to the 
axis (Fig. 21). From Eq. (33) the height ?// of the image formed 
at Pi by refraction at the first surface is 

yi = mi?/i = (41) 

If this image is considered as the object for the second surface, the 
height of the final image is 

2 // = m^yi' = yi'. ( 42 ) 

A‘2 


If Eqs. (41) and (42) are combined, the magnification produced 
by refraction at both surfaces is found to be 

i 



6*1 62 


6162 


(43) 


It will be noted that when the initial and final media have the 
same index, as in the present case, the index of the lens disappears 
in the expression for the magnification. When the lens is so 
thin that 62 can be set equal to — 61 ', Eq. (43) can be rewritten 
without the subscripts as 

m = (44) 


In this equation, 6 and s' are measured from any part of the lens 
and y and y' represent the size of the object and the final image 
respectively. By the convention of signs, y and y' are positive 
when measured above the axis. Therefore a positive value of 
m indicates an erect image and a negative value, an inverted 
image. Since s is always positive for a real object and s' for a 
real image, it follows that real images of real objects when formed 
by a single thin lens must always be inverted. 

As before, the term magnification^^ is used in the broad 
sense and is not restricted to cases where the value of m is greater 
than unity. As a matter of fact, reduction is more common in 
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practical optics than enlargement. A camera lens, for example, 
is used ordinarily to form images many times smaller than the 
objects photographed. A more extreme example is the telescope 
objective, which forms an image of the moon, say, so small that 
the magnification is practically zero. The image formed by 
the entire instrument appears larger than the object because the 
image formed by the objective is in a position where it can 
be magnified by the ocular, and this magnification is an enlarge¬ 
ment that more than overbalances the first reduction. 

27. Systems of Thin Lenses.^—^The position and size of the 
final image formed by any number of coaxial thin lenses in air 


From 

(virfudDimaq^ 



! 
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Fig. 22. 


can be found by the use of Eqs. (39) and (44). The method is 
the same as that used for a scries of surfaces in the preceding 
chapter. The image formed by each lens is found in turn, the 
object for each lens (aft er the first) being the image, formed by 
the preceding lens. An example will make the method clear. 

Consider a converging and a diverging lens separated by a 
distance equal to the numerical difference of their focal lengths 
/] and / 2 , as shown in Fig. 22. This is the optical system of the 
opera glass or Galilean telescope. The image of an infinitely 
distant object formed by lens Lj, called the objective, is at a dis¬ 
tance/i behind it. This image is the object for lens L 2 , called the 
ocular. It is a virtual object because it lies at the right of L 2 . 
Inasmuch as it is at a distance /2 from L 2 by the conditions of 
the problem, the image formed by this lens is at infinity also. 

The magnification of the combination is the product of the 
magnifications produced by the individual lenses. For the 
objective, 
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where yi is the assumed height of the original object, 
ocular, 


Vi 

Vi 


ul 

yi 


Si Si 

Si Si 


For the 
(46) 


and so for the combination 

m = mirrii =.^ • • (47) 

*^1 


Now the ratio s-i /si approaches unity as and Si become 
increasingly large. They are opposite in sign, however, because 
of the convention that was adopted. Hence, 



(48) 


Equation (48) shows that if/i is made very great and /2 rela¬ 
tively small, the magnification may be made practically infinite. 
It will be shown in Chap. VII, however, that the limit of useful 
magnification is set by the wave length of light. This fact is 
not indicated by the formulae derived on the basis of the postu¬ 
lates of geometrical optics; and the postulates are, to this extent, 
an incomplete representation of the principles underlying the 
formation of optical images. 



CHAPTER rV 


THE THICK LENS 

It was shown in Chap. II that Eqs. (29) and (33) suffice to 
determine the location and size of the image formed by the 
paraxial rays that traverse any system of coaxial spherical 
refracting surfaces. The application of these equations necessi¬ 
tates treating the surfaces one at a time, the object for each 
surface (after the first) being the image formed by the preceding 
one. In Chap. Ill, special formulae were developed as a matter 
of convenience for the case of a simple lens of negligible thickness. 
In the present chapter, formulae will be developed for any system 
of centered spherical refracting surfaces, which we shall term 
simply a thick lens. Such a lens may consist of a single piece of 
glass or it may consist of several elements, which may be either 
thick or thin. As in the preceding chapter, these formulae hold 
only for the paraxial region, but in practice they represent the 
behavior of corrected systems reasonably well. 

These formulae involve conjugate distances, which must be 
measured from some point of reference, and they are much 
simplified by selecting two points of reference, one for the 
object space and the other for the image space. These points 
may be chosen quite arbitrarily, but a further simplification 
results from selecting certain pairs of points that are so important 
that they are called cardinal 'points. Of the cardinal points, 
those known as the principal points and the focal points are the 
most useful, and we shall therefore discuss them first. 

28. Principal Points and Focal Points.—In Fig. 23, let the two 
conjugate planes AB and A'B' be the two transverse planes for 
which the lateral magnification produced by an optical system 
(not shown) is unity and positive. Such planes are said to be 
the principal planes of the system. The points H and Jf?', 
where the planes intersect the axis, are known as the principal 
points or Gauss points. Now all rays parallel to the axis in the 
object space, such as QA, may be considered to have arrived from 
an infinitely distant point object on the axis, and so, from 

60 
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the first-order theory, they will converge, after refraction by the 
system, to form a point image at F\ This point is called the 
second focal 'pointy and the distance /' — H'F\ the second focal 
le7U}th of the system. By turning the system* end for end, it 
will be seen that the point, /^has similar properties for an infinitely 
distant object at the other side of the system. This point is 
called the first focal pointy and the distance / = FH is called the 
first focal length of the system. Following the convention of 
signs already adopted, the first focal length is positive when 
F lies at the left of //, and the second focal length is positive 
when F' lies at the right, of //'. It will be shown in Sec. 32 that, 
if the initial and final media are the same, the two focal lengths 
are equal. Indeed, this is most commonly the case. 



29. Conjugate Distances and Lateral Magnification Referred to 
the Focal Points.—Let PQ and P'Q' in Fig. 23 lie in conjugate 
planes, PQ being considered the object and P'Q', its image. 
Formulae for the position and size of P'Q' will now be developed 
in terms of the position and size of PQ and certain constants 
of the system. Since P is on the axis, the object distance 
measured from the first focal point is x = PF. Similarly the 
image distance is x' — F'P', It is evident from the figure that 
triangles PQF and HBF are similar, as are triangles P'Q'F' and 


A'H'F'. Therefore 

-HB 

= / 

(49) 


AH 

x 

and 

-U'B' 

/V.' 

X 

(50) 


A'H' 



In these equations, x and x' are assumed positive as drawn— 
that is, the object distance x from the first focal point is positive 
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when the object lies at the left of F, while the image distance x' 
is positive when the image lies at the right of F'. 

Now the lateral magnification between the object plane and the 
image plane was defined by l']q. (30) as m = y'/y. But y AH 
and y' — H'B', Since by definition the lateral magnification is 
unity in the principal planes, any ray in the object space that 
would pass through the point A if it were not refracted emerges 
in the image space as though coming from the point A', where 
AH — A'H\ Similarly any ray through F that would intersect 
the first principal plane at B if it were not refracted emerges 
parallel to the axis after refraction as though coming from F', 
where HB = //'F', In the light of these considerations, Eq. 
(30) combined with h]q. (49) results in 

m = -A (51) 

and combined with Eq. (50) results in 

m = —• (52) 

Combining Eqs. (51) and (52), 

(53) 

This form of the expression for the conjugate distances is 
frequently referred to as the Newtonian^ form. It is admirably 
suited to the use of the slide rule or logarithms, which can scarcely 
be said of other forms of the equation. It should be noted that, 
since / and /' always have like signs, x and x' must have like 
signs also. In other words, an object and its image always lie 
on opposite sides of the corresponding focal points. 

30. Conjugate Distances and Lateral Magnification Referred 
to the Principal Points.^—In the preceding section, the distance 
of the object was measured from the first focal point F while the 
distance of the image was measured from the second focal point 
F'. Occasionally it is more convenient to measure these distances 
from the principal points H and //'. Let FH = s and IFF' = s'. 
Conformably to the convention already adopted, assume s 

^‘^Opticks’^ (1704), Book I, Pt. I, Axiom VI, Case 4. Equation (53) 
was stated (in words) in the form x'/f == f/x. Newton gave no proof 
because this axiom, like the others, had “hitherto been treated of in Opticks.” 
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positive when P lies at the left of and s' positive when P' lies 
at the right of H'. From Fig. 23, 


X = s -- f 

(54) 

and 


a:' - 5' 

(55) 

Substituting in Eq. (53), 





which may be written more simply as 


+ C = 


(56) 


By substituting Eq. (54) in Eq. (51), and Eq. (55) in Eq. (52), 
the lateral magnification in terms of the conjugate distances 
from the principal points is found to be 


/ 




.s' - /' 


(57) 


The convention of the signs of all quantities has been consistent, 
so a positive magnification still indicates an erect image. 

A more useful expression for the lateral magnification can be 
obtained by applying Lagrange’s law to the principal planes. In 
Fig. 24, 6 and 6 ' are the corresponding slope angles for a ray 
through H and H'. Since the lateral magnification is unity in 
these planes, Lagrange’s law^ shows that 

nf 

(58) 


71 

n' 


6 


where the quantities n and ii' designate the refractive indices 
of the object and image spaces respectively. Since B and B' 
are small, they can be measured by their arcs, so 


and 


s 



The lateral magnification between the conjugate planes at P 
and P' is y'/Vy so it follows at once that 
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I'he method of treatment used in the present chapter is so 
general that Eqs. (56) and (59) apply even when the system con¬ 
sists of but a single refracting surface. The fact that Eq. (59) 
is identical in form with Eq. (33) in Chap. II, wherein the dis¬ 
tances s and s' were measured from the vertex, indicates that the 
principal points of a single surface coincide at its vertex. The 
focal points can be located by assuming an infinitely distant 
object, first on one side and then on the other, and finding the 
position of its image in each case by means of Eq. (29). Although 
it is of theoretical interest to notice that the concept of cardinal 
points is applicable to a single surface, it is generally more con¬ 
venient in practice to apply the formulae^ of Chap. II directly. 



31. Focal Length.—The focal lengths / and /' can be deter¬ 
mined by calculation when the radii, indices, and separations 
of the system are known. The procedure is to consider a point 
object at infinity in the object space, which we shall assume to 
have a refractive index n. If the index of the medium following 
the first refracting surface is ni, Eq. (33) gives 

7liil 

Ml - - 

UiSi 

for the magnification resulting from refraction at the first sur¬ 
face, Si and Si being measured from the first vertex, of course. 
Now in similar fashion, 

niS2[ 


m2 


TI2S2 


for the second refracting surface. Hence the magnification m 
produced by any number of centered spherical surfaces is 
m = mi X m 2 X m 3 X m4 . . . 
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The same value for the magnification should result if it is com¬ 
puted by means of Eq. (59) instead of Eq. (60). Equating the 
two expressions for the magnification, 

7 ?',s y 71 iSa yy n2.s‘2 yy n^sz )\ nA^i y ’ ^ 

Since the object was chosen at infinity, s and are equal and 
infinite and may therefore be eliminated; that is, the difference 
between cS* and .s, is merely the distance between the first vertex 
and the first principal point, and this distance is small compared 
with infinity except in systems of infinite focal length. It will be 
noticed also that the nffractive indices of the intermediate 
media, /ii, 7 / 2 , etc., cancel in pairs from the right-hand member, 
leaving only the index of the first medium n and the index of the 
final HHuliurn, which may be written n\ Hence the refractive 
indices cancel entirely from Eq. (61). But the object distance 
was assumed to be infinite, so 6' = /' and therefore 


r - s 


<-s')(-s')(-s^) ■ ■ ■ 


The quantities involved in this equation can be determined 
by applying J^]q. (29) in Chap. II to each surface in turn or by 
tracing a ray from infinity through the system trigonometrically. 
But if the latter procedure is adopted, there is a much simpler 
method for finding/'. In Fig. 23, the ray QA in the object space 
is at a height- h above the axis and parallel to it. No matter how 
many refractions the ray may suffer, it will finally emerge into 
the image space as though it had passed through the point 
A', which is also at a height h above the axis. Now angle A'F'H' 
is known from the trigonometrical computations since it is the 
value of 0' after refraction at the last surface. By definition, 
the focal length for the ray QA is the distance A'F\ Hence 

jj = sin d 


or 


*' Ml 


sin 6' 


(63) 


As a practical example of the foregoing, let us return to the 
problem in Sec. 20, Chap. II. The value of 6' after refraction at 
the last surface (in this case the second) for the ray at == 10 is 
6' = 5° 47' 35". Substituting in Eq. (63), /' = 99,1 mm. It 
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should be noted that the argument (Table III) contains both log h 
and colog sin so the calculation of f is extremely simple when 
made by this method. Now if the ray at A - 0 is selected 
instead, colog sin 6' = 0.82388. Remembering that this was 
computed by an artifice with the ray at h = 15 as the auxiliary, 
we find that/' = 100.0 mm for the axial ray. 

The difference of 0.9 mm between the focal length of the axial 
ray and that of the ray at = 10 gives rise to a defect called 
coma, which wall be discussed in Chap. VI. Even though spheri¬ 
cal aberration is entirely absent from a given system, as indicated 
b}^ the equality of the back focal lengths for all rays, the true 
focal lengths may be diff(?rent and hence the magnification will 
be different for different zones of the lens. 

32. Case of the Same Initial and Final Medium.^—Equations 
(57) and (59) can be combined in a manner to yield the expression 


Thus, if/' is found for a given system,/can be readily determined 
from the indices of the initial and final media. In the vast 
majority of cases, the initial and final media are air; and Kq. (64) 
shows that in this case / = /'. By making this substitution, 
Eqs, (51), (52), (53), (56), and (59) can be rewritten more simply 
as follows: 

m= (65) 

X 


_ X 

'T 

xx/ = p , 

1,1 1 

- 1 -? = 7 ? 

s s' f 


m = —- 


( 66 ) 

(67) 

( 68 ) 

(69) 


It will be noted that the last two equations have the same form 
as Eqs. (40) and (44) for the case of a thin lens. This does not 
mean that a thick lens can be replaced by a thin lens; for, although 
there can always be found a thin lens that will produce an image of 
a given object of the same size and in the same place as the image 
produced by the thick lens, this thin lens would be equivalent for 
only a single position of the object. For an object at infinity, the 
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thin lens must lie in the second principal plane of the thick lens, 
and its focal length is of course the same as that of the thick lens. 
Such a thin lens is often called the equivalent thin lens; and its 
focal length is therefore called the equivalent focal length, 

33. Location of the Cardinal Points by Calculation.—The 
calculations pertaining to a thick lens become so involved when it 
is treated surface by surface that it is usually advisable to 
determine the positions of the cardinal points immediately. 
This can be done in a number of ways, and the method to be 
selected depends somewhat upon the form in which the data 
are furnished. In the general case, the system is described in 
terms of the radii and separations of the surfaces and the refrac¬ 
tive indices of the media. One method of locating the focal 
points is to apply Kq. (29) to each surface in turn, the object 
for the first surface being assumed to be at infinity. The value 
of s' for the last surface gives the position of the second focal 
point with respect to the vertex of the last surface. By turning 
the system end for end and repeating the process, the first focal 
point can be located with respect to the vortex of what is the 
first surface in the normal position. The two focal lengths of 
the system can then be computed by means of Eq. (62), since all 
the quantities appearing therein have been determined for both 
the normal and the reversed positions of the system. By defini¬ 
tion, each of the principal points is separated from the correspond¬ 
ing focal point by the corresponding focal length, so the two 
principal points can be located at once. 

The trigonometrical method of locating the cardinal points 
is essentially the same as the algebraic one that has just been 
described. As before, an axial ray from an object at infinity is 
traced through the system to locate the second focal point, and 
then the lens is reversed to find the first focal point. The only 
real difference between the two methods is in connection with the 
determination of the focal length, which, in this case, can be done 
by applying Kq. (63). As an example of the foregoing procedure, 
consider the lens discussed in Sec. 20. The second focal point 
was there found to be 93.2 mm to the right of the vertex of the 
last refracting surface. Now in Sec. 31, the axial focal length was 
found to be 100.0 mm. Consequently the second principal 
point must be 6.8 mm to the left of the vertex of the last (in 
this case, the second) refracting surface. The positions of the 
first focal point F and the first principal point H can be found by 
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reversing the lens end for end and making similar calculations. 
As this lens is in air, the two focal lengths are equal, and this 
fact can be used as a check on the correctness of the calculations. 

34. Formulae for a Simple Lens.—It is possible to derive 
algebraic formulae for the positions of the cardinal points of any 
optical system, but the formulae are generally so involved that 
it would be more laborious to substitute in them than to proceed 
in the straightforward manner outlined in the preceding section. 
They are sometimes convenient, however, in the case of a simple 
lens —that is, one containing only t wo refracting surfaces with 
air as the initial and final medium. The necessary steps in the 



>1 

Fig. 25. 


derivation of these formulae are so obvious that only the final 
expressions will be given. 

In Fig. 25, let the focal points be F and F' and the corresponding 
principal points, 11 and H'. Let the thickness t = V 1 V 2 be 
considered positive always. Since the initial and final media are 
the same, the first and second focal lengths are the same. The 
numerical value of the focal length is 


/= “ 
(n 


- R1R2 


n — l)^/^i — R2 ~ 



which may be written also as 


JL 4. ~ . 

Ri nRiRi J 


(70) 


(71) 


The distance of the first principal point from the first vertex is 

— {n — l)tf _ iRi _ 

nRi n(Ri — Ri) — (n — l)t 


ViH = 


(72) 
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By the sign convention, this distance is positive when H is at 
the right of V Similarly, 


rr/T/ _ ^_ t R 2 

" rJIt, ~ - C) - (n 


(73) 


which is positive when //' is at the left of F 2 . The principal 
points are separated by the distance 


////' = t 


_ {R i - R2)t _^ 

n{Ri — R 2 ) ~ {n — \)t’ 


(74) 


which is positive when II is at the left of //'. This is considered 
the normal order. When this quantity is negative, the order is 
reversed and the principal points are said to be crossed. 
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It will be seen from the above equations that no general 
statements can be made concerning the focal lengths or positions 
of the principal points of a thick lens. For example, even the 
familiar double-convex lens has a focal length that increases 
with the thickness until it becomes infinite when 

/, = - 7 ^ 3 ). 

A greater thickness results in a negative focal length. 

» 36. Formulae for a System of Simple Lenses. —When the 

system consists, as it frequently does, of two simple lenses whose 
individual cardinal points have already been located, the focal 
length and cardinal points of the combination are easily found. 
In Fig. 26, let the quantities pertaining to the first lens or element 
be specified by the subscript 1 and those pertaining to the second 
element by the subscript 2. Let the distance H 1 H 2 from the 
second principal point of the first element to the first principal 
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point of the second element be represented by a. Assume all 
quantities in the figure to be positive as drawn. 

The formula for the focal length of the system can be derived 
by a procedure similar to that used in Sec. 31. The magnifica¬ 
tion produced by the first element, is 

mi =- 

^S‘i 


and that produced by the second element, 

.So' 

mo = —; 

^S*2 

so the total magnification is 

S1S2 

m ~ mi?/i 2 — - 

.S1.S2 

Considering the system as a unit, the magnification is 

.s' 

m — — ’ 


where s and s' are measured from H and 11', the principal points 
of the combination. Evidently these last two expressions must 
be equal, whence 

S S1S2 


But the object is assumed to be at infinity, so s = Si, s/ = /i, 
and s' = /. Therefore 

Now from the figure, S 2 — a — fi] and from Eq. (68), 


By combining these equations, the focal length of the system is 
found to be 


ft I ~ d' 

which may be written 


(76) 


1 ^ 1 ^ _ a 

f fih mV 


(77) 


The cardinal points can now be located, as before, by assuming 
an object at infinity at the left of the system. The first element 
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then forms an image at its second focal point F/. This image 
is the object for the second element. Writing 


for this element, it if^ evident from the figure that 


= a - (f, +f,) 

and 

0-2' - F^/F' =f-f,- 


since the image of Fi formed by the second element must be at 
F'. By making the obvious substitutions, it is found that the 
distance of the s('cond principal point of the system from the 
second principal point of the second element is 


7 / 77 / 


a/2 _ 

/i + /2 — a 


(78) 


In a similar manner, the distance of the first principal point 
of the system from the first principal point of the first element can 
be shown to be 


IhH = 


a/i 


/l + /2 — 


(79) 


These formulae can be used when the elements are thin lenses 
by remembering that the principal points of the elements then 
coincide at the elements themselves. Thus h]q. (76) gives the 
focal length of two thin lenses separated by a distance a, and the 
subsequent formulae permit the focal points and principal 
points of a combination of two such lenses to be located. 

The formulae developed in this section can be used for a system 
containing any number of lenses by combining the first lens with 
the second, this combination with the third, and so forth. 
Usually, however, it is easier to trace a ray from infinity as 
outlined in Sec. 31. When the lenses are thin, the equation 

wherein the quantities refer to the entire lenses instead of the 
individual surfaces, can be used instead of Eq. (62). This is 
merely an extension of Eq. (75), The distance from the last 
lens to the second principal point is the difference between the 
true focal length and the back focal length. The entire procedure 
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is exactly analogous to that described in Sec. 31, except that lenses 
are treated instead of surfaces. 

36. Angular Magnification.^ —Consider a ray passing through a 
lens from some axial point P in the object space to its conjugate 
/^' in the image space, the slope angles in the object and imagti 
spaces being 6 and 9' respectively. The ratio 



is known as the angular magnification in the planes at P and P', 
Lagrange’s law may then be written as 

” w,7 = 1. (82) 

Since 7/, n'j and m (the lat(>ral magnification between tlie conju¬ 
gate planes at P and P') are constants, y is seen to be a constant, 
also for all rays through P in the paraxial region. 

37. Nodal Points and Optical Center. —In Fig. 27, let the ray 
QN in the object space be refracted to cross the axis at 0 and 



emerge as the ray N'Q' in the image space. When QN and N'Q' 
are parallel, the angular magnification referred to the conjugate 
points N and N' is unity and positive. These points are then 
said to be the^rs^ and second nodal points of the lens respectively. 
In other words, any ray in the object space directed toward N 
emerges in the image space from N' parallel to its original direc¬ 
tion. The point 0, where these rays cross the axis, is known 
as the optical center of the lens. 

It will be seen from Eq. (82) that, when n = n', the lateral 
magnification in the planes at N and W' is unity also. As this 
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was the property by which the principal points were defined, 
it follows that the nodal points coincide with the principal points 
when the initial and final media have the same refractive index. 
This case is so common that the properties of the two pairs of 
points are frequentlj^ confused. 

The nodal points can be located by means of Eqs. (51) and 
(52), since the lateral ma^^^nification in the planes at- N and N' 
is known from Eq. (82) to be 

m = ” . (83) 

n 

Now from Eq. (51), 

- - =-/, 

771 n 

where x is now the distance of the first nodal point from the first 
focal point. Similarly li)q. (52) gives 

3-' = -mf' = -~f', 

where x' is the distance of the second nodal point from the second 
focal point. By substit uting in the above equations the values of / 
and/' respectively from Eq. (64), the distances of the nodal points 
from the corresponding focal points are found to be 

.r = -/' (84) 

and 

(85) 

Thus the nodal points are related to the system in a manner that 
is just the inverse of the way the principal points are related; 
that is, whereas the distance of the first principal point from the 
first focal point is equal to the first focal length, the distance of 
the first nodal point from the first focal point is equal to the 
second focal length. The second nodal point is related to the 
second focal point in a corresponding manner. As a result, 
the formulae for conjugate distances and lateral magnification 
referred to nodal points as points of reference follow at once 
from Eqs. (56) and (57) by interchanging / and /'. Thus if 5 
represents the distance of an object from the first nodal point 
and s' represents the distance of its image from the second 
nodal point, 

j‘ 
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and 


7n = 


- j ~ . 


(87) 


A simple expression for the lateral magnification in terms of 
s and s' can be found. Since the angular magnification is unity 
for the nodal points, 

_ _Z/ 

s' s 

Therefore 

m = (88) 


It will be remembered that the corresponding expression given 
by p]q. (59) for the lateral magnification in terms of distances 
referred to the principal points was 


m 


ns' 

n's 


As before, the formulae become identical when the initial and 
final media are the same. If this were not generally the case, the 
nodal points would probably be used more often than the prin¬ 
cipal points because of the greater simplicity of Eq. (88). 

The properties of the nodal points can be used as an aid in 
studying the properties of the optical center, since this is the 
point where a ray directed toward the first nodal point intersects 
the axis. Manifestly, if the optical system contains several 
refracting surfaces, this ray may cross the axis at more than one 
point so that the system possesses more than one optical center. 
It is customary, therefore, to consider the optical center only 
in connection with a simple lens, where it is unique and also 
possesses some useful properties. In this case, it will be evident 
from Fig. 27 that, since QN and N'Q' are parallel, the tangent 
planes at the points of incidence and emergence must be parallel 
also, and so triangles OIiCi and OI 2 C 2 are similar. Hence, for 
the paraxial region, 

ViO _ OF 2 

Ki -R2 


Calling the thickness of the lens t, this equation can be trans¬ 
formed into 


ViO = 


Rit 


R\ — R 2 


(89) 
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and 

«’'■ - Ttr^.- 

It will be noted that the optical center of ^ simple lens possesses 
a property not shared by the other cardinal points. The posi¬ 
tions of the latter depend upon the refractive index of the material 
of the lens, and hence they shift in position with a change in the 
color of the light. The position of the optical center, on the 
other hand, depends only on the radii of curvature, and conse¬ 
quently this point possesses the property that every ray through 
it, regardless of its color, is parallel to itself in the object and 
image spaces. 

If the posit ion of either of the nodal points of the lens is known, 
the optical center can be located by another method. It will 
be seen from Fig. 27 t hat 0 is the image of N formed by refraction 
at the first surface, and is the image of 0 by refraction at the 
second surface. Hence the optical center can be located imme¬ 
diately by applying lOq. (29). 

38. Other Cardinal Points.—The principal points, focal 
points, and nodal points are the only cardinal points that are 
ordinarily of value in the solution of thick-lens problems. In 
rare instances, however, the treatment of the subject is simplified 
by using certain others, and for this reason they are encountered 
occasionally in the literature. Because of their comparative 
unimportance their properties will not be studied, although this 
could be done by the methods used hitherto in this chapter. 

The anil-principal points, or negative principal points, are 
conjugate points for which the lateral magnification is unity and 
negative. They lie as far from the focal points as the correspond¬ 
ing principal points but on opposite sides. 

The anti-nodal pointsj or negative nodal points, are conjugate 
points for which the angular magnification is unity and negative. 
They lie as far from the focal points as the corresponding nodal 
points but on opposite sides. 

The Bravais points are hardly to be considered cardinal 
points but they may be mentioned here. They are the self¬ 
conjugate points of a system. Some systems have no such 
points, others have one, and still others have two. When two 
Bravais points exist, each is conjugate to itself, of course, and 
not to the other. 
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39. Transverse Axis.^ —Consider the thick lens shown in Fig. 28, 
the nodal points of which are N and N\ This lens may be of 
any form and need not be situated in air, although this is gen¬ 
erally the case. Suppose that the lens is rotated through a small 
angle r about an axi^ T perpendicular to the plane of the paper. 
After rotation, the point object F will lie at a distance from the 
axis rj — t(FT), provided r is small. The distance of P' from the 
axis is now obtained by multiplying y by the magnification 
between the conjugate planes at F and P'. Hence 

y' = mil = niTiPT) = • T ■ (PT), (91) 

where 5 and s' are measured from N and N' respectively. 
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The transverse axis is, by definition, the axis of rotation for 
which there is no displacement of F' when the lens is rotated. 
This condition is satisfied for the point T when 

t{TF') = -y'. (92) 

By combining Kqs. (91) and (92), 

TJ^ _ 

FT s * 

But from Fig. 28, PT = 5 + a, and TP' == 5 ' + 6. Hence 


It will be seen that., when 5 is very large, h becomes zero and 
the transverse axis coincides with the second nodal point. This 
is the basis of the so-called nodal slide y by means of which the 
position of the second nodal point can be found experimentally. 
The method consists in mounting the lens so that it can be rotated 
about an axis that is adjustable longitudinally. A position of the 
axis is found for which a small rotation of the lens produces no 
lateral movement of the image of an object at infinity. By 
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turning the lens end for end, the first nodal point can be located 
in the same manner. 

40. Longitudinal Magnification.^ —It is sometimes useful to 
know the amount of displacement of an image along the axis for a 
small longitudinal displacement of the object. Let the longi¬ 
tudinal magnification V be defined by 


r 



(94) 


where dx' is the longitudinal displacement of the image corre¬ 
sponding to a small longitudinal displacement dx of the object. 
By differentiating Eq. (53), it can be shown that 


r = 


d^ 

dx 



(95) 


Since x and x' always have the same algebraic sign, it follows 
that r is always negative. But, since x and x/ are measured in 
opposite directions under the convention of signs, this result 
indicates that the displacement of the image is always in the same 
direction as that of the object-. It is interesting to note that 
the longitaidinal magnification is the negative ratio of the dis¬ 
tances of image and object from the corresponding focal points, 
whereas the lateral magnification is the negative ratio of the 
distances from the nodal points. By combining Eqs. (59) and 
(82), it can be shown that the angular magnification is the nega¬ 
tive in\'erse ratio of the distances from the principal points. 

By combining Eq. (95) with f.qs. (51), (52), and (64), it is 
found that 

r = _’*L.TO2. (96) 

n 

Then by combining this equation with Eq. (82), the following 
expression, relating the angular, the longitudinal, and the lateral 
magnification, results: 

^- = -1. (97) 

m 

It must again be emphasized that this method of treating 
thick lenses, which was first used by Gauss, applies only to rays 
in the paraxial region. The method is extremely convenient 
when a large number of problems that relate to a given system 
are to be solved. For the solution of a single problem, the 
straightforward method of Chap. II is generally simpler. 
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THE LIMITATION OF RAYS BY APERTURES 

In the most general sense, an optical system forms a three- 
dimensional image of a three-dimensional object. In other 
words, for every object plane there exists a corresponding or 
conjugate image plane. In practice, however, only a single plane 
of the object space can be in focus at any one time because the 
image is always received on a screen of some sort. This is the 
case even in visual instruments, wherein the retina of the eye 
acts as the screen upon which the final image is formed. The 
pencils that would form images of points in other planes are 
intercepted either before or after they have come to a focus, and 
thus they produce spots of finite area. Whether these spots are 
large enough to have a deleterious effect on the image depends 
upon the angular dimensions of the pencils producing them. 
These dimensions, in turn, depend upon the apert ure of the system, 
which is determined by the diameters of the lenses and the stops 
that it contains. The theory of stops was first developed by 
Abbe, and it constitutes one of the most useful concepts in the 
theory of optical instruments. 

41. Aperture Stop. —Although the theory of stops is applicable 
to any optical system regardless of its complexity, it can be illus¬ 
trated best by a concrete example. Figure 29 represents an 
optical system, such as a photographic objective, in which the 
elements I and III are lenses, assumed here to be thin, while 
element II is the stop or diaphragm that such a system normally 
contains. The point P is imaged by the objective at P\ In 
the object space, the image-forming pencil has a half-angle 6; 
in the image space, it has a half-angle O'. 

It is clear from the figure that the value of 6 is determined 
by the diameter of the diaphragm II, which is therefore called 
the aperture stop in the terminology developed by Abbe. The 
method of determining the value of 0 consists in finding first the 
image of the aperture stop in the object space. In Fig. 29, 
the image of the aperture stop II formed by lens I is at E. It 
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is obvious from the theory of optical imagery, of course, that 
any ray from P that would pass through E if it were not refracted 
will pass through II after being refracted. In other words, the 
size of the pencil at P in the object space is limited effectively by 
jE', just as it is limited actually by II. In fact, an observer 
at P could not see the aperture stop II itself but only its magnified 
image at E. In a similar manner, the size of the emergent pencil 
at P' is limited by E\ the image of II formed by lens III. 

Figure 29 illustrates a case in which the diaphragm is the 
aperture stop. It is obvious that the rim of either lens I or 



lens III (or both) might become the aperture stop if the diameters 
of these lenses were decreased sufficients^ In the general case, 
it is not known which element of the system is the aperture stop, 
and the effectiveness of each element must then be investigated 
in turn to determine which one leads k) the smallest value for 
6. As the precision required is not great, the first-order formulae 
are sufficiently exact for such computations. For lens I in 
the present example, the maximum value of 6 is simply the angle 
subtended at P by the radius of the lens itself; for stop II, the 
value of 6 is the angle subtended at P by the radius of the stop 
image P, as has already been seen; for lens III, the maximum 
value of 0 is the angle subtended at P by the image of lens III 
formed by lens I (not shown in the figure). Stop II in this case 
leads to a smaller value of 6 than the others, which means that 
it is the aperture stop of the system with respect to the point P. 
In rare cases, two stops may be equally effective, and either may 
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then be considered as the aperture stop. It is clear that the 
procedure just described might be conducted as well with respect 
to the image space because, of course, the aperture stop is the 
one that leads to the smallest value of 6' also. 

The fact that stop JI is the aperture stop with respect to the 
point P does not imply that it is necessarily the aperture stop 
for any other point on the axis. For example, it is clear from Fig. 
29 that, if the point P had been chosen at a great distance from 
the objective, lens I rather than stop II would have been the 
aperture stop of the system. This is better illustrated by Fig. 
30, in which the elements of Fig, 29 an^ represented by th(nr 
images in the object space. Lens ] is actually in the object 



Fir,. 

space, of course. The image of II in the object space is already 
known to be at E. The image of lens III in the object space is 
formed by lens I at IIT. For an axial point in the vicinity of 
P, E is obviously the inrage of the aperture stop. At a certain 
point at the left of P, lens I and stop II are equally effective in 
limiting the aperture; and for a point still farther to the left, 
lens I is the aperture stop. It should be mentioned that this 
behavior of the aperture stop is not typical of actual photo¬ 
graphic objectives. On the contrary, in any well-designed 
optical system, the diaphragm that is introduced to limit the 
aperture performs its function over the entire range of object 
distances for which the instrument is intended to be used. 

42. Entrance and Exit Pupils. —In the nomenclature developed 
by Abbe, the image of the aperture stop in the object space is 
called the entrance pupil of the system. Thus in Fig. 29, dia- 
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phragm II is the aperture stop with respect to the point P, 
and E is the corresponding entrance pupil. Similarly, the image 
of the aperture stop in t he image space is called the exit pupil. In 
Fig. 29, E' is the image of the aperture stop by lens III and hence 
is the exit pupil. Any ray through P that would pass through E 
if it were not refracted traverses thc^ (uitire system and takes 
part in the formation of the image at P', and it will appear-in the 
image space to have passed through E'. 

The aperture stop and entrances and exit pupils have here 
been discussed v/ith refcu'once to a relatively simple optical 
system. It should l)e obvious, however, that the method 
described is applicable to any system regardless of its complexity. 
The computation ma}^ b(^ more tedious, of course, because many 
lenses may be involv(‘d, but the procedure of finding the aperture 
stop is exactly the same. No matter how complicated a system 
may be, it usually contains but a single aperture stop. The 
entrance pupil is then the image of this stop formed by all the 
lenses preceding it; and the exit pupil is the image formed by 
all the lenses following it. Since the entrance pupil is conjugate 
to the aperture stop with respect to the part of the system 
at the left of the latter and since the exit pupil is conjugate 
to the aperture stop with respect to the part of the system at the 
right, it follows that the entrance and exit pupils are conjugate 
to each other with respect to the entire system. 
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43. Conjugate Distances Referred to the Entrance and Ejrit 
Pupils. —The position and size of the image formed by an optical 
system can be determined when the only data available are the 
positions and sizes of the entrance and exit pupils and the focal 
length of the system. In Fig. 31, F and F' represent the focal 
points of an optical system, and E and F' the entrance and exit 
pupils for some point P on the axis. Let the radius of the 
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entrance pupil be p and that of the exit pupil, p'. Let the distance 
from the first focal point to the entrance pupil be po and the 
distance of the second focal point from the exit pupil be po'. 
Let the object distance referred to the entrance pupil be p and 
the image distance referred to the exit pupil be p'. It can then 
be seen from the figure that 

p = i* + Po 

and 

p' = .r' + pu'. 


When these quantities are substituted in lOqs. ( 60 ), ( 6 G), and 
(67) of Chap. IV, the latter b(iCome 


(/> - 7>o)(y>' - p'/) = /S 

(98) 

m = — ^ — y 

P - po 

(99) 

and 


;/ — Po' 

(100) 

The magnification between the conjugate planes 

1 E and E' is 

niEE' = “ 
p 

(101) 

= /. 

Po 

(102) 

_ Po 

7 ' 

(103) 

Solving Eqs. (101), (102), and (103) for po and po' and substitut¬ 
ing the results in Eqs. (98), (99), and (100), the following formulae 
for the conjugate distances and the lateral magnification result: 

'2 '2 f 

P , P ^ PP 

__ -f- ■ -j = - y 

P P f 

(104) 

1 p' 

m = - . 7 

Mee^ P 

(lOf)) 

and 


pp' 

m = . 

PP 

(106) 


The convention of signs adopted in the derivation of these 
formulae is consistent with that already used—namely, p is 
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positive when P lies at the left of P, and p' is positive when P' 
lies at the right of E\ 

It should be noted that Kqs. (104), (105), and (106) do not 
depend in any way upon the properties of the entrance and exit 
pupils but are applicable to any pair of conjugate planes in 
which the lateral magnification is p'/p- ^^hc equations are still 
valid, therefore, for object points for which E and E' may not 
be the entrance and exit pupils. 

In general the two pupils lie in different planes and are of 
different sizes. In special cases, however, they may lie in the 
same plane or may be of the same size. The second case is very 
coriirnon and is ex(^mplified by the so-called symmetrical photo¬ 
graphic objective. This objective consists of two similar lenses 
with a stop midway between, the second lens being reversed in 
position with respect to the first. Inasmuch as the entrance pupil 
is identical in size with the exit pupil because of the S 3 TOmetry 
of the system, the two pupils lie in the principal planes. A 
little reflection will show that in this case the entrance pupil lies in 
the first principjil plane. • 

44. Relative Aperture. —It can be seen from Fig. 29 that the 
angle subtended at P by the entrance pupil determines the 
amount, of light- traversing the system and hence the illumination 
of the image, other conditions being constant. This angle is 
repres(mted by a quantity known as the relative aperture^ which 
is expressed in various ways that have been found to be most 
suitable for the different types of instruments. Thus, the 
nuynericaL aperture of a microscopes objective is defined by 

N.A. = sin e, (107) 

where n is the index of the object space and B is the half-angle 
of the extreme ray from the object (Fig. 29). For telescope 
and photographic objectives, the object is usually at infinity 
and it is more convenient to define the relative aperture as the 
ratio of the focal length of the objective to the diameter of the 
entrance pupil. In photographic practice, this ratio is called 
the f!-number. Thus the ‘'speed'' of a lens is said to be 
//4.5 when the focal length is 4.5 times the diameter of the 
entrance pupil. 

46. Chief Ray. —The ray in the object space that passes 
through the center of the entrance pupil is known as the principal 
ray or chief ray of the pencil. This ray also passes through both 
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the center of the aperture stop and the center of the exit pupil 
because of the conjugate relationship between them, but only in 
rare cases does it pass through the center of any of the lenses. 
Evidently the chief ray defines the direction of a pencil in its 
passage through the optical system; and the place where it 
intersects the various surfaces is of great importance in correct¬ 
ing the aberrations of a lens, as will be shown in the following 
chapter. 

46. Telecentric Systems.—When the aperture stop is at the 
second focal point of the system, the entrance' pupil is at infinity 


L s 



Fi(j. 32. 


and all chief rays in the object space are parallel to the axis. 
Such a system is said to be telecentric on the side of the object. 
It is often used to advantage in making measurements where 
parallax must be avoided. Thus in Fig. 32a, the lens L is used 
as a simple magnifier to facilitate the reading of the height 
of the meniscus against the scale engraved on the outside of the 
burette. With the telecentric stop S at the second focal point of 
the lens, the chief rays in the object space are parallel to the 
axis and the error due to parallax is eliminated, the meniscus M 
and the point 1 on the scale appearing to be in line even though 
they are not on the axis of the lens. On the either hand, if the 
stop were at some other position, such as C, the chief ray from 
M (shown by the broken line) would intersect the scale at the 
point 2, and a false reading would result. 

The system of Fig. 326 is telecentric on the side of the image, 
since the aperture stop S is at the first focal point, and the exit 
pupil is therefore at infinity. This type of system lends itself to 
the determination of the size of an object by measuring the size of 
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its image. In microKSCopy, for example, it is customary to deter¬ 
mine the size of an object on the stage from the size of its image 
formed by the objective. In the figure, the object points A 
and B are imaged by the lens L at A' and B', Suppose that the 
scale K is not exactly in the plane of the image A'B'. With the 
teleceptric stop S in position, the chief rays in the image space 
are all parallel to the axis and a true reading of the distance 
A'B' is obtained notwithstanding. On the other hand, if the 
stop were placed at any other position, such as C, the chief rays 
(shown by the broken lines) would intersect the scale as shown, 
thus producing a false reading. 

In telocentric systems, one of th(i j)upils is at infinity and is 
therefore infinitely large. Nevertheless, the angle it subtends 



from points in the vicinity of the optical system is finite. Thus, 
in Fig. 33, the telocentric stop S is at F\ and its image is therefore 
at infinity in the object space. Now, by the properties of the 
nodal points N and iV', the entrance pupil subtends the same 
angle a at N that the stop S does iit N'. Since the entrance pupil 
is at. infinity, it subtends the same angle from any other point, 
such as P, unless this point is also at. infinity. 

47. Entrance and Exit Windows. —The method used in Sec. 
41 for determining the effective rays in an optical system can be 
extended to include the case of extra-axial points. In Fig. 34 
the system of stop images is identical with that of Fig. 30, but 
we shall now consider an extra-axial point, such as Q, in the plane 
of P. The size of the pencil through Q will be limited by the 
entrance pupil E as before, but it may be further restricted by 
one or more of the other stop images. As th,e figure has been 
drawn, the chief ray through Q grazes the edge of the stop image 
III'. It will be recalled that III' is the image of the rim of lens 
III by lens I. Lens III is then said to be the field stop, and its 
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image III' in the object space is known as the entrance window. 
In more general terms, the entrance window is the stop imago 
in the object space that subtends the smallest angle at the center 
of the entrance pupil. The field stop is the real diaphragm of 
which the entrance window is an image. A diagram similar to 
that of Fig. 34 can of course be constructed for the image space. 
The exit window is then the stop image subtending the smallest 
angle at the exit pupil. Since it is the image of the field stop 
in the image space, the entrance and exit windows are seen to be 
conjugate to each other with respect to the entire system. 

It is evident from Fig. 34 that, when the chief ray from a point 
such as Q grazes the edge of the entrance window, approximately 


in' I rat') 



Fig. 34. 


one-half of the pencil that would otherwise enter the entrance 
pupil is obscured by the entrance window. If Q were at a greater 
distance from the axis, even more of the pencil would be obscured 
until finally no ray through Q could pass through both the 
entrance pupil and the entrance window. It is seen, therefore, 
that there is a definite limit to the size of the field that can be 
imaged by any optical system. As this limit is set effectively 
by the size of the entrance window but really by the size of the 
field stop, the reason for the choice of the latter term is obvious. 

In practice, it is usually undesirable to have the illumination 
at the edge of the field fall sensibly below that at the center. 
The useful field is, therefore, arbitrarily said to be limited by the 
ray that passes through the edge of the entrance window and 
the center of the entrance pupil. This ray passes through the 
point Q in Fig. 34, and hence PQ is the radius of the useful field. 
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It should be pointed out, however, that the useful field of a 
photographic objective, taken here as an example, is usually 
Smalley than the illuminated area because the aberrations in 
the outer portions of the field become excessive. Hence the 
plate itself is made the field stop of the system. The plate is 
the exit window as well, and its image in the object space—the 
entrance window—is at the object. In visual instruments, 
the field is usually given a definite boundary by introducing a 
diaphragm where it will appear sharply focused to the observer. 
Here again, the entrance window coincides with the object, and 
the exit window with the image. 

The field of view in the object space is said to be limited in 
angular measure by the angle a that the radius of the entrance 
window subtends at the center of the entrance pupil. The 
angular field of view in the image space is likewise limited by 
a', the angle subtended by the radius of the (^xit window at the 
center of the exit pupil. The values of a and a' are usually 
different, except in the special case of a single lens in air. The 
total angular field covered by an optical instrument is, of course, 
2a in the object space and 2a in the image space. 

48. Depth of Field.^ —In Fig. 35, let p and p' represent the radii 
of the entrance and exit pupils respectively of an optical system 
for which the point P' is conjugate to the point P. To make the 
example concrete, suppose that the optical system is a photo¬ 
graphic objective forming an image of the point P on a photo¬ 
graphic plate at P'. Evidently the point Pi will be imaged in 
front of the plate at Pd, thus forming a circle of confusion of 
radius z' on the plate. Whether the circle of confusion is injuri¬ 
ous to the quality of the image depends upon its size compared 
with the structure of the emulsion on the plate. Now let us 
find an expression for di, the distance of Pi from P, that will 
produce a circle of confusion of radius z' in the plane of P'. 
From the geometry of the figure, 

Pi - P ^ pi. 

^ P 

Then, by definition, 

di ^ Pi - p 

and hence 

_ ^1 p 

0 ” P 
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d, = -^-- (108) 

P - ^ 

A similar argument with respect to an axial point Pi between 
P and E would show that 

= (109) 

P ~i ^ 

where is the distance of P 2 from J\ Equations (108) and (109) 
together give for the total depth of field 

d, + d2 = (110) 

p — z p -r z 



r^ic;. 35. 


Usually the values of di and d 2 can be determined more easily 
from the magnification in the conjugate planes at P and P\ since 
this quantity is usually known or may be considered constant 
when comparing two optical systems designed to perform the 
same function. Now 

2 ' 

m — — 
z 


for the conjugate planes at P and P', and it follows therefore that 


di + g ?2 — 


z'p 

rnp — 2 :' 


+ 


z'p 

mp + 3 ' 


( 111 ) 


Since both z' and m always have like signs, it can be readily seen 
that di is always either equal to or greater than ^ 2 * 
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The maximum value of z' that can be tolerated in any practical 
case depends upon factors other than those involved in the 
geometrical theory of image formation. In photography, for 
example, a rather common value for z' for precise work with good 
objectives is 0.05 mm. If the lens is poor, even the points that 
are in focus are blurred, and a larger value for z' must be assumed. 
Thus a poor lens has apparently a greater depth of field than a 
good one of the same relative aperture. 

49. Depth of Focus. —In the preceding section, consideration 
has been given to the depth of field in the object space for a 
given amount of blurring of the image. It is occasionally of 



interest to know the amount by which the plane on which the 
image is received can be moved without causing a similar effect. 
In Fig. 36, p' represents the radius of tiie exit pupil, and P' an 
axial point image of an object point P. If a photographic plate 
or a suitable screen were inserted in the plane at P\ the image of 
P would be a point. This plate or screen could be moved a 
distance d' along the axis in either direction until the circle of 
confusion became large enough to be observable. Let z' repre¬ 
sent the radius of this circle as before. It follows at once that 

^ P' 
d' p' 

or 

d' = ^X- (1J2) 

P 

The latter expression is useful in determining, for example, how 
much the film in a camera may buckle without causing an 
appreciable blurring of the image. 
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LENS ABERRATIONS 

The laws developed in the preceding chapters to interpret 
the behavior of paraxial rays in systems of centered spherical 
surfaces were first deduced by Gauss in his famous ^^Dioptrische 
Untersuchungen/’ The fact that equations of the same general 
form apply to all kinds of image-forming systems may have led 
the reader to surmise that tlip process of images formation is more 
fundamental than the wspecific means by which it is accomplished. 
This thought occurred tojCJlcrk Maxwell, who derived the equa¬ 
tions pertaining to the first-order theory from a set of three 
assumptions that make no reference whatever to the physical 
form of the system. He defined a perfect optical instrument 
as one that fulfills the three following requirements: 

I. Every ray of the pencil, proceeding from a single point of the 
object, must, after passing through the instrument, converge to, or 
diverge from, a single point of the image. . . . 

II. If the object is a plane surface, perpendicular to the axis of the 
instrument, the image of any point of it must also lie in a plane per¬ 
pendicular to the axis, . . . 

III. The image of an object on this plane must be similar to the object, 
whether its linear dimensions be altered or not. . . . 

While these assumptions do not mention specifically the form 
that the optical instrument must take, the second implies an axis 
and the third .that it must be an axis of symmetry. 

A more general theory of the formation of optical images was 
developed by Abbe in 1872 from postulates which assume only 
that a transformation of a certain kind does take place between 
the object space and the image space. In the assumed trans¬ 
formation, points, lines, and planes of the object space have 
corresponding to them points, lines, and planes in the image space. 
In geometry, this type of transformation is called homographic 
or collinear. An analytical statement of this transformation is 
expressed by three equations relating the three Cartesian 
coordinates of any point in the image space to those of the conju^ 
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gate point in the object space. Abbe showed that all the funda¬ 
mental laws pertaining to the first-order theory follow at once 
when these equations are reduced to their simplest form.^ It 
is also of interest to note that Silberstein^ has demonstrated that 
this principle of optical collineation is independent of metrics 
In other words, optical collineation may be considered a purely 
projective transformation from the object space to the image 
space. It is therefore “independent of the usual measuring proc¬ 
esses and of the particular metrical nature of the contemplated 
space—I]uclidean, Riemannian (elliptic), or Lobatchevskyan 
(hyperbolic).’^ 

Unfortunately, perfect images in the ordinary sense cannot be 
formed by this type of transformation, unless the lateral magni¬ 
fication is unity. Consider the problem of forming an image of 
a small cube. If the image is to be cubical in form, the lateral 
and longitudinal magnifications must be equal. Now Eq. (96) 
shows that, when the initial and final media are the same, the 
longitudinal magnification is equal to the scjuare of the lateral 
magnification, and hence the two magnifications can be equal 
only when both are equal to unity. In general, it is impossible 
to satisfy this condition for more than a single plane of the object 
space, so that, unless the dimensions of the cube are vanishingly 
small, the longitudinal and lateral dimensions of the image will 
be disproportionate. Moreover, optical instruments are usually 
designed to produce magnified images, which can never be 
faithful representations of three-dimensional objects. The plane 
mirror is a notable exception because the lateral magnification 
is always unity regardless of the object distance. It is the only 
optical instrument of any importance that yields perfect images 
in the ordinary sense. 

60. Third-order Theory. —The theory of optical imagery that 
has been developed up to this point applies only to those rays in 
meridian planes which lie so close to the axis that terms above 
the first order in the expansion of the^ sine of the slope angles 
can be neglected. In practical optical systems, the apertures are 
always so large that these paraxial rays constitute but a small 
fraction of the image-forming rays. As we have already seen 

^ See, for example, von Rohr^s ** Geometrical Investigation of the For¬ 
mation of Images in Optical Instruments,” Chap. III. An English trans¬ 
lation is available from His Majesty^s Stationery Office, London. 

^ Jour. Optical Soc. Amer. and Rev. Sci. Instruments^ 8, 675 (1924). 
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that the representation is collinear for rays in the paraxial region, 
the problem now is to discover the conditions that must be 
fulfilled if this is to be true of the extra-axial rays also. In 
1855, Ludwig von Seidel extended the Gauss th(^ory by including 
the third-order term in the sine expansion and by considering the 
skew rays also. He developed the third-order theory as a series 
of five correction terms to be applied to the Gauss theory when 
considering the behavior of the more oblique rays. When these 
rays perform in the same manner as those in the paraxial region, 
the value of the five terms is zero. On the other hand, when one 
or more of these terms differ from zero, it is an indication tbat- 
the rays outside the paraxial region do not behave according to 
the first-order theory, and the lens is then said to possess aber¬ 
rations. The same five aberrations have been obtained by 
Rayleigh from Hamilton’s characteristic function, thereby avoid¬ 
ing the laborious trigonometrical analysis used by von Seidel.’ 

Jn theory, the problem of producing an aberrationless optical 
system consists merely in choosing the radii of curvature for 
the various refracting surfaces in such a manner that each of 
the five Seidel equations shall equal zero. In practice, these 
equations are of httle assistance because no optical system ever 
contains a sufficient number of refracting surfac(\s to permit all 
five equations to equal zero simultaneously. Also, the form of 
these equations is such that each is meaningless unless those 
preceding it have been satisfied. In other words, the equation 
for the fifth Seidel aberration has no significance unless each 
of the four others is zero. Moreover, these equations cannot be 
solved explicitly for the quantities of greatest interest to the lens 
designer—namely, the required radii of curvature. Although 
a notable attempt to reduce the equations to a more usable form 
was made by H. Dennis Taylor,“ the algebraic method is still 
unduly involved.^ Lens designers find it easier to trace a few 
selected rays through the system trigonometrically and to 
estimate the aberrations from the performance of these rays. 
Notwithstanding the slight practical value of the algebraic 

^ Probably the simplest direct deduction of the aberration equations is 
found in Whittaker’s ^‘Theory of Optical Instruments.” See also Lum- 
mer’s “Contributions to Photographic Optics.” 

2 See System of Applied Optics.” 

s The application of the algebraic method is excellently treated in Bur, 
Standards Sci. Paper 550. This is also a useful introduction to practical 
lens design. 
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method, von Seidel’s equations do supply a logical basis for 
classifying the five third-order aberrations. 

It should be kept in mind that these five aberrations refer 
to light of a single wave length. Inasmuch as von Seidel’s 
equations contain terms involving the indices of the refracting 
media, it follows that the aberrations depend to some extent 
upon the wave length of the light. This is taken into account 
in designing systems for critical work by minimizing the aberra¬ 
tions for two or more wave lengtiis well separated in the spectrum. 
These variations of the Seidel aberrations with wave length are 
unimportant, however, coiupared with the relatively large 
variation in focal length with wave length. This is the cause of 
two additional aberrations that are not included in von Seidel’s 
treatment. For the })resent these will be ignored and the discus¬ 
sion will be confined to those aberrations with which a system is 
afflicted when light of a single wave length is used. 

61. Spherical Aberration.—Whem von Seidel’s first condition 
is not satisfied, th(' system is said to be afflicted with spherical 
aberration. Physically, it means that the rays from a point 
object on the axis do not recombine to form a point image 
in the manner recpiired by the first-order theory. This was 
illustrated in Sec. 20 by the trigonometrical computation for 
the lens shown in Fig. 17. The amount of spherical aberration 
that is present in a given lens is usually expressed by the distance 
measured along th(^ axis between the intercept of a ray through 
the zone in question and the intercept of the paraxial rays. 
In the lens of Sec. 20, the spherical aberration for the ray at a 
height of 10 mm was 1.5 mm, which is 1.5 per cent of the focal 
length. Spherical aberration varies approximately as the square 
of the incident height of the ray and depends also upon the dis¬ 
tance of the object. For purposes of comparison, it is always 
computed for a lens with a focal length of 100 mm and an object 
at infinity. It is generally considered positive when, as in this 
example, the extra-axial ray intersects the axis at the left of the 
intercept of the paraxial rays. 

As might be expected, spherical aberration can be eliminated 
by giving the reflecting or refracting surfaces the proper form. 
For example, in the case of a mirror, an ellipsoidal surface is 
free from spherical aberration for its foci. When one of the foci 
is at infinity, the ellipsoid becomes a paraboloid, and such a 
surface is free from spherical aberration for a point at the focus 
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and its conjugate at infinity. Refracting systems are less easy 
to correct because the required surfaces are rarely of a simple 
geometrical form, and the only practical method yet devised 
for grinding lenses in quantity reciuires that their surfaces be 
either plane or spherical.^ Aspherical surfaces are used to a 
limited extent for telescope objectives where the improvement 
in definition justifies the large amount of hand work that must 
be done to bring each zone to the proper curvature. Parabolic 
surfaces are ground commercially from a template, but, when 
produced in this way, their figure is not sufficiently exact to form 
sharply defined images. Nevertheless, this method is sometimes 
used for high-aperture condensers, since these are required only 
to concentrate light within a small area, and the poor quality 
of the image is of little importance compared with the elimination 
of spherical aberration in the outer zones of the lens. As most 
optical systems require surfaces of better quality than are produced 
by this method, and, furthermore, do not justifj^ the additional 
expense that hand figuring would entail, it is common practice 
to adhere to plane and spherical surfac(^s and to reduce spherical 
aberration by a judicious choice of the radii of curvature. 

The effect of the choice of radii on the spherical aberration 
of a simple lens is illustrated in Fig. 37a. p]ach of the curves 
in this figure represents the aberration in a lens of the form 
shown directly below it in Fig. 87c*. The ordinates of these curves 
represent the incident height of the ray; the abscissae, the spheri¬ 
cal aberration measured along the axis. These curves were 
plotted through points computed by tracing rays through the 
lenses trigonometrically. Lens 6 is the one used as an example 
in Sec. 20. The numerical values for the aberration of the lenses 
will be found in Table IV, 

The differences in the shapes of the lenses shown in Fig. 37c 
are produced by what the lens designer calls bending the lens. It 
will be seen that lens 8 has the form that results in the least 
spherical aberration for an object at infinity on the left. As 
might be expected, the condition for minimum spherical aberra¬ 
tion obtains when the deviation of a given ray is divided equally 

^ For a more extensive theoretical discussion of the application of aspher¬ 
ical surfaces to lens design, the reader should consult a paper by Silberstein, 
Jour. Optical Soc. Amer. and Rev. Sd. Instrumenis, 11 , 479 (1925). The 
aberrations of certain aspheric lenses used in practice are discussed by 
Ray ton, idem, 7 , 197 (1923). 
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between the two refracting surfaces. Hence, for an object at 
one of the anti-principal points, a lens of the equiconvex form 
(6) has a minimum of spherical aberration. 

When the thickness of the lens is negligible, a simple algebraic 
formula^ can be derivc'd for computing the spherical aberration. 



^^SpBerfca) 


181614 1210 86420 10 8642 010 864 208642 064 2 04 20 20 2 0 2 0 2 0420 
Distance of Intercept of Ra^ on the Axis from Intercept of a Paraxial Roy (mm) 



Difference between Focoil Length and Focal Length of o Paroxiol Roy (mm) 


1 2 3 4 56789 10 II 



Shapes of Lenses and Positions of Principal Points 


‘^7. of bendinp: a lens upon tho spherical al)orratioti and the sine 

condition. All the lenses have an axial thickness of 20, an axial foeal length of 
100, and an index of 1.51707, dilToririp; onlj'^ in their radii of curvature. The 
curves at a reprcisent the sjjherical aberration; the curves at ?>, the departure from 
the sine condition. Tiicse curves are plotted from the data in Table IV. 


This has the simplest form when the aberration is expressed in 
terms of the error in 1/s' rather than s' itself. 

The formula is 

a( J,) = + Buv + Cv~-\-D) (113) 

(114) 


where the shape factor 


2 + ^ 


the position factor 


V 


-s _2f 
s' + s s 



(115) 

(116) 


1 A detailed description of the method, with charts and tables to facilitate 
the computations, will be found in Bur, Standards Sci, Paper 461. 
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and the constants 


and 


A = ^ , 

8 «(« - \Y 

n - + 1 

^ 2n(n - 1)' 
^ __ (3n + 2) 


D 


Hn - \y 


(117) 

(118) 

(119) 

( 120 ) 


The value of the longitudinal spherical aberration A<9' is evidently 



( 121 ) 


The accuracy with which the formula represents the spherical 
aberration of a lens of moderate thickness may be inferred from 
Fig. 38, wherein the aberration of the lenses shown in Fig. 37c 
is plotted against the shape factor u for an incident height of 
15 rnin. The full curve represents values determined by tracing 
rays through the lenses trigonometrically; the circles represent 
points determined by substitution in the formula (113). It will 
be seen that the formula is a satisfactory approximation in the 
region where the spherical aberration is small, notwithstanding 
that the thickness of these lenses is oncvfifth of their focal 
length. 

Another use of the formula is to find the shape of a lens that 
will have a minimum of spherical aberration under any assumed 
set of conditions. Sc'tting Va\. (113) ecpial to zero and solving 
for u leads to imaginary roots for values of n greater than 0.25. 
This means that spherical aberration cannot be eliminated 
from a single lens for any combination of radii. It can be 
minimized, however, as may be seen by differentiating the formula 
with respect to u and setting the derivative equal to zero, the 
result being that 


u — 


2A' 


( 122 ) 


If this condition is satisfied, the lens will have a minimum of 
spherical aberration. Lens 8 satisfies this condition for an 
object at infinity and, as shown in Fig. 38, it has the least spheri¬ 
cal aberration of all the lenses in the series. 
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Although spherical aberration cannot be eliminated from a 
single thin lens, it can be eliminated from a system of two or 
more lenses by shaping them so that the amount of spherical 
aberration introduced by the negative elements is equal and 
opposite to that introduced by the positive ones. This is possible 
because spherical aberration varies as the cube of the focal length, 
as shown by Eq. (113), and hence changes sign with the latter. 
The method of elimination will be apparent from considering 
the problem of correcting a doublet consist ing of a positive and a 



Fig. 38.—Variation of spherical aberration, eonia, and departure from the 
sine condition with shape factor for ^ lens having an axial thickness of 20, an 
axial focal length of 100, and an index of 1.517()7. The values represented are 
for a ray at an incident height of 15. The data are taken from Table IV. The 
numbered circles represent the values for sphe^rieal aberration (computed by means 
of Eq. (113). 


negative element. Suppose that the focal length of the combina¬ 
tion is to be positive. Then the positive element will normally 
be the stronger of the two, and, other conditions being equal, 
it will have more spherical aberration. But by choosing its 
shape to minimize its aberration and choosing the shape of the 
negative element to increase its aberration, the total aberration 
of the combination can be made zero. 

This process is particularly simple when the system consists 
of two thin lenses in contact like a telescope objective. The focal 
length of the combination is shown by Eq. (77) to be 


1 

f 


1 -L 1 


(123) 
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in which / is the focal length of the combination, and /i and 
are the focal lengths of the elements. Now the spherical aberra¬ 
tion of the combination vanishes when 

From Eq. (114) this may be written as 

+ = 0; (125) 

and, since hi = for thin lenses in contact, this becomes simply 

= (126) 

This is not the only condition to be satisfied because the posi¬ 
tion factors of the two elements are always related to each other 
by an independent equation. The position of the object and the 
focal length of the first element determine the position factor Vi 
for this element. The image distance Si for this element is the 
object distance So for the second element since the elements are 
in contact, and consequently the position factor V 2 for the second 
element is determined in terms of / 2 . By writing Eq. (116) 
for each element in turn and combining the two expressions, it is 
found that 

- 1 = {V2 + 1). (127) 

J2 

Now the behavior of a thin doublet to monochromatic light 
is completely determined by the indices of the two elements and 
the radii of the four surfaces, six quantities in all. If the com¬ 
bination is to have a predetermined focal length, Eq. (123) must 
be satisfied; and if it is to be free from spherical aberration in 
addition, Eqs. (126) and (127) must be satisfied also. Fre¬ 
quently such a combination is cemented, a condition requiring 
that the radius of the first surface of the second element shall 
equal the radius of the second surface of the first, or 

(/^i)ri= {R 2 )i^ (128) 

This leaves two independent variables, which are available for 
eliminating other aberrations. 

For the ideally thin lenses-that have just been discussed, it 
has been possible to assume that the incident height of a ray 
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is the same at each surface. An actual lens, of course, must have 
a finite thickness; and consequently, except in special cases, the 
condition for freedom from spherical aberration is a function of 
the height of the ray. This means that spherical aberration 
cannot be reduced to zero for more than a single zone. In 
practice, a system is said to be “corrected’" if the aberration is 
zero for one zone and negligible for the others. The diameter 
of the zone for which the aberration is made zero is usually about 
two-thirds of the aperture of the lens. Clearly, such a lens falls 
far short of the ideal expressed by von Seidel’s condition; but it. 

should be recalled that in his 
equation all terms of the sine 
(‘Xf)ansion above the third order 
are neglected and conseciuently 
his condition does not apply 
strictly to lenses of high aperture, 
where the fifth-order term is im¬ 
portant. An extension of the 
algebraic method to include the 
iifth-order terms would be well- 
nigh impossible; and, as the third- 
order theory is only approximate 
in systems of high aperture, lens 
designers prefer to use the trigo¬ 
nometrical method, which is exact 
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Fig. 39. The variation of spherical 
abt?rratiori and the departure from 
the sine condition for a typical for the rays that are selected for 
photographic objective. Computations. 

An idea of the degree to which spherical aberration is corrected 
in practice may be gained from Fig. 39. The full curve in this 
figure represents the spherical aberration of a common type of 
photographic objective. It will be seen that, as the incident 
height increases, the negative aberration increases faster than 
the positive, so the total aberration reaches a maximum and then 
diminishes. The useful aperture of a lens is determined by 
the rate at which the negative aberration in the outer zones 
increases. Frequently the plane of best focus is not the focal 
plane for the paraxial rays. Thus in Fig. 39, the vertical dotted 
fine represents the position of best focus, which in this case lies 
slightly ahead of the focal point for the paraxial rays. 

The total spherical aberration of this lens amounts to 0.35 per 
cent of the focal length, which is satisfactory for a photographic 
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objective because other aberrations are present due to the high 
aperture of the lens and the wide field that it is expected to cover. 
In telescope objectives, on the other hand, the relative aperture 
and the field are both small, and a much higher degree of correc¬ 
tion is not only possible but necessary. 

62. Coma. —The second of von Seidcrs equations refers 
to a third-order aberration known as coma. Of the five mono¬ 
chromatic aberrations, this is probably the most difficult to 
visualize, partly because it can be represented in such a variety 
of ways. The cause of it was disclosed in Sec. 31, where it was 
shown that, although the absence of spherical aberration implies 
a common intercept for all rays from a single point on the axis, 
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the focal length along the various rays may be different. Since 
the lateral magnification depends upon the focal length, it follows 
that the magnification will be different for the different zones 
of the lens. This is of no consequence for an object point on the 
axis, but it becomes important when the point lies even a short 
distance off the axis. In the latter case, the image is formed 
principally by the skew rays, which behave in a most unexpected 
manner and form a pattern such as is shown at A in Fig. 40. 

To illustrate the behavior of skew rays in a two-dimensional 
diagram is difficult, so it will facilitate the discussion to consider 
first the behavior of the meridional rays. Figure 40 shows the 
path of the meridional rays traversing a lens from an infinitely 
distant point slightly off the axis. This lens is assumed to be 
free from all aberrations except coma. The rays through the 
central zone unite to form a point image Q/, as would be expected 
from the first-order theory. The rays through the outer zones 
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unite at points that lie farther from the axis, such as Q 2 ', a result 
that would be expected if the magnification is greater for the 
outer zones of the lens than for the central zone. If the magni¬ 
fication for the outer zones were less than for the central zone, 
Q 2 would lie closer to the axis than Qi . In the first case, which 
is represented in the figure, the coma is said to be positive; in 
the second case it is said to be negative. 

If the image were formed entirely by the meridional rays, 
it would consist of a line of light QiQ^ in the focal plane. For 
a point off the axis, however, the skew rays are of far greater 
importance than the meridional rays. Their behavior can be 



Fig. 41. 
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Comqfic Circle 


represented by means of Fig. 41, which shows on the left a section 
of a lens through its own plane. By tracing rays through a 
circular zDne, it is found that the image is a circle, called by 
H Dennis Taylor a comatic circle. The ray through the point 
+ 1 unites with the ray through the point — 1 at the point 1 on the 
comatic circle. Similarly the other points on the comatic circle 
are formed by the union of rays passing through opposite points 
of the zone. The diameter of the comatic circle and its distance 
from the focus for the central rays both increase as the square 
of the diameter of the zone. Consequently the image formed 
by the entire lens is made up of a series of these overlapping 
comatic circles, as illustrated at A in Fig. 40. It is evident that 
most of the light is concentrated in the region where the circles 
are the smallest, and hence the figure is brightest at its small 
end and shades off at its large end. The resemblance of the 
comatic pattern to a comet is most striking and is responsible 
for the name of the aberration. Only in rare instances does a 
lens exhibit pure coma because other aberrations are almost 
invariably great enough to mask the typical comatic pattern. 
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The condition for the absence of coma can be stated in various 
ways but the simplest is due to Abbe. In Fig. 42, let a small 
element y be imaged at y', and let the refractive indices of the 
object space and image space be n and n'. It can be shown that 
the slope angle 6' of any ray in the image space is given by 

ny 6 ~ n!y' sin 0',* (129) 

where d is the slope angle in the object space. The condition 
for freedom from coma requires that the lateral magnification 
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be constant for all zones of the lens. In other words, a system 
is free from coma when the ratio 


sin d 


= a constant 


(130) 


for all values of Q. This is known as Abbe’s dne condition. 

It may be worth while to note in passing that Eq. (129) has 
been derived from the first law of thermodynamics by Clausius 
and others, and hence it ranks as one of the most important 
principles in optical theory. Being so fundamental in nature, 
it frequently conflicts with approximations based on the first- 
order theory; and in such cases one should remember that it 
takes precedence over whatever principles it contravenes. 

In the absence of other aberrations, the sine condition is 
a true measure of coma. It is usually represented quantitatively 
by plotting the ratio sin d/sm 6' against the incident height of 
the rays. Usually the object is assumed to be at infinity and 
consequently sin 6 is proportional to hy the height of the incident 
ray. In this case, the condition for the absence of coma is that 


h 

sin d' 


a constant. 


(131) 


* This is a more general form of Lagrange's law and becomes equivalent 
to it for small values of 0. 
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By comparison with Eq. (63) in C^hap. IV, it will be seen that t his 
ratio gives the focal length for the ray at a height h. The sine 
condition can therefore be plot t ed on the same diagram with the 
spherical aberration, and it is so represented by the broken curve 
in Fig. 39. The ordinates of this curve represent the height of the 
incident ray; and the abscissae, the focal length measured along 
the ray. Figure 376 shows the departure from th(^ sine condition 
for the lenses of Fig. 37e, the curves being plotted from the data 
in Table IV. 

In the presence of spherical aberration, the sine condition 
ceases to be a true criterion for the absence of coma Ix'cause 
the variation in focal length along the various rays does not- 
indicate the amount of coma unless these rays intersect at a 
common point. In this case, coma is usually represented by 
subtracting the spherical aberration from the focal lengths along 
the various rays. This procedure will be ch^ar from Fig. 38. 
The broken curve shows the d(^parture from the sine condition 
for the ray at an incident height of 15 rnin. When this curve is 
corrected by subtracting the ordinates of the spherical-aberra¬ 
tion curve, the pure coma curve, shown by the dotted line, results. 
Evidently this curve approximates a straight line. Since it 
crosses the axis for real values of the shape factor, it follows that, 
unlike spherical aberration, coma can be eliminated from a, 
simple lens. In thc^ present case, the thickness is such that 
the lens with the least spherical aberration is also practically 
com a-free. 

Lest it be inferred that both coma and spherical aberration 
are manifestations of the same fault, it is well to note that, 
whereas spherical aberration is concerned with the position of 
the focal point, coma is concerned with Hie position of the princi¬ 
pal point. This will be clear from Fig. 43, which shows the path 
of a ray from infinity incident on the lens at a height h. If 
the lens is corrected for spherical aberration, this ray will inter¬ 
sect the axis at F\ the focal point for the paraxial rays. If it 
is also free from coma, the distance C'F' must be equal to the axial 
focal length H'F'. The second principal plane of the first-order 
theory must therefore be in reality a spherical surface, called 
the 'principal surface, which has its center at F\ The point C', 
where the ray intersects this surface, is sometimes called the chief 
point, . The second principal point for this ray is located at Hh^ 
the foot of the perpendicular from C'. Evidently a curve of 
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// sin 0' against incidcuil height (such as the broken curve in 
Fig. 39) n'presentas the departure of the principal surface from a 
spherical form when spherical aberration is absent. 

A fairly simple analytical expression can be derived for the 
amount of coma in a thin lens. For this purfK)se, coma may be 
represented b(‘st in teiins of the angle subtended at th(i center 
of the lens by the length of the comatic figure. In Fig. 40, this 
is the angle subtended t)y Qi' at O. This angle can be showm 
to b(' 


where 




//" tan a 

~~P 


(Pv + Qv ), 


P 


3(2'//- -f 1) 


(132) 

(133) 
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and 


Q 


4'//(// ~ 1) 


(134) 


The quantities u and v are the shape and position factors 
respectively described by Eqs. (115) and (116) in the preceding 
section. The angle a is the angle between the chief ray of the 
pencil and the axis. It will be seen that, for a given lens, coma 
increases din'ctly as the tangent of the angle of obliquity and as 
the square of the relative aperture. 

Unlike Eq. (113) for spherical aberration, Eq. (132) is linear 
in u and passes through zero for a value that can be satisfied 
physically. This value is evidently 

P 

..If 


u 


(135) 
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a result that can also be deduced from the sine condition. The 
coma of a simple lens can therefore be eliminated by satisfying 
this equation. Lens 9 in Figs. 37 and 38 was designed to satisfy 
this equation, and, although the thickness of the lens is such that 
lens 8 instead of 9 has zero coma, it is evident from the dotted 
curve of Fig. 38 that Eq. (135) is a close approximation for even 
such a thick lens. 

The elimination of coma from a doublet is effected in a manner 
very similar to that used in the correction of spherical aberration. 
For two thin lenses in contact, i-he condition is obviously that 

+ QiUi) + + Q 2 W 2 ) == 0, (136) 

since the incident height is the same for both. Just as in the case 
of spherical aberration, the combination is then free from coma 
for all zones. In practice, lenses have a finite thickness, and the 
consequent separation of the surfaces makes it impossible t-o 
assume that the height of a ray is constant as it traverses the 
system. A lens is said to be corrected for coma when it is 
made coma-free for a single zone and the coma in the ot her zones 
is reduced to a negligible amount. 

An optical system that is free from both spherical aberration 
and coma for one object, point was called by Abbe aplanatic. 
Frequently, a system is said to be aplanatic with respect to a 
certain pair of conjugate points when it is merely corrected for 
those points as described above; but a better course is to restrict 
the term to the type of system conceived by Abbe—namely, one 
that is free from the aberrations for every zone. There are 
several such systems but most of them are of merely academic 
interest. Two, however, are of importance in microscopy. 
The first is a cardioid refracting surface combined with a spherical 
reflecting surface, the combination being aplanatic for an object 
at infinity.^ The second is a spherical refracting surface, which is 
aplanatic for a single pair of conjugate points lying on a line 
passing through the center of the sphere. As an illustration 
of the behavior of aplanatic systems, ^ the proof of the aplanatism 
of this system will be given. 

In Fig. 44, a point P is imaged at P' by the second refracting 
surface of a sphere whose center is C and whose index is n. 

1 A sketch of this combination is shown at B in Fig. 246 (Chap. XXIV). 

2 For a description of other aplanatic systems, Gleichen^s ^'The Theory of 
Modern Optical Instruments/^ Chap. XVI, may bo consulted. 
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It will now be proved that the sphere is aplanatic for P and P' 
when 

PC = 

n 

The most direct method is to trace a ray through the surface 
in the manner outlined in Chap. II. Consider a ray from P 
incident on the surface at any point /; after being refracted it 
will emerge as though coming from P'. Remembering that R 
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is negative, it follows that the object distance measured from the 
vertex is 

n 

Substituting this in Eq. (17), 

sin i = — - sin (137) 

71 

Substituting this in turn in Eq. (18), 

sin r = —sin d, (138) 

Considering this in connection with Eq. (19), 
sin 6' = —sin i. 

Combining this with Eq. (137), it appears that 

s in B 
sin 6' 


n. 


(139) 
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This shows that the sine condition is fulfilled for all zones of the 
sphere. Finally, substituting Kqs. (138) and (139) in Eq. (20), 
it appears that 

= VP' = It - R = R + nR. (140) 

Sin 0 


The negative sign of R indicates that the image P' is at a distance 
nR at the left of the center of the sphere. Since all terms in 6 
have disappeared, the position of P' is independent of 0, and 
spherical aberration is therefore entin'ly absent. The sphere is 
therefore aplanatic for P and P\ whicli are known as aplanatic 
pomis. 

The aplanatism of a sphere is of great practical importance 
in the construction of microscope objectives. If the front lens 
of an objective is spherical and the specimen is located at P^ 
the image at P' is magnified nr times. The specimen cannot be 
physically embedded in the glass, of course, but, by grinding 
away part of the sphere and placing a drop of licjuid of the same 
index between it and the specimen, the latter can be embedded 
optically. 

There remains to be discussed an important ndationship 
between spherical aberration and coma that is not immediabdy 
evident. If an optical instrument is to be us('d for the examina¬ 
tion of objects at various distances, it might be thought that 
the performance of the instrument could be improved by correct¬ 
ing the spherical aberration for object points at various distances. 
Sir John Herschel put this idea into practice by designing a 
telescope objective in which spherical aberration was corrected 
for two object points. The theoretical treatment of this proce¬ 
dure is difficult unless the points are close together. It has 
been shown that, to eliminate spherical aberration for two such 
points, the condition that 

n sin 0/2 . , 

-~r —’—J constant (141) 

n sin 6 /2 

must be satisfied for all values of 6, This is commonly called the 
Herschel condition although it had not been formulated mathe¬ 
matically when Herschel constructed his objective. Evidently 
this condition and the sine condition cannot be satisfied simul¬ 
taneously. In other words, a system cannot be corrected for 
coma if it is to be corrected for spherical aberration for more than 
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a single object distance. Thus a system can be corrected so 
that it will form a faithful image of either a small element per¬ 
pendicular to the axis or a small element along the axis but not 
both. 

53. Astigmatism. —W(‘ have seen that, if von Seidel’s first 
condition is satisfied, all rays from a single object point on the 
axis unite at a common image point; and that, if his second 
condition is satisfied also, all rays from an object point at a short 
distance from the axis likewise unit(‘ at a common image point. 
If his third condition is satisfied in addition, rays from an object 
point at a considerable distaiicci from th(^ axis unite at a single 
image point. Such an image is said to be digmatiCy from the 
Greek word ‘‘stigma,” meaning ii point. A pencil that fails to 
unite at a single image point after refraction is said to be astig- 
viaticy and the S 3 ^stem is said to be afflicted with adigrmitimi. 
Although spherical al>erration and coma ar(‘ forms of astigmatism, 
the term is usuall^y restrictcal to the aberration peculiar to the rays 
from point objects lying at a consideralde distance from the axis. 

In Fig. 45, a pencil of rays from an extra-axial object point Q 
is incident on th(' lens A BCD. The rays in the meridional or 
primary plane, defined b}' Q, A, and C, intersect one another at 
the point- Qi in the absence of coma. The rays in the sagittal or 
secondary plane, defined by Qy By and Z), int(U‘sect one another 
at the point (^ 2 ^ 8inc(^ tht^se secondary rays are still converging 
as they pass Qi'y the image at this point, the primary imagCy is a 
line pcTpendicular to the chief ray. Similarly, the secondary 
image is a line at QC perpendicular to both the primary image 
and the chief ray. If rays in the oblicpie planes were traced, it 
would be found that these also pass through the two line images 
at Qi' and QC. 

The appearance of an ast igmat ic image can be understood best 
by considering the problem of photographing the point Q. 
If the plate is inserted at- Qj', the image is a line perpendicular 
to the meridional plane; at Q 2 , the image is a line in the meri¬ 
dional plane; at an intermediate position, the image is an ellipse. 
At a point approxirnatel^y midway between Qi and Q 2 ', the major 
and minor axes of the ellipse are equal and the image is circular. 
This is known as the circle of least confusion and represents 
the optimum position for the plate. 

It is interesting to consider the appearance of the image of 
such an object as a spoked wheel coaxial with the lens. At the 
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point of intersection of one of the spokes with the rim, it is clear 
that the rim is perpendicular to the spoke. Since the spoke lies 
in a meridional plane, it will be imaged sharply at the secondary 
focus, whereas the rim will be imaged sharply at the primary 
focus. As this holds for any point on the rim, it follows that the 



Fig. 45.—An illustration of the character of astigmatic images. 


entire rim is in focus in the primary image plane while all the 
spokes are in focus in the secondary image plane. For this 
reason, the primary image plane is sometimes called the tangential 
image plane; and the meridional rays, the tangential rays. Simi¬ 
larly, the term ^^radiaF' might be applied to the secondary image 
plane and the secondary rays, but the term ‘^sagittaF^ is far more 
common. 
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The method of representing the amount of astigmatism in a 
lens is illustrated in Fig. 46, which is a cross section through the 
axis of the lens. When astigmatism is present, the primary and 
secondary images of the plane object normal to the axis are 
ellipsoidal surfaces. The amount of astigmatism for any point 
on the object plane is generally represented by the astigmatic 
difference^ which is the distance between these surfaces measured 
along the chief ray. This astigmatic difference is zero on the 
axis, where the image surfaces coincide, and, in an uncorrected 



Fiii. 4G.— AHtigmaiic images of a plane object. 


system, it increases approximately as the square of the tangent 
of the angle of obliquity. It also depends somewhat upon the 
object distance. It is said to be positive when, as in the figure, 
the primary surface lies between the secondary surface and the 
lens.^ 

The method of eliminat ing astigmatism consists in so choosing 
the elements of a lens that the primary and secondary image 
surfaces are brought into coincidence. When this is done, 
von Seidel’s third condition is satisfied, but even then a serious 

^ It is important to note hero that the astigmatism of a system of spherical 
surfaces*is (piite different from the defect of the eye known by the same 
name. The latter is caused by a lack of sphericity of one or more of the 
refracting surfaces of the eye, usuallj^ the cornea. That is, one of the 
surfac(^s has a shape resembling a combination of a sphere and a cylinder. 
Since a cylindrical surface forms a line image of a point, it is obvious that a 
person afflicted with astigmatism will see points drawn out into lines even 
if the points are on the axis of the eye. If the object consists of two sets of 
parallel lines in mutually perpendicular directions, like the wires of a window 
screen, only one set can be in focus at a given time. This is the analogue 
of the spoked whe(^l mentioned above in connection with the astigmatism of 
a system of spherical surfaces. 
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defect reinairiH becnus(‘ the resulting iiiui^e surface is usually 
curved. This curvatun^ of the image surface is so intimately 
related to astigmatism that the elimination of both aberrations 
will be considered togetfier in the next, section. 

64. Curvature of Field. —A system satisfying von Seidel’s 
first three conditions meets Maxwell’s first reciuirement- only: it 
forms point images of point objects lying in a plan(^ normal to the 
axis, but these images do not lie in a plane unless the system 
satisfies von Seidel’s fourth condition also. Now, if the astig¬ 
matic surfaces are brought into coincidi'uce to eliminate astig¬ 
matism, the resulting stigmatic image surface will in general 
be curved, and therefore a photographic plate or proj(^ction screen 
would have to be curved if the entire iiriage is to be sharply 
defined on it. This eft'cct is known as nirvaiurc of field. It 
must be corrected because, for practical reasons, photographic 
plates and projection screens are made flat. Like astigmatism, 
curvature increases rapidly with the angle of obliquity, b(fing 
important chiefly, therefore, in systems desigiKni to cover a 
wide field. In uncorrected systems, it. increases as the square of 
the tangent of this angle but is independent of the object, distance. 

The precise determination of the amount of astigmatism and 
curvature in a system requires the tracing of skew rays. As this 
is a time-consuming process, lens designers prefer to use a method 
which, although less exact., is good enough for practical purposes. 
This method consists in tracing a number of cliief rays through 
the system and locating the position of the primary and secondary 
images upon them. This is done by means of approximate 
formulae, derived for an ekunentary pencil surrounding the chief 
ray in much the same manner that Kq. (29) in C'hap. II was 
derived for the paraxial rays. 

It can be shown ^ that for a single refracting surface the dis¬ 
tances. of the object and the primary image from the refracting 
surface are related by the expression 

n cos*'^ i , n' cos^’ r n' cos r -- n cos i /■, 

R - 

where s and s' are measured from the point of incidence along the 
chief ray, and i and r are the angles of incidence and refraction. 

' CzAPBKi, “Theorie der Optischen Instrumente nach Abbe,’' Chap. 
IIIB. 
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The corresponding exprcsvsion for the position of the secondary 
image is 


7h 




_ n' cos r — n cos i 
h' It 


(143) 


The difference between llie values of s' computed from these two 
equations is, of course, the astigmatic difference. If the astig¬ 
matic difference is small enough to give significance to the position 
of best focus, tlie curvat ure of the field can be found by comparing 
the position of best, focus for several angles of obliquity with the 
position of the focus of the paraxial rays. Curvature is con¬ 
sidered positive when the field is concave toward the lens. 

C'oddington^ has shown that, for a simple thin lens with 
the stop at the lens, the distances of the primary and secondary 
images from the lens arc determined from the following relations 
respectively: 


and 


1,1 1 / cos a' 

s s cos a y cos a 

1,1 / cos a' 

+ -, = cos a ( n 
s s y cos a 




(144) 


(145) 


In both ecjuations, .s and s' are measured along the chief ray. 
The angle a is the angle of obliquity of the chief ray before 
refraction, and a' is the slope angle of this ray while within the 
lens. Thus sin a = 7i sin a'. These equations correspond to 
Eq. (39) just as Eqs. (142) and (143) correspond to Eq. (29). 

It can be shown from Eqs. (144) and (145) that the astig¬ 
matism and curvature of field of a thin lens are nearly propor¬ 
tional to the focal length and are almost independent of the 
shapes of the lens. Bending the lens, therefore, is of no avail 
in eliminating these aberrations, nor is constructing the lens of a 
positive and a negative element in contact, since both elements 
would have the same focal length and thus would neutralize 
each other. The indices of the elements might be chosen so as 
to reduce the aberrations, but the effect is slight because of the 
small range of index available. 


^ Reflexion and Refraction,” p. 120; also Taylor, A System of Applied 
Optics,” p. 127. 
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On the other hand, astigmatism and curvature can be elimi¬ 
nated if the elements are separated. The extreme example is a 
combination consisting of two elements made of the same glass 
and having the same focal length, one lens being positive and the 
other negative. Their combined field can be shown to be flat and 
stigmatic whatever their separation, whereas their combined 
focal length is finite and positive if they are separated by a dis¬ 
tance less than their individual focal lengths. Conversely, a 
combination of two separated positive elements has more pro¬ 
nounced astigmatism and curvature than a single lens. Such 
is the case for certain oculars. But this reasoning must not be 
carried too far because other aberrations modify the conclusions. 
For instance, if astigmatism and curvature are to be eliminated, 
both elements must be corrected for spherical aberration and 
coma for the position of the stop, and this cannot be done if 
they are to be corrected for the position of the object also. 

From the many references to the position of the stop in this 
section, it might be surmised that this is a factor of prime impor¬ 
tance in affecting the astigmatism and curvature of field of a 
system. That such must be the case will be apparent at once 
on recollecting that the chief ray is, by definition, the ray through 
the center of the entrance pupil, and that the position of the 
latter depends upon the position of the stop. Inequations (144) 
and (145) hold only when the stop is coincident with the lens. 
By locating the stop properly, either the astigmatism can be 
reduced or the field can be flattened, but the two results cannot 
be achieved simultaneously unless the Petzval condition is satisfied 
in addition. This condition is that 

ni/i + = 0, (146) 

which holds for two thin lenses whether they are in contact or 
separated. It is of importance chiefly in connection with 
photographic objectives because of the wide field they must cover. 
Although the elements of such lenses are not thin, the Petzval 
condition is a useful approximation. 

The importance of the position of the stop is illustrated 
by the success of the cheap lenses found in simple box cameras. 
These lenses are usually of the meniscus type and are provided 
with a front stop as shown in Fig. 47. If the stop is properly 
placed, the rays can be made to pass through the lens in such a 
manner that the two image surfaces are curved in opposite 
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directions. As the circles of least confusion lie approximately 
midway between the two image surfaces, this results in artificially 



Fig. 47.—Artificual flattening of the field by a front stop. 


flattening the field. Under these conditions, the astigmatic 
difference is increased and consequently the definition suffers, 
especially at the margins of the picture, but this is less objection- 
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Fig. 48.—Astigmatism of a typical photographic objective. 


able than would be the elimination of the astigmatic difference 
at the expense of a curved field. 
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Artiftciiil flattening is not used for lenses of which critical 
definition is required, partly because the astigmatic difference 
is increased, as was just mentioned, and partly because the 
method depends for its effectiveness upon the presence of c6ma. 
It was in common use until about bSHG, however, because, with 
the glasses produced before that time, the Pet/.val condition 
could rarely Ix' satisfied when the chromatic* abc'rrations were 
eliminated. This matter will be discussed in Sec. 56, but it 
may be stated here that this limitation was removed by the 
development of new types of optical glass. Nowadays all the 
better quality photographic objectives, except those designed 
for portraiture, are freed from both astigmatism and curvature 
without the sacrifice' of the necessary color corrections. Such 
lenses in which the field is astigmatically flattened are (allied 
anastigmaU. The type of correction possible* in a modern high- 
quality anastigmat is shown in Fig. 48. 

66. Distortion. —With the first four Seidel conditions satisfied, 
the image of a transvc'rse plane in the object space is a t ransverse 
plane in the image space, ('very point on the first plane being 

imaged sharply on the second. 
The points on the second plane 
may not be in the same spatial 
relation to one another as those 
on the first,, however, which is 
to say that Maxwell’s third 
requirement may not, be met. This can be illustrated with 
the aid of Fig. 49. A square object, as shown at A, is imaged 
as shown at B or C, The deformation of the image, which is 
known by the descriptive term “distortion,” is caused by a 
variation in the magnification with the distance from the axis. 
If the magnification increases with distance, as shown at /I, the 
distortion is considered positive; if it decreases, as shown at C, 
negative. From the shape of th(' image of a square object, the 
two types are sometimes called pincushion and barrel distortion 
respectively. 

Distortion, like the other aberrations of rays at large angles 
of obliquity, depends upon the position of the stop. A common 
practical illustration is furnished by the simple camera lens 
discussed above in connection with artificial flattening of the 
field. It is shown in Fig. 47, but to prevent confusion it has 
been redrawn in Fig. 50. As shown here, it is forming an’image 
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at P' of a plane normal to the axis at P. Von SeideFs first four 
conditions are assumed to be satisfied for the points P and P\ 
and so the image at P' is also a plane normal to the axis. The 
entrance pupil E is coincident with the aperture stop S, which 
is in front of the lens. This stop has been shown outside the 
first focal point to simplify the figure by bringing the exit pupils 
P/, E >2 ^ etc., to the right of the lens, but in practice its distance 
from the lens is only approximately }if. 

Under the conditions shown, the chief rays differ from one 
another in two respects: (1) their chief points Ci, Co, etc., are 
not in the same plane; and (2) their corresponding exit pupils 


s L 



E\, E 2 , etc., are not coincident. Unless both conditions are . 
fulfilled, the expression 


PQ 


= m 


will not be a constant for every extra-axial object point Q. 
Denoting the angles that the chief»rays make with the axis by 
a and a in the object and image spaces respectively, the condi¬ 
tions for distortionless imagery are: 


1. The ratio tan a'/t^in « must be a constant for all values of a. 

2. The system must be corre<^ted for spherical aberration with respect 
to the entrance and exit pupils. 

An examination of the figure will show that the lens under 
discussion is afflicted with negative distortion, and this would 
still be true if the stop were within the focal point. On the 
contrary, if the stop were behind the lens, the distortion would be 
positive. The behavior of a negative lens is exactly the opposite. 
Now, if the type of distortion depends upon whether the stop is in 
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front of the lens or beliind it, one might expect that a lens con¬ 
sisting of two similar elements placed in opposition to each 
other with a stop midway between would be free from distortion. 
This type of lens, which is the photographer s familiar symmetri¬ 
cal objective, is indeed quite distortionless at unit magnification. 
Under any other conditions, it must be corrected for spherical 
aberration with respect to the entrance and exit pupils. That is, 
it must satisfy the second condition set forth above, but only this 
one. The impossibility of doing this in general is evident on 
recollecting that the lens must be corrected for spherical aberra¬ 
tion for the object and image planes in addition. 



Fig. 51.—llistortion of a typical photographic objective. 


The formulae for distortion are so complicated and of such 
little value in practice that they will not be given. They involve 
the position of the aperture stop, but if von Seidel’s five condi¬ 
tions were fulfilled, the system would be free from distortion 
regardless of the position of the stop. Such a consummation 
appears to be unattainable, but lenses that are almost distortion¬ 
less for a single position of the stop are on the market. These 
lenses are designed for such critical work as photo-engraving and 
aerial mapping. Ordinary photographic objectives, even high- 
quality anastigmats, suffer to some extent from distortion; Fig. 
51 shows the curve for such a lens having a focal length of 100 
units. The ordinates of this curve represent the displacement of 
the actual image from the position indicated by the first-order 
theory. The distortion of this particular lens is entirely nega¬ 
tive, but that of some lenses is entirely positive, while an occa¬ 
sional lens will exhibit one kind of distortion at small angles of 
obliquity and the other at large angles. Symmetrical objectives 
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exhibit so little distortion, even for magnifications other than 
unity, that they are called orthoscopic or rectilinear, if they are 
not an astigmatic. 

56. Chromatism. —Up to this point, no account has been 
taken of any change in the wave length of the light; the light lias 
been assumed to be monochromatic, and the indices of the media, 
therefore, have b(Hui considered to be constant. Now the index 



Fi(_J. 52.—Variiition of refractivo index with wave length for typical optical 
glasses and oth<?r common optical materials listed in Table V. The positions of 
the sodium and hydrogen lines are indicated at the bottom of the chart. 


of all optical materials increases with the frequency of the light 
(increases with decreasing wave length, as shown in Fig. 52). 
Therefore, even if the Seidel conditions could be satisfied, it 
would be for light of but a single wave length, and perfect images 
for all colors would be formed only if these conditions could be 
satisfied simultaneously for all wave lengths. But such a result 
would be of little practical value, even if it could be realized, 
because the images would probably be formed at different 
positions along the axis and, moreover, would probably be of 
different sizes. The displacement of an image along the axis 





no 


THE PRINCIELEE OF OPTICS 


due to a change^ in wave length is called axial chromatism or 
longitudinal chromatism; the variation in the size of the image is 
called lateral chromatisniy oblique chromatism^ or sometimes 
chromaiic difference of magnification. These two chromatic 
aberrations transcend in importance the relatively inconse¬ 
quential variations of the Seidel aberrations. Only in systems 
requiring corrections of the highest order are the variations in 
the Seid(d aberrations considered, whereas the chromatic aber¬ 
rations must be corrected in all but the very crudest of systems. 
As a matter of convenience, the two chromatic aberrations will 
be considered together although they are essentially separate 
aberrations. 



In Fig. 53, let a point object on the axis at infinity be imaged 
by the lens with heterochromatic light. Suppose, for conven¬ 
ience, that the light conies from a hydrogen discharges tube, which 
emits practically monochromatic radiations well separated in the 
spectrum. The brightest of these are red, blue, and violet, 
the so-called (7-, F-, and f/'-rays nvspcctively. In this case, the 
^‘image^’ consists of a series of monochromatic images on the 
axis, and, of course, only one at a time can be in focus on a receiv¬ 
ing surface, such as a photographic plate. This effect is due 
to axial chromatism. It is clear that the seriousness of the effect 
depends upon the relative aperture of the lens, which accounts 
for the long telescopes in vogue before the discovery of achro¬ 
matism. If, in a manner to be described later, the lens in the 
figure is achromatized by making the tliree focal points coincide, 
the three focal lengths will not be equal unless the principal 
points coincide also. Since the magnificatioif depends upon the 
focal length, the images of an extended object, although lying in 
the same plane, will in general differ in size. This effect is due to 
lateral chromatism. 
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In studying these aberrations, it will be convenient to consider 
first the method of achromatizing the focal length. This will be 
illustrated by a doublet consisting of thin elements separated by 
an interval a. The focal length of the combination, /, is related 
to the focal lengths of the two elements, /i and /u respectively, 
according to Eq. (77), which is 

1 ^ 1 1 __ tt 

/ li h hh 

The focal length of a thin lens is related to its index and radii 
according to Eq. (40), which is 

)Q,-e) 

Representing the quantity { ^ ^ ) by iv and substituting for 

\/ti 7^2/ 

/i and /2 in Eq. (77), the latter becomes 

j = (m - 1)A'. + (n, - l)Iu - a{'>h - l)(w.. - 1)A,A,. (147) 

In the language of the calculus, the condition for constancy of the 
focal length is that 



which, applied to Eq. (147), becomes 

[Ai - a(n, - DK.K,] ~ + [K, - «(«, - 1)A,A,] 

= 0. (148) 


The quantity dn/d\ depends upon the type of glass and is 
also a function of the wave length; it will be called the dispersion 
of the glass. Now if the elements of the doublet under con¬ 
sideration are made of the same kind of glass, their refractive 
indices and dispersions are the same at every wave length. 
Utilizing this fact and substituting for (ni — ^)Kl and (^2 — 1)7^2 
the values l//i and I //2 in Eq. (148), it becomes simply 


a = 


/i + h 
2 


(149) 


Hence, by separating the elements in accordance with this 
equation, the rate of change of / is zero at the wave length for 
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which /i and are computed. For visual instruments, this 
wave length is preferably chosen near the middle of the visible 
spectrum. Many oculars for telescopes and microscopes are 
achromatized in this manner, and curve B in Fig. 54 shows the 
variation in focal length with wave length for a typical ocular. 
The elements of this ocular are made of light silicate crown 
(0^57), for which data are given in Table V. Like the other 
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Fig. 54.—Curve A shows the variation in focal length with wave length of a 
single lens of light silicate crown glass (0-57) having a focal length of 100 mm 
at 550 m/i. Curve B shows the variation in focal length of a doublet made of 
the same glass achromatized at 550 m/u by separating the elements according to 
Eq. (149). The focal lengths of the elements at this wave length are respectively 
200.00 mm and 06.67 mm, and the separation is 133.3 mm. 


glasses in the table, this is one manufactured by Schott of Jpna. 
The focal lengths of the elements were chosen so that the com¬ 
bination would have a focal length of 100 mm at 550 mju and 
would be achromatic at this wave length also. It is clear that 
glass having a low dispersion is best suited for this method of 
achromatizing. The remarkable effectiveness of the method 
can be appreciated by comparing curve B with curve A, which 
is for a single lens of the same focal length and the same kind of 
glass. 



Table V— Refractive Indices and Other Constants of a Few Typical Optical Glasses and Other Optical Materials 
The quantities /i©, c, and Xo are the constants in Hartmann’s formula computed from the published values of index at the 
_^nd C-lines. The materials are arranged in the order of increasing values of Xo. 
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For two thin lenses in contact, the condition for achromatism 
expressed by Eq. (148) becomes simply 

K,(T, + A^2 0-2 - 0, (150) 

where cri and 0*2 represent the dispersions dni/d\ and dn 2 /d\ 
respectively. If this equation is satisfied for some particular 
wave lengith, the rate of chang;c of the focal length of the combina¬ 
tion with wave length is zero at that point in the spectrum. This 
is illustrated by curve A in Fig. 55, which shows the variation 
in focal length with wave length for a typical combination of a 



Fig. 55. — Curve A hIiows the variation in foeal length with wave length for a 
doublet eoiiBisting of a positive element of light silieate crown (0-57) in contact 
with a negative element of ordinary silicate flint (0-103). The focal lengths of 
the elements at 550 in/x, for which the doublet is achromatized, are respectively 
+40.97 mm and —69.40 mm. The horizontal broken line indicattss the effective 
focal length for visual use with white light. Curve i? is a similar curve for a pair 
of glasses especially recommended for eliminating the secondary spectrum. 
These are dense barium phosphate crown (S-30) and borate flint (S-8). The 
focal lengths at 550 m/x are respectively 22.14 mm and —28.44 mm. 


positive crown element in contact with a negative flint element. 
The particular glasses are the light silicate crown (0-57) and the 
ordinary flint (0-103) for which data are given in Table Y. 
This lens was achromatized at 550 m/x by means of Fq. (150). 
Because of the shape of the visibility curve, the effective focal 
length will be somewhat greater than the minimum value when 
white light is used as a source and will be more nearly as repre¬ 
sented by the horizontal broken line. It will be seen that the 
focal lengths for the red and violet regions are longer than the 
effective focal length, while the focal length for the yellow is 
shorter. This residual chromatism gives rise to a fringe of color 
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surrounding the image of an extended object, which is known 
as the secondary spectrum. 

The condition that must be satisfied if a pair of thin lenses in 
contact is to be completely achromatic—that is, if the focal 
length is to be the same at all wave lengths—will now be investi¬ 
gated. To do this, we must first consider the type of optical 
materials that are available for the purpose. A few curves giving 
the variation of n with X were shown in Fig. 52. These curves 
can be represented very accurately by an empirical formula due 
to Hartmann, which is 

n = Hi) + ^ (151) 

A — Aq 


where no, c, and Xo are constants for a given material. Through¬ 
out the relatively short wave-length interval comprised by the 
visible spectrum, this equation represents the variation in index 
of all optical materials within a few units in the fifth decimal 
place. ^ The dispersion can be found by differentiating this 
expression, whence 


dn _ c 

d\ “ * 


(152) 


If Eq. (150) is to be satisfied for all wave lengths, the ratio 

^ 

(T2 Ki 

must be a constant. In other words. 

Substituting the values of ei and a 2 from Eq. (152) and differen¬ 
tiating with respect to X, this condition becomes 

(Xo)i = (Xo) 2 . (153) 

The fact that this equation contains no quantities dependent 
on X means that, if both it and Kq. (150) are satisfied simul¬ 
taneously, the doublet will be achromatic for all wave lengths. 

^ The form of this formula expressed by Eq. (214) in Chap. XV contains 
four constants and is therefore more exact. The three-constant form is, 
however, much easier to handle and is sufficiently exact for the present 
purpose. 
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The superiority of the achromatism that results when the 
two elements have approximately the same value of Xo will bo 
apparent from curve B in Fig. 55. The elements of this doublet 
were made of glasses especially designed to eliminate the second¬ 
ary spectrum. They are respectively the dense barium phos¬ 
phate crown (S-30) and the borate flint (S-8) in Table V. The 
values of Xo for this pair differ by only about 1 per cent whereas 
the values for the pair represented by curve A differ by approxi¬ 
mately 25 per cent. These special glasses almost completely 
abolish the secondary spectrum, but they were found to be 
unstable and were replaced by others which, although less effec¬ 
tive in abolishing the secondary si)ectrum, have fewer disadvan¬ 
tages as a whole. 

The achromatism i)roduced by such special glasses is sometimes 
slightly different from that sh(>wn by curve B in Fig. 55. For 
such a small aberration, the departures from Hartmann’s formula 
may be sufficient to produce two points at which the focal length 
is stationary instead of the single minimum allowable if the 
formula held exactly; that is, whereas ordinarily a given focal 
length is common to two wave lengths, for such materials a 
given focal length is common to three. Lenses made of these 
materials and corrected for spherical aberration for two wave 
lengths were invented by Abbe and called by him apochromatic. 
The custom now is to avoid the special glasses because of their 
instability and to obtain the apochromatic correction by using 
three or more glasses of orthodox characteristics. This proce¬ 
dure also allows the other aberrations to be more fully corrected. 
The finest microscope objectives are apochromatic. Objectives 
that are nearly as good but are much simpler and cheaper are 
made by combining fluorite with a glass that has a similar Xo- 
value. Such objectives are called semi-apochromMic. They are 
made only for microscopy, because fluorite of optical quality is 
not readily obtainable in large pieces. 

The problem of achromatizing a thin doublet was undertaken 
by Newton, who concluded that it was impossible of solution 
because, for all the materials he examined, a was approximately 
proportional to {n - 1). For such materials, Eqs. (77) and (150) 
can be satisfied simultaneously only for a focal length of infinity. 
In other words, if the ratio of <r to (n — 1) is the same for both 
glasses, an achromatic combination is impossible when the lenses 
are in contact. Any pair of glasses having different ratios can 
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be used, but, unless the ratios differ widely, the focal lengths of 
the elements must be short, and hence the curves must be 
undesirably steep. Thus the suitability of a glass for achroma¬ 
tism in this sense is measured by the ratio of cr to (n — 1). For 
practical purposes, it is sufficiently accurate to use as a criterion 
the quantity 


1 _ np — nc 
V Uu — 1 


( 154 ) 


which is known as the dinperHive power of the glass. In these 
terms, the condition for achromatizing th(i focal length of a thin 
doublet in contact (corresponding to Eq. [150]) is that 


r,/i + V.U = 0. (155) 

Satisfying this equation has the effect of making the focal 
length stationary near the IMme and of making the focal length 
for the C- and F-lines approximately equal. For this reason, 
it is sometimes stated that this procedure achromatizes for the 
C- and F-lines. It obviously achromatizes for an infinite number 
of pairs of wave lengths also, but, because of the shape of the 
visibility curve, the effective focal length lies in the vicinity of 
the C- and F-lines. 

A feature of l]q. (155) that is not immediately evident is its 
relation to the Petzval condition, l']q. (146): 

ai/i + a 2/2 = 0 . 

By combining the two equations, it will be found that, if a com¬ 
bination of two ideally thin elements in contact is to be achro¬ 
matized for focal length and is to have a flat, stigmatic field at 
the same time, the glasses must satisfy the relation 



Even when the combination has a finite thickness, this relation 
holds closely enough to be a good working^rule. Now the glasses 
known before 1886 did not even approximately satisfy this 
relation because the more refractive glasses were the more 
dispersive and hence v diminished as n increased. For example, 
the silicate crown and flint of Table V, 0-57 and 0-103, have 
n/V ratios of 0.0244 and 0.0447 respectively. The various new 
glasses developed by Abbe and Schott will be described in Chap.^ 
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XV, but by way of anticipation it may be stated that certain 
pairs have ratios as similar as 0.0262 and 0.0264. These glasses 
are anomalous in the sense that the one having the lower index 
has the greater dispersion; and combinations made of them are 
known as new or anomalous achromats in contradistinction to the 
old or normal achromats. 

The constant v is used in practice for convenience because 
the hydrogen tube and the sodium flame are generally employed 
in the determination of refractive indices. The quantity 
{rip — nc) appearing in Eq. (154) is known as the jneaa dispersion. 
It can be computed directly from the refractometric determina¬ 
tions, as can also the partial dispersions^ {uu — {up — Ud), 
and {na> — Up ); and therefore the amount* of secondary sp(X*t rum 
is usually estimated by lens designers from th(‘ similarity of the 

corresponding partial dispersion ratios, ^ ---—etc., 

Or Uc Or — Oc 

of the glasses of the pair. 

It must be remembered that this entire treatment holds only 
when the lenses are ideally thin; and it is found that, unlike the 
conditions for correcting spherical aberration and coma, the 
conditions for achromatism are greatly influenced by the thick¬ 
nesses and separations of the element,s. Partly for this reason 
but more because the choice of glass affects the monochromatic 
aberrations, no simple algebraic method is adecpiate for the 
design of even so simple a lens as a doublet. 

Up to this point, the achromatism of focal length alone has 
been considered. If the lens is achromatic in this sense, the 
image of an extended object at a great distance will be of 
the same size regardless of the wave length. In other words, the 
lateral chromatism will be eliminated. For near objects, some 
lateral chromatism may be present, but usually it is so small 
as to be negligible. Let us now investigate the condition for 
the elimination of axial chromatism also. Stable achromatism 
is the term sometimes used to indicate the simultaneous elimina¬ 
tion of both chromatic aberrations. 

In an ideally thin Wns, stable achromatism is achieved if the 
lateral chromatism is eliminated, because the principal points are 
always at the lens and do not vary in position with wave length. 
In a thick element or a separated system, the principal points for 
the different wave lengths are differently situated, even when 
lateral chromatism is eliminated, and hence the variously colored 
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images lie at different positions along the axis. It will now be 
shown that stable achromatism is impossible in a separated 
system unless each element is individually achromatized. This 
will be demonstrated for a se{)arate(l doublet, but the result is 
more general. 

The lateral magnification produced by a doublet is given by 
the expression 

fsi &2 

m = -> 

fi\S2 

where the object and image distances are measured from the 
lenses to which the subscripts pertain. The object distance 
for the first lens, .Sj, is obviously the same for all colors; and, if the 
system is to be free from axial chromatism, 62 ' must also be the 
same for all colors. Hence the ratio 

— = a constant. 

,S2 

But the separation 

a ~ Si' + S 2 = a constant. 

These two simultaneous equations uniquely determine s/ and S 2 , 
and therefore these quantities must be constant for all wave 
lengths. This proves that each element must be achromatized 
individually.^ 

67. The Balancing of Aberrations. —We have seen that a 
lens is afilicted with s(‘ven major aberrations—five mono¬ 
chromatic aberrations of ihe third order and two chromatic 
aberrations. In addition, there are monochromatic aberrations 
of higher order, and hybrid aberrations arising from the varia¬ 
tions of the monochromatic aberrations with wave length. 
Rarely is it povssible to eliminate a single aberration completely, 
and no optical system contains a sufficient number of elements to 
enable all the aberrations to be eliminated even for a single 
position of the object. In view of this, one might wonder that 
a lens could be designed to function satisfactorily at all! Indeed, 
the balancing of aberrations to produce a useful lens out of a 
reasonable number of elements is an intricate process—one that 
calls for the highest degree of skill and experience in addition 
to almost unlimited patience. 

^ An outline of the methods by which achromatism is achieved in practice 
and the other corrections made simultaneously will be found in Hovestadt’s 
*Mena Glass,translated by J. D. and A. Everett. 



120 


THE PRINCIPLES OF OPTICS 


With our present methods of attack, no direct method of 
balancing aberrations can be formulated that will apply in any 
but the simplest cases. The lens designer must select the aber¬ 
rations most detrimental to the purpose for which the lens is 
destined and reduce them to negligible amounts—despite von 
Seidebs requirement that each of his sums must be reduced to 
zero before the next can become mathematically significant. But 
the proof of the pudding is in the eating. In fairness to the 
designer, it must be stated that, despite the clumsiness of the 
methods he is forced to employ and the human fallibility of those 
who execute his designs, he usually produces a better lens than 
the skill of its user warrants. Indeed, if the demands upon the 
lens as to size of aperture and field are not excessive, th(^ 
aberrations can be reduced to such an exbmt that the limit of 
perfection of the image is set by the finite length of a wave 
of light. This ultimate limitation is the next, matter to be 
investigated. 



CHAPTER Vn 

THE RESOLVING POWER OF OPTICAL INSTRUMENTS 

The subject of image formation has been approached in the* 
preceding chapters from the standpoint of geometrical optics, 
and the results apply if light behaves in accordance with the 
four postulates assumed in Sec. 17. Unfortunately these 
postulates represent the behavior of light only in an ideal case 
tUat is never realized in practice. The present chapter returns 
to the physical method of regarding image formation and dis¬ 
cusses a limitation to the perfection of optical images that is 
brought about by the finite length of a wave of light. 

68. Diffraction. —The first of the four postulates of geometrical 
optics is that ‘Tight travels in straight lines in a homogeneous 
medium.” Although this postulate is a satisfactory foundation 
for such sciences as navigation and surv(^ying, it is inadequate 
to explain in detail the formation of optical images. In fact, 
the reader may have detected a certain artificiality in the treat¬ 
ment of image formation by Huygens's method in Chap. I. 
l^t was stated there that the new wave front could be found by 
treating each point of the old wav(^ front as a new source from 
which a secondary wavelet emanates. This implies that every 
point of the old wave front is the center of a new disturbance 
radiating light, in all directions, whereas the principle of rectilinear 
propagation would seem to necessitate that each point radiate 
in but a single direction, namely, the direction perpendicular 
to the wave front. Before considering the behavior of light in 
optical systems, therefore, Huygens’s principle must be correlated 
with the principle of rectilinear propagation. 

In Fig. 56, the surface A BCD is part of an infinite plane wave 
front moving in the direction of the normal to the surface OF'. 
Since this wave front is the result of a disturbance originating 
at a single point source P at infinity, all portions of it may be 
considered to be vibrating with the same frequency, amplitude, 
and phase. Consider now some elementary area such as 
* ds = rdrdtj), 
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which, according to Huygens's principle, may be considered as a 
new source radiating light in all directions. This elementary 
area will produce at P' a disturbance whose amplitude is directly 
proportional to ds anddnversely proportional to the distance of 
the elementary area from P'. The effect at P' due to the entire 
wave front is obtained by adding together the disturbances due 
to all the elementary areas. This was not a part of Huygens's 
»original concept, but Fresnel showed that it is a necessary 
modification. The integral calculus is especially suited to this 
operation, but the actual process of integration is complicated 
by the circumstance that the disturbances do not arrive at P' 
in the same phase because the elementary areas are at different 



distances. The formal mathematical operations^ will be avoided 
because they contribute very little to the present argument. 
It will be sufficient to assume that the resultant amplitude 
of the disturbance at P' due to the entire wave front has been 
found. Let us now consider some other point Q' lying in a plane 
through P' perpendicular to OP'. If the wave front A BCD is 
unlimited in extent, the frequency, amplitude, and phase of the 
disturbance at Q' are the same as at P'. This is true also for 

* This follows from the inverse-square law, since in any wave motion the 
rate of propagation of energy is proportional to the square of the amplitude. 
Hence, if the energy decreases as the square of the distance, the amplitudes 
must decrease as the first power. 

2 To be found in all standard textbooks on physical optics. The subject 
of diffraction is well discussed in Rayleigh’s article Wave Theory of Light, 
Encyclopaedia Britannica, 9th ed. It is reprinted in “Scientific Papers of 
Lord Rayleigh,” Vol. Ill, p. 47. 
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every point in the transverse plane through P'. It is therefore 
evident that a plane wave front of infinite extent through 0 
gives rise to a new plane wave front through P'. A similar 
treatment of a spherical wave front would show that the new 
wave front in this case is spherical. In other words, the principle 
of rectilinear propagation can be derived from Huygens’s principle 
provided the wave front is unrestricted in extent.^ 

The same sorj^ of reasoning can be applied when the wave front 
is restricted by a diaphragm placed between 0 and P' as shown 
in Fig. 57. If it is assumed, as before, that a plane wave of 
infinite extent is incidcmt on the diaphragm, which is also infinite 
in extent but contains an aperture of finite area, it is clear that 
the amplitude of the disturbance at any point such as P' can be 


Wave 

front 


\ Diaphragm 


0 


P' 

-*• 


Fk;. .57. 

obtained by finding the resultant disturbance due to all the 
elementary areas of the wave front within the area of the aper¬ 
ture. The actual integration is difficult, but a satisfactory idea 
of the behavior of the light in this case can be obtained by con¬ 
sidering the extreme cases of very large and very small apertures. 

If the aperture is very large compared with the wave length 
of light, the behavior of the wave front approximates that of a 
wave front of infinite extent. A plane wave will therefore be 
confined within the region indicated by the dotted lines. On 
the other hand, if the diameter of the aperture is less than half 
a wave length of light, it may be treated as an elementary area 
because all portions of it will produce at any distant point a 
disturbance of substantially the same amplitude and phase. 
An aperture of these dimensions will therefore cause a dis- 

^ A complete treatment of this subject explains satisfactorily the absence 
of a back wave in the reverse direction. 
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turbance to emanate in all directions. For an aperture of 
intermediate dimensions, the distribution of light in a transverse 
plane through P' depends upon the size and shape of the aperture. 
If the aperture is many wave lengths in diameter, this plane 
will contain an illuminated patch of approximately the dimen¬ 
sions of the aperture. There will be, however, some spreading 
of the light into the geometrical shadow which lies outside the 
dotted lines. This apparent bending of light around an obstacle 
is known as diffraction. The diffracted light is not distributed 
uniformly but appears as fringes or bands which are separated 
by intervals of darkness. The energy diffracted outside the 
geometrical shadow is provided at the expense of the energy 
within the geometrical shadow, where similar dark fringes appear. 
These fringe systems are known collectively as a diffraction 
pattern. 

During the nineteenth century, when evidence for the wave 
theory of light was so earnestly sought, the diffraction patterns 
produced by apertures of various shapes became highly impor¬ 
tant. The experimental verification of the mathematical com¬ 
putations did indeed form one of the strongest arguments in 
favor of the wave theory. At the very least, it indicated that 
Huygenses principle, as modified by Fresnel, provides a satis¬ 
factory interpretation of diffraction phenomena. 

Diffraction is usually a difficult phenomenon to understand, 
not because it is inherently abstruse but because of the manner 
in which it is ordinarily approached. The common procedure 
is to accept the rectilinear propagation of light as axiomatic and 
to treat diffraction as a sort of aberration that appears when the 
wave front is restricted by a small aperture. In other words, 
diffraction is regarded as a bcmding of light around obstacles in 
defiance of the geometrical theory. That this is a misleading 
concept is evident from what has preceded: diffraction is a 
fundamental property of light, and rectilinear propagation is 
merely a special case occurring when the wave front is unre¬ 
stricted. The effect of a diaphragm is not to produce a bending 
of the light in the usual sense but rather to eliminate those wave¬ 
lets which, if present, would produce a resultant effect in accord¬ 
ance with the geometrical theory. 

69. Diffraction at a Circular Aperture.^ —Of all the apertures 
whose diffraction patterns have been investigated, the circular 
aperture is the most important. This is used, for example, in 
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the pinhole camera, which, under proper conditions, is capable of 
producing pictures equal if not superior to those produced with a 
lens. This subject was investigated by Petzval in 1859, and the 
substance of his argument will be followed here. 

In Fig. 58, suppose that a circular pinhole of radius p' is situated 
at a distance p' in front of a photographic plate. ^ According to 
the geometrical tlu^ory, the 'hmage'^ on the plate of a distant 
point would be a circular spot with a radius 

z = p . 

On the other hand, if the pinhole is small, the size of the image 
will be determined by the diffraction pattern it produces. An 
approximate idea of the distribiit.ion of light, on the plate with a 



1 - 

p' 

-'A ■ 

z' 

V 


c-p'..- 



Via. r,s. 

small pinhole can b(^ obtaiiKal by considering the effect at some 
point whose distance from the top of the pinhole is just one 
wave length less than from the bottom. The resultant, dis¬ 
turbance at Q' produced by the portion of the wave front incident 
on the upper half of the pinhole is then almost exactly neutralized 
by that produced by the portion of the wave front incident on the 
lower half. Consequently, the intensity at Q' is zero, and the 
bulk of the energy (mtering the pinhole falls within the circle 
whose radius P'Q' = z'. If the pinhole is small, the above 
condition will obtain when 



Adding together the two values of z\ as Petzval did, the radius 
of the image of an infinitely distant point object is found to be 

z' = p' + V^- (157) 

^ The symbols p' and p' are used in conformity with the terminology 
adopted in Chap. V, although the concept of entrance and exit pupils is 
scarcely applicable here. 



126 


THE PRINCIPLES OF OPTICS 


Although Lord Rayleigh has shown that it is not permissible to 
add the values of z' representing the extreme cases of very large 
and very small apertures, the results based on this equation 
are sufficiently accurate for most practical purposes. For 
further details, the reader should consult Lord Rayleigh's original 
paper on pinhole photography.^ 

Let us now find the value of p' that will give the best definition 
under a given set of conditions. That is, with light of a definite 
wave length and the plate at a fixed distance from the pinhole, let 
us see what value of p' produces the smallest value of z'. Dif¬ 
ferentiating Eq. (157) with respect to p' and equating the result 
to zero, we find that the optimum value is 


II 

(158) 

= 2p', 

(159) 


Under these conditions 


as is easily shown by eliminating p' between Eqs. (157) and 
(158). 

The quantity z' here represents the radius of the smallest, 
image that can be formed of a distant point by a camera of 
length p'. This quantity alone is not a true measure of the 
ability of the pinhole to reproduce fine detail, since the size of 
the picture is proportional to p'. The real criterion is therefore 
the ratio lp\ By combining Eqs. (157) and (158), this ratio is 
found to be 


”p' Vp' 


(160) 


To record fine detail in the picture, z'/p' should be small, which 
means that p' and p' must be large. But this involves a new 
difficulty in the form of an increase in the time of exposure. It 
will be shown subsequently that, for extended objects at a great 
distance from the camera, the time of exposure is directly 
proportional to the square of the //-number. From the defini¬ 
tion of this quantity given in Sec. 44, it will be seen that, in the 
present instance, 

_ 1 

2p' z’I p' ‘ 


//-number 


(161) 


^PkiL Mag., 31, 87 ( 1891 ). 
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A quantitative notion of the length of the camera and the 
time of exposure can be gathered from Table VI, which is com¬ 
puted for X = 0.00045 mm, the wave length for which ordinary 
photographic plates are most sensitive. The values of p’ are the 
optimum for the given values of p' or, conversely, the values of 
p' arc the optimum for the given values of p'. 


Table VI 


p' 

1 

v' 

z 

1 

z'lv' 

//-number 

0.01 mm 

0.44 mm 

0.02 mm 

’'2 2 

//22 

0.10m m 

4.44 cm 

0.20 mm 

’'2 2 2 

fl222 

1.00 mm 

4.44 m 

2.00 mm 

’ 2 2 2 2 

f/2222 


60. Diffraction at a Lens. —The function of a lens has hitherto 
been regarded from the standpoint of its action on rays of light, 
a procedure that furnishes no information about the diffraction 
pattern that it must produce according to the physical method of 
interpreting its behavior. Let us return to Fig. 57, therefore, 
and consider the effect of filling the aperture with a converging 
lens. From the physical standpoint, the effect of the lens is 
merely to retard the elementary wavelets differentially because 
the lens is thicker at the center than at the edges. By choosing a 
lens of the proper shape, the disturbances from all parts of the 
incident wave front can be made to arrive at jP' simultaneously; 
that is, all the elementary wavelets can be made to arrive at 
P' in the same phase, which is but another way of stating that P' 
is the image of the original infinitely distant source. 

Now let us consider the effect at any other point in a plane 
through P' normal to OP', Fvery such point experiences the 
effect of disturbances originating at each point of the incident 
wave front, but in general these disturbances arrive in different 
phases. As before, the resultant amplitude must be computed 
by integration, but a sufficient understanding can be gained by 
considering extreme cases. If the lens is infinitely large, the 
disturbances at every point except P' neutralize one another and 
the illumination is zero except at P' itself; on the other hand, if 
the lens has a diameter smaller than X/2, the entire receiving 
plane is illuminated. For some intermediate value of the lens 
diameter, the result is a diffraction pattern appearing somewhat 
as shown in Fig. 59. 
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The nature of this diffraction pattern was investigated mathe¬ 
matically by Airy in 1834. He demonstrated that the illumina¬ 
tion E at any point Q' in the pattern depends upon the wave 
length X of the light, the radius p' of the exit pupil of the system, 
and the angular distance a' of the point from the axis. Airy’s 
result expressed in mathennatical terms is that 


E = Kp'- 


-T 


l/,„2\2 ^ UnCy 

3\2\) 4\3i) 


(162) 


where K is a constant, and 

rp' . , 

m = sm a . 

A 


(163) 


By substituting various values for t (juaiitity it is found that 
the illumination is a inaximum in the center of the diffraction 



Fkj. .59. 

pattern. As a' increases, the illumination diminishes gradually 
to zero and .then passes through a series of secondary maxima 
separated by points of zero illumination. The following table 
gives the valu(\s of m corresponding t-o the first few maxima and 
minima, together with the relative illumination E at those points: 


VI 

E 


0 

1 

First maxinniiiii 

0.61 TT 

0 

First iT\inim\iin 

0.81 TT 

0.174 

Second inaximnm 

1.116 ir 

0 

Second minim um 

1.333 TT 

0.0041 

Third maxim inn 

1.619 TT 

0 

Third minimum 


This diffraction pattern appears to consist of a central disk of 
light surrounded by a series of rings of decreasing intensity. The 
central disk receives approximately 84 per cont of the energy 
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transmitted by the lens, and the rings receive only 7, 3, 1.5, 1, 
etc., per cent, respectively. For practical purposes, the diffrac¬ 
tion pattern may be assumed to consist merely of the central 
disk. The size of this disk can be determined in terms of the 
angle 0' by substitut.ing in Eq. (163) the value of rn corresponding 
ti) the first minimum and noting that 

sin a' = tan a' == 

V 


{a being small), and that. 

tan 6' 


The result is 



0.61 \ 

n' tan 6' 


(164) 


where n' is the refractive index of the image space. This quantity 
is introduced to make the equation of gimeral application since 
X, is the actual wave length of the light in the image space when 
the index is other than unity. It should be noticed that, for 
light of a given wave lengt.h, the size of the diffraction pattern 
depends only on the angle subtended at the image by the exit 
pupil of the system. That this equation is qualitatively correct 
will be seen by noting that it- holds for the extreme cases of vanish¬ 
ingly small and infinitely large apertures. In the former case, 
^' == 0 and hence z' ~ ^ ^ which mi^ans that the entire receiving 
plane is illuminated; in the latter case, = 7r/2 and hence z* = 0, 
which means that t he image is a true point, as it should be on the 
basis of the geometrical theory. 

This description of the image has been based on the tacit 
assumption that the light is monochromatic. If the light is 
heterochromatic—white, for example—the image consists of the 
superposed diffraction patterns produced by light of every wave 
length. Since z’ depends on X, these patterns are of different sizes 
and the resultant image is characterized by variously colored 
rings. To determine the order of the colors theoretically would 
require a complicated analysis, because the intensity of the light 
in a single monochromatic pattern passes through its various 
maxima and minima gradually. (Certain salient feature^ can 
be readily deduced, however. Within the area covered by the 
violet disk, which is the smallest, light of all wave lengths com¬ 
bines to produce an approximate white. Just outside the violet 
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disk, the violet alone is absent and the resultant is yellow. From 
this point outwards a colored ring pattern of complex design 
appears. At the outer portion of this pattern, the rings due to 
light of so many different wave lengths overlap that the field 
becomes practically white although, of course, very faint. 

61. Resolving Power.—It is clear from the foregoing that 
the image of a point object is always a diffraction disk whose 
size depends principally on the angle subtended at its center 
by the exit pupil of the instrument. If the object consists of 
two points, the image consists of two diffraction disks; and, if the 
points are close together, the disks may overlap to such an extent 



Fig. 60.—Enlargements from photographs of typical diffraction patterns 
produced by a lens: A, for a single distant point object; B, for two distant point 
objects whose diffraction patterns are separated by a distance ecpial to half the 
radius of the (central disks; (7, the same when the separation is equal to the 
radius of the disks; 77, the same when the separation is equal to twice the radius 
of the disks. {Photographs by A. G. Hall.) 


that they cannot be distinguished separately. In Fig. 60, A 
is an enlargement of an actual photograph of the imago formed 
by a high-quality objective of a distant point object; is a 
similar photograph of the image of two points whose separation 
is such that the distance between the centers of their diffraction 
patterns is equal to half the radius of the central disks; in C, the 
distance between the centers is equal to the radius of the disks; 
and in D, to twice the radius. It is evident that, unless the 
separation of the diffraction patterns is at least equal to the 
radius of the central disk, the two points might appear as one. 
In other words, they could not be resolved. Increasing the 
magnification by any means whatever would not improve the 
power of the lens to resolve the two points because the size of 
the diffraction disks would increase at the same rate as their 
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separation. On the other hand, increasing the diameter of the 
lens would decrease the size of the diffraction disks without 
altering their separation. In other words, the resolving power 
of an optical system is a function of its aperture alone. Even 
before the theory of diffraction was understood, astronomers 
had discovered that the ability of a telescope to resolve double 
stars depends only on the diameter of the objective, and that 
increasing the magnification beyond a certain point does not 
improve the resolution. 

It is fairly easy to derive an expression for the separation of 
a pair of points in the object space that can just be resolved 










Fici. 61 . 


according to the criterion that the distance between the centers 
of the diffraction patterns must be equal to the radius of the 
first dark ring. In Fig. 61, let Si and So be two point objects 
at a distance p from the entrance pupil of an optical system. 
The images of S] and >82 will then be formed at a distance p' 
from the exit pupil. Let the radii of the entrance and exit pupils 
of the system be p and p' respectively. Then the separation 
of S]' and S 2 ' which, according to the criterion, will just permit 
resolution is, from (164), 

1 02 ““ ^ f T /i7 ? ‘ fit * 

n' tan B n' sm 6' 

From the sine law, 


S 1 S 2 n sin (9 = Si'S^' n' sin 6' 
= 0,61 X cos 6 ', 
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or 




^ 61 X 

7h sin 6 


cos 0'. 


In most optical systems, the imapje distance is so great compared 
with the diameter of the exit pupil that cos 6' can be set equal 
to unity without introducing an appreciable error, especially 
in view of the arbitrariness of the criterion of resolution. Usu¬ 
ally, therefore, 


SiS2 


().61X 
71 sin d 


(165) 


This equation gives the smallest separation of two points 
in the object space that can be resolved in light of wave length X 
with an optical system w'hosc numerical aperture 
N.A. = n Mil By 

as defined in Uhap. V. Obviously the numerical npertiire 
cannot exceed unity when the object is situated in air, but by 
filling the space between the object and the first lens of the 
objective with a suitable liquid, as is done in microscope practice, 
the numerical aperture can be increased considerably. Micro¬ 
scope objectives to be used dry are made with numerical af)ertures 
up to 0.95, while those designed to be used with an oil having 
the same index as the first lens may have a numerical ap('rture 
as high as 1.40. For such an objective, the distance bet ween 
two points that can just be resolved is approximately one-half 
a wave length of light. The advantage of using light of short 
wave length is plainly evident. 

The resolving power of a system designed for viewing objects 
at a considerable distance is expressed more conveniently in 
terms of the angular separation of two points that can just be 
resolved, rather than the linear separation. By calling this 
minimum angle a and assuming it to be small, it can be expressed 


as 


^ 0.61 X 

p p n mi B 


(166) 


Since p is large compared with p, 

sin 0 = ^ = tan 6 = -• 
V 

Hence Eq. (166) becomes simply 

0 . 6 ^ 
np 


a 


(167) 
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Setting n = 1, as is almost invariably the case for distant objects, 
and introducing the diameter of the entrance pupil D = 2p as 
a matter of convenience, the resolving power can be written as 


^ 1.22X 
D 


(168) 


The smaller the value of a, the higher the resolving power is 
said to be. Thus the resolving power of a telescope is directly 
proportional to the diameter of its objective when the latter 
is the entrance pupil of the system. 

The resolving power of a telescope when computed by means 
of the above equation agrees fairly well with values that are 
obtained by experience. The astronomer Hawes, who made 
an extensive investigation of observations on double stars, arrived 
at the conclusion that the resolving power of a telescope of 
moderate dimensions is approximately 4.6 seconds of arc divided 
by the diameter of the objective in inches. Equation (168) 
indicates thai for green light (X = 555 nip) the value should be 
5.5", a remarkable agreement in view of the arbitrariness of the 
criterion of resolution on which the equation depends. It is 
clear that this criterion holds only for two point objects of equal 
brightness. It does not hold if the points are of unequal bright¬ 
ness nor does it hold for detail in an extended object, the resolu¬ 
tion of which depends in large measure upon the contrast in 
the object. Hence, except in the special case of double stars, 
these formulae supply merely a useful working rule for deter¬ 
mining the capability of an optical instrument in a rough sort 
of way. 

In practice, the term "resolving power” is used in a rather 
broad sense to describe the limit upon the ability of a system 
to record fine detail in the object, whether this limit is imposed 
by diffraction, by aberrations in the system, or by poor work¬ 
manship in preparing and centering the elements of which it is 
composed. Optical systems vary enormously in the closeness 
with which their resolving power in this sense approaches the 
ultimate limit set by diffraction. The resolving power of photo¬ 
graphic objectives, for example, falls far short of it. Telescope 
and microscope objectives, on the other hand, which are required 
to cover only a small field, are commonly corrected so well that 
their resolving power very closely approaches the limit set by 
diffraction. Lord Rayleigh has investigated the degree to which 
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small departures from perfection in the construction of an optical 
system injure its performance.^ He concluded that the imagery 
is practically perfect if the length of the optical path along every 
ray is the same to within one-quarter of a wave length. This 
does not mean that an inferior system will not produce images 
that are entirely satisfactory for the purpose for which the system 
was designed, but it indicates a limit for the most exacting work 
that is worth striving for but is hardly worth exceeding. 

^ Phtl. Mog.^ 8, 403 (1879). Reprinted in Papers of Lord 

Rayleigh,” Vol. 1, p. 428. 



CHAPTER VIII 


RADIATION 

The six preceding chapiters have been devoted principally 
to the subject of image formation. Now there are, of course, 
three essential elements in any optical system: the source of 
light, the image-forming system itself, and the light-sensitive 
receiving surface. The subject of image formation can be studied 
independently because the behavior of an optical system does not 
depend upon the amount of light present; that is, the quality of 
the image, whether limited by diffraction or by aberrations, is 
the same in a weak light as in a strong one. In the succeeding 
seven chapters, the characteristics of light sources and of receivers 
of radiant energy are presented. The present chapter will be 
devoted to the general subject of radiation. 

62. The Electromagnetic Spectrum.—The entire electromag¬ 
netic spectrum is customarily divided, in the order of increas¬ 
ing frequency, into Hertzian waves, heat rays, light, ultraviolet 
rays. X-rays, gamma rays, and cosmic rays. The divisions 
between these regions are shown in Fig. 62 . Until recent years, 
these regions were separated by gaps, but now that these gaps 
have been closed, it appears that the essential properties of all 
electromagnetic radiations are the same. Any classification of 
radiation with respect to frequency is therefore significant only 
when considering the interactions between radiation and matter 
that occur during the process of emission or absorption. In 
Fig. 62 , the wave length and frequency are both plotted on a 
logarithmic scale so that an octave may be represented by an 
equal interval everywhere in the spectrum. It will be observed 
that the visible region corresponds to slightly less than a single 
octave while the figure represents more than seventy octaves. 
There are, of course, no limits to the electromagnetic spectrum; 
frequencies as close to zero as desired can readily be generated, 
and it is also conceivable that frequencies higher than those 
of the cosmic rays will some day be discovered. An investiga¬ 
tion of the phenomena associated with the electromagnetic 
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spectrum would naturally involve nearly every branch of physics, 
and we shall therefore confine this discussion to the phenomena 
most closely associated with the visible region. 


Frequency 
(Cycles per Second) 


1023 
1022 
I 02 « 
1020 
1019 
10»6 
10«2 
1016 
1015^ 
10»4 
1013 . 
1012 . 
10”- 
1010 
109 H 
108 

107 ^ 

108 
103 - 
10^ - 
103 - 
102 - 
10 . 


-Cosmic Rays- 


Wave Length 
(Millimicrons) 
IhlO-e 


-Gamma Rays - 


-X-Rays■ 


-Ultraviolet Rays 

:r:yisJ5lF^<95:z.'ri.^ 


r!n 


“Infrared Rays 


-Hertzian Waves- 




Waves used for _ 
Radio Communication"" 


Long Electrical 
Oscillations 


- 10*5 

-10-4 1 X“Unit(XU) 

- 10-3 

-10-2 

-lO”! 1 Angstrom unit (AU) 
- 1 1 MiJlimicron (m^) 

MO 
1-102 

103 1 Micron (ju) 

104 

105 

[-106 1 Millimeter (mm) 

107 1 Centimeter (cm) 

M08 

[-lO® I Meter (m) 

10'6 

IQii 

[-1012 1 Kilometer (km) 

1013 

10*4 

1018 

hl0i8 


Fig. 02..Chart showing the gamut of oloctromagnctic waves. 

Because of the enormous frequency range of the electro¬ 
magnetic spectrum, it is to be expected that the mechanisms by 
which the various radiations are produced must be widely dif¬ 
ferent. Electromagnetic waves which are identical with light 
waves, except that their frequency is very much lower, are 
radiated into free space from the ordinary transmission line 
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carrying a ^0-cycle alternating current. The wave length in 
free space corresponding to this frequency is 5 X 10® meters. 
To increase the frequency, the generator might be rotated more 
rapidly, but mechanical difficulties impose a limit upon this 
procedure. Radiation of higher frequency can be produced 
by the oscillations of amelectrical circuit, thus avoiding \ho move¬ 
ments of mechanical parts. In this case, the frequency of the 
oscillation is 

. _L__, 

^ 2tVLC 

where L is the inductance and C the capacitance of the oscillating 
circuit. The radiations employed in radio communication are 
generated in this manner. The required energy can be supplied 
either by means of a spark gap, which periodically shocks the 
circuit into oscillation, or by means of a vacuum-tube oscillator, 
which supplies the energy continuously. The shortest waves 
that have been produced by means of a vacuum-tube oscillator 
have a wave length of 56 mm, the limit being set by the inherent 
inductance and capacitance of the tube. Radiations of still 
shorter wave length have been produced by spark-excited 
oscillations, the electrodes being made very small to reduce the 
inductance and capacitance of the circuit to a minimum. By 
using electrodes only 0.2 mm long and 0.2 mm wide, Nichols and 
'I'ear produced waves as short as 1.8 mm. More recently, 
Glagolewa-Arkadiewa, with a somewhat modified form of 
apparatus, has produced electromagnetic waves as short as 
0.1 trim. This represents the present limit (1929) of waves 
produced by electrical oscillations of the kind discovered by 
Hertz." 

Radiations of higher frequency than can be generated by 
oscillating electrical circuits are produced by the oscillations 
of the molecules themselves. Waves as long as 0.4 rnrn have been 
detected in the radiation from such a common source of light as 
the mercury-vapor lamp. This radiation is identical in every 
respect with that of the same frequency produced by electrical 
oscillations. Radiations of higher frequency than can be 
produced by the oscillations of molecules result from the vibra¬ 
tions within the molecules—that is, the vibrations of the atoms 
of which they are composed. These radiations extend into 
the visible region, the boundary between the visible region and 
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the infrared being dctc^rinined solely by the spectral sensitivity 
of the human eye. These radiations, when analyzed, appear as 
band spectra. They are usually observed as absorption spec¬ 
tra, but emission and absorption are produced by the same 
mechanism. 

All the radiations of higher frequency than can be produced 
by the vibrations of either atoms or molecules as a whole are 
attributed to changes that take place within the atom. To 
understand the process, it is nc^cessary to assume some sort 
of atomic model, and the one that most nearly fulfills the require¬ 
ments of the spectroscopist is that devised by Rutherford. 
According to this model, atoms consist of charges of positive and 

negative^ electricity, the positive 
charsgt^s being known as protons 
and the negative charges as elec¬ 
trons. Hydrogen is the first ele¬ 
ment in the periodic table, and, 
as might be expect(‘d, its atom 
has the simplest form. It is 
assumed to consist, as shown in 
Fig. 63, of a single proton about 
which a single electron revolves. 
Actually both elements revolve 
about their common center of mass, but, as the mass of the 
proton is known to be 1846 times that of the electron, the pro¬ 
ton is at rest in comparison. The electron can be removed from 
the atom in various ways; for example, by bombardment with 
another electron. The denuded atom is then said to bo ionfzed. 

The position of an element in the periodic table determines 
the complexity of its atom. Thus helium, the second element 
in the table, has a nucleus containing four protons and two elec¬ 
trons about which two more electrons revolve, much as the 
planets revolve about the sun. One or both of these planetary 
electrons can be removed from the atom, thus making the latter 
either singly or doubly ionized. The third element in the periodic 
table, lithium, has several isotopes, and the number of protons 
and electrons in the nucleus is different for each isotope. How¬ 
ever, each isotope has three more protons than electrons in the 
nucleus, so the latter is surrounded by three planetary electrons 
when the atom is in its normal or electrically neutral state. 
The ordinal numbcir representing the place of an element in the 
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periodic table represents the excess of protons over electrons 
in the nucleus of the atom. It is known as Moseley's atomic 
number and rcpn?sents also the number of planetary electrons 
revolving about the nucleus when the atom is in its normal 
state. 

With the Rutherford atomic model as a basis, a very complete 
and satisfnctory interpretation of spectroscopic data has been 
evolved during the last decade. A hint as to the type of change 
that, takes place within an atom when it radiates energy will 
be given in the following section; so it is sufficient to state here 
that when the change involves the outermost group of electrons, 
the resulting radiation occurs principally in the visible and 
ultraviolet regions. If tlu^se changes produce vibrations of the 
atoms composing the molecule, band spectra in the same regions 
result. The present short-wave limit of the ultraviolet sp)ectrum 
is at 13.7 m/i, whidi is the wave length of a line observed by 
Millikan in the optical spectrum of oxygen. Radiations of 
shortc'r wave lengt h are called X-rays and ar(' produced by bom¬ 
barding a metal with a stream of high-velocity electrons. This 
causes one or more of the inner planetary electrons to undergo 
changes similar to those undergone by the outer electrons when 
the latter radiate line spectra in the visible and ultraviolet 
regions. X-rays with wave lengths as great as 27 rn/x have been 
observed, thus bridging the gap that once existed between the 
ultraviolet and X-ray regions. At the other end of the X-ray 
spectrum, the limit depends upon the potential difference that 
tubes can be made to withstand. The gigantic tubes that have 
been developed in recent years are caf)able of withstanding a 
potential difference of a, million volts, and the rays emitted have a 
wave length in the neighborhood of 0.001 m/u. 

One characteristic feature of X-rays is the facility with which 
they penetrate matter. Although very long X-rays, like ultra¬ 
violet rays, are absorlxid by the atmosphere, the penetrating 
power increases as the wave length decreases so that the very 
short X-rays, which are produced by the use of high voltages, are 
capable of penetrating several inches of steel. 

The radiations that remain to be discussed—the gamma rays 
and the cosmic rays—are associated with changes within the 
nucleus of the atom. Since the constitution of the nucleus is 
determined by the atomic number of the element, it follows that 
the changes in the nucleus are associated with the actual trans- 
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mutation of elements. The ^amma rays accompany the break¬ 
down of the so-called radioactive materials, such as radium and 
uranium. Radiations produced in this way have wave lengths 
as long as 0.14 m/x, which overlaps the X-ray region. As might 
be expected, the gamma rays are also very penetrating. The 
cosmic rays, which are the shortest radiations known iit present, 
are still more penetrating and are capable of discharging an 
electroscope even when the latter is thoroughly shielded from all 
other radiations. Because of their great pcmetrating power, t heir 
wave length can not be measured directly but can be predicted 
from certain theoretical considerations. Thus the formation 
of helium from hydrogen should produce a radiation with a wave 
length of 0.000046 m/x; and the absorption coc^fhcient at this wave 
length for a layer of water 1 met,(‘r thick should be 0.30. Simi¬ 
larly, the transmutation of hydrogen into oxygfm or into silicon 
in a single act should produce radiations having absorption 
coefficients of 0.08 and 0.041 per meter of wiiter respectively. 
These absorption coefficients correspond closely with those 
observed for the cosmic rays; and since helium, oxygen, and 
silicon appear in great abundance in the heavenly bodices, it is 
surmised that these rays are due to a process of formation of 
atoms that may be taking place in other parts of the universes 
63. The Origin of Spectra.—The striking feature about 
atomic and molecular spectra is that they consists of sharp lines, 
representing vibrations of definite frequencies. This would not 
be expected from the simple model of the atom presented above; 
the electron in a hydrogen atom, for example, would be 
expected to revolve in any orbit whatever, determinc^d solely 
by the amount of energy it happens to possess at the moment. 
If this were the case, it would pursue a spiral path toward the 
nucleus as it radiates energy, the period of revolution becoming 
constantly shorter. If it is assumed that the frequency of the 
emitted light is the same as the frequency of revolution of the 
electron, it is clear that the total radiation from a large number 
of radiating atoms should produce a continuous spectrum. 
This failure of classical mechanics to account for line spectra led 
to the development of the quantum theory of spectra by Bohr, 
Sommerfeld, and others. When treating the behavior of such 
small things as atoms and molecules, this theory must be sub¬ 
stituted for classical mechanics, although it reduces to the familiar 
classical mechanics for bodies of ordinary size. 
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The fundamental postulates of the quantum theory are that 
systems cannot take on any energy value whatever but only a 
certain discrete set of energies; and that the frequency of the 
radiation emitted by such a system is to be computed, not by 
setting it equal to mechanical frequencies, but by the equation 

hp = E - E\ (169) 

where E and E' are two permissible values of the energy {energy 
levels, as they are called), v is the frequency of the radiation, 
and h is a, fundamental constant equal to 6.55 X 10~‘^^ erg- 
second. As applied to an atomic model, this means that the 
electrons revolve in orbits representing definite energy levels. 
When an atom absorbs eiK^rgy, an electron is caused to jump to 
an outer orbit; when an electron jumps to an inner orbit, it emits 
(mergy in the form of radiation. Since the energy levels are 
definite, the fr(Mpi(mcies are also definite, in agreement with 
experiment, and the spectrum consists of sharp lines. 

The frequencies of the spectral lines permit the values of the 
energy levels of the atoms to be deduced; and, in this way, far- 
reaching information about the structure of atoms can be 
obtained. The various possible electronic orbits are classified 
according to certain indices, called^gua?itum yiumhers. Thus, 
one of these is called the principal quantum number n, which 
can take the value 1 for the smallest orbit, 2 for the next larger, 
etc. In hydrogen, t he electron can be in any one of these orbits, 
but that for n — 1 has the lowest energ3^ This is the normal 
state of the atom to which it always falls, unless it is bombarded 
by ek^ctrons or is otherwise excited. More complicated atoms, 
containing many electrons, tend at ordinary temperatures to 
fall to as low a level as possible. They would all go to the level 
n — 1 except for a most important principle, called the exclusion 
priru'iple, which states that there can be no more than two 
electrons in an atom with n = 1, eight with n = 2, etc. It 
is this principle that results in the formation of the groups of 
elements of the periodic table. Thus helium, neon, etc., with 
2, 2 + 8, etc., electrons, have closed shells and are inert gases; 
lithium, sodium, etc., with 2 + 1, 2 + 8 + 1, etc., electrons, 
have one electron that is easily removed and thus they readily 
become ionized. These complicated atoms can be excited, 
as can hydrogen, some of their electrons going to higher levels 
and placing the atoms in a condition to permit the emission of 
radiation. To excite the outer electrons, only a comparatively 
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small amount of energy is needed (that supplied by a bombarding 
electron falling through a difference of potential of a few volts) 
and the resulting radiation is in the visible region. On the 
other hand, if the inner electrons are to be removed to outer 
orbits, a very large amount of energy is needed (corresponding to 
electrons of thousands of volts of energy) and the radiation is 
in the X-ray region. These are examples of the general rule 
expressed by Eq. (169), that the greater the energy of excitation, 
whether as a result of bombardment by more energetic particles 
or as a result of a higher temperature, the greater the frequency 
and the shorter the wave length of the n^siilting radiation. 

To understand how the quantum theory goes over into ordi¬ 
nary mechanics for large systems or low frequencies, it must be 
noted that as v gets smaller, which of course it does for a heavy 
system, the energy levels get closer together. Thus for the 
rotation of a molecule, the energy levels are so close together 
that only a good spectroscope will resolve the lines, and the 
spectrum ordinarily appears to consist of continuous bands. 
It can be proved that in this case the emitted light approaches 
more and more closely the result predicted by ordinary mechan¬ 
ics. Thus, although the quantum theory is indispensable in the 
X-ray, ultraviolet, and visible regions^ it is more accurate but 
not essential in the infrared region, and is quite unnecessary in 
the region of Hertzian waves. 

64. Thermal Radiation.— It is a fact of common experience 
that all liquids and solids emit light when their temperature is 
raised above approximately bOO'^C. This light is at first a dull 
red, and becomes successively orange, yellow, and then white 
as the temperature is increased, the total amount of energy 
radiated increasing simultaneously at a rapid rate. When this 
thermal radiation^ as it is called, is analyzed with a spectroscope, 
the spectrum is found to be continuous. To borrow an analogy 
from the field of acoustics, thermal radiation may be likened to 
the sound of a sand blast, whereas the type of radiation discussed 
in the preceding section corresponds to musical notes or chords. 
Thermal radiation is characteristic of the temperature of the 
radiating body rather than the material of which it is composed. 
It is due to the thermal agitation of the molecules which, in the 
closely packed condition existing within liquids and solids, are 
unable to radiate in their characteristic manner. Many of the 
laws pertaining to thermal radiation are derived, therefore, on 



RADIATION 


143 


the basis of thermodynairiical considerations involving the energy 
of the entire system, rather than on the basis of the behavior 
of its component paints. 

It must not be assumed that thermal radiation is associated 
solely with high temperatures. As a matter of fact, it is emitted 
at every temperature above the absolute zero. According to 
Provost’s famous theory of exchanges, every body is constantly 
exchanging energy with its surroundings; and any body whose 
temperature is constant must radiate energy at a rate exactly 
equal to the rate at which it absorbs energy from its surroundings, 
assuming it to be insulated and in a vacuum. 

Before the laws of radiation can be discussed, it will be neces¬ 
sary to define certain properties of radiating surfaces. The 
emissive power of a surface at a 
given temperature will be defined 
as the amount of energy radiated 
per unit time per unit area. This 
quantity will be designated by E. 

Conversely, the amount of incident 
radiant energy falling ])er unit time 
on a unit area of a surface will be 
designated by 7. Now, in general, 
the radiation falling on a body is 
partly reflected, partly transmitted, 
and partly absorbed. Let it be 
supposed that a fraction R of the incident radiation is reflected 
and a fraction A is absorbed. The quantities R and A are 
known as the reflectivity and the absorptivity of the surface 
respectively. If the fraction transmitted can be neglected, 

R + A = 

There is a fundamental relationship between the absorptivity 
of a body and its emissive power which we shall now investigate. 
In Fig. 64, assume that the two bodies, 1 and 2, are placed within 
an evacuated enclosure, the walls of this enclosure being main¬ 
tained at a constant temperature. In the course of time, both 
bodies will acquire the same temperature as the walls of the 
enclosure, whereupon they will radiate in a given time an amount 
of energy exactly equal to the amount they absorb. If Si 
represents the superficial area of body 1, the total energy radiated 
per unit time by this body is EiSi. The amount of energy it 
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absorbs from its surroundings is lAiSi. 
rium has been reached, 

FjiSi == 


When thermal equilib- 


The corresponding expression for body 2 is 

E2S2 = IA2S2. 

From these equations, it follows that 




E2 

A2 


(170) 


This argument is valid for any number of bodies, and hence we 
may state that, at any given temperature, the ratio of emissive 
power to absorptivity is the sam<' for all bodies. This is known 
as Kirchhoff's law. 

Since the emissive power of a body is directly proportional 
to its absorptivity, a body for which the reflectivity is zero and 
the absorptivity is unity is the best possible radiator. Such 
a body absorbs all the incident radiation and is therefore called 
a black body. No substance is known 
that is truly black in this sense, even 
lampblack reflecting about one per cent . 
Hence the desired condition is approxi¬ 
mated, both in theory and in experiment, 
by a hollow enclosure containing a small 
hole through which the radiation may 
enter or leave, as shown in Fig. 65. If 
the size of the hole is small compared with 
the size of the enclosure and the reflec¬ 
tivity of the walls has a value less than unity, any radiation 
entering the enclosure will be reflected and re-reflected until, 
after an infinite number of reflections, it becomes completely 
absorbed. Conversely, the radiation from such an enclosure is 
identical with that from an ideal black body. 

It can be proved theoretically that any body within an enclo¬ 
sure radiates like a black body after thermal equilibrium with 
the walls of the enclosure has been reached. This fact was 
observed experimentally by Draper as long ago as 1847. Draper 
placed an assortment of metals, crockery, and other materials 
in a gun barrel which he heated in a furnace until it reached a 



Fig. 65. 
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dull red color. He then found it impossible, on looking into the 
gun barrel, to distinguish these substances from the wall of the 
barrel. Since the black body is the only perfect radiator and 
since, furthermore, all bodies within an enclosure radiate like a 
black body, it represents an ideal case for study. 

66. The Stefan-Boltzmann Law. —In 1879 Stefan suggested, 
on the basis of an experiment by Tyndall, that the total emissive 
power of a body is proportional to the fourth power of its absolute 
temperature. In other words, 

(171) 

where a is a constant and T is the temperature on the absolute 
or Kelvin scale, ^ This fourth-power law was subsequently 
derived for a black body by Boltzmann from theoretical con¬ 
siderations of a thermodynamic nature.- The clue to the method 
was supplied by Maxwell’s proof that radiation exerts a pressure 
when it falls on a surface.-^ Hence, if radiation is introduced 
within a cylinder, it will exert a pressure tending to force the 
piston outward. If the inside of the cylinder is made of a 
material wdiose reflectivity is unity, the radiation within the 
cylinder will pc^rsist forever and will exert a continuous pressure 
on the piston. In this respect, therefore, radiation behaves 
very much like a gas confined within a cylinder. Now Carnot 
had previously found the relationship between the mechanical 
energy and the thermal energy when a gas undergoes a cyclical 
process consisting of alternate isothermal and adiabatic expan¬ 
sions and compressions. By following the same sort of reasoning 
with radiation substituted for the gas, Boltzmann proved that 
the total emissive power of a black body is proportional to the 
fourth power of its absolute temperature. The quantity <r 
in Eq. (171) is calk d the Stefan-BoVzmanyi constant. Its accepted 
value is 5.709 X 10"^ when E is in ergs per second per square 
centimeter and the temperature is measured on the Kelvin scale. 

1 The Kelvin temperature is obtained by adding 278.1 to the temperature 
m(^asur(*d in centigrade degrees. 

2 See any textbook on heat, such as Preston’s ‘‘Theory of Heat.” 

3 This pressure is exceedingly feeble, amounting to only 4,5 X 10”® 
dyne/cm^ for solar radiation at the earth’s surface, A layer of water less 
than half a millimicron thick would produce this pressure! Nevertheless, 
the existence of this pressure was verified by Nichols and Hull in a classical 
experinumt performed in 1901, and an apparatus for measuring it was 
described by Tear, Jour. Optical Soc. Amer. and Rev. Sci, Instrumerds, 11 , 
135 (1925). 
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The experiment that led Stefan to propose the fourth-power 
law consisted in measuring!; the amount of energy radiated by a 
platinum wire at two different temperatures. The results 
were in good agreement with Kq. (171), notwithstanding that 
the reflectivity of platinum is not zero and hence it is not a 
black body. However, it very closely approximates what is 
known as a gray body— namely, one tJiat radiates at. ev(iry wave 
length an amount of energy bearing a constant ratio to the 
amount radiated by a black body at the same temperature. In 
other words, the spectral distribution of the energy from a 
gray body is exactly the same as that from a black body, but 
the total en(^rgy radiated is smaller in amount. A gray body is 
sometimes said to be a noji-selective radiator. Such materials 
as platinum, iron, tungsten, and carbon are very nearly non- 
selective; and the success of Stefan’s explanation was due to the 
fact that the fourth-power law holds for thes(i non-selective 
radiators also, the only difference being in the value of the con¬ 
stant. The constant in this case is the product of the St(ffan- 
Boltzmann constant and a quantity c, which is known as the 
emissivity of the gray body. The emissivity is, of course, the 
ratio of the emissive power of the gray body to that of a black 
body at the same temperature. 

A selective radiator is one whose spectral distribution of energy 
differs from that of a black body at the same temperature. The 
Welsbach mantle is a good example of such a radiator, the white¬ 
ness of its light being due to the disproportionately large amount 
of energy in the blue end of the spectcurn. Obviously, the laws 
that have been developed for pure thermal radiation do not 
apply to such radiators. 

66. The Spectral Distribution of Black-body Radiation.— 

Although thermal radiation always gives a continuous spectrum 
when analyzed, the distribution of the power within the spectrum 
is found to vary with the temperature of the radiating body in a 
characteristic manner. Figure 66 shows the distribution of 
power in the spectrum of a black body at various temperatures 
computed by means of a formula that will be discussed presently. 
The abscissae represent wave length and the ordinates, power. 
The plots have been made on a logarithmic scale because of the 
great range of values that must be represented. It will be seen 
that, as the temperature increases, the maximum of the distri¬ 
bution curve shifts toward the short-wave end of the spectrum. 



RADIATION 


147 


This accounts qualitatively for the fact that a heated body 
becomes first a dull red and then successively orange, yellow, and 
white. 



Fia. 66.—Black-body radiation curves for various absolute temperatures 
plotted on a logarithmic scale. The power is expressed in ergs per second per 
square centimeter per millimicron. The dotted lines define the visible region; 
the broken lino is the locus of the maximum of the radiation curves. These 
curves are similar in their dimensions and orientation and di^er only in their 
positions along the locus of the maximum. The curve for 6000®K. is plotted 
on a natural scale in Fig. 67. 

The position of the maximum of the distribution curve for 
a black body can be found theoretically by continuing the sort 
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of reasoning that led Boltzmann to the fourth-power law. The 
details of the proof would he out of place here, but the method 
in brief consists in introducing some radiation into a cylinder 
and then compressing it by means of a piston, the wall of the 
cylinder being a pcu-fect reflector so that no energy is lost. If 
the radiation corn^sponded originally to a black body at some 
temperature, it will correspond, after compression, to a black 
body at a higher temperature because work has been done in 
compressing it. But the motion of the piston produces an 
increase in the frequency of the radiation because of the Doppler 
(‘ffect; for, no matter how slowly the process is carried out, tin; 
result is a permammt change in the character of the radiation. 
From such a line of reasoning, it is possible to find a relation 
between the temperature and the wave length corresponding 
to the maximum of trhe distribution curve. This relation is 
known as Wieri's displacement law, which states that 

\mT = A, (172) 

where \m is the wave length of the maximum in millimicrons, T 
is the Kelvin temperature,^ and A is a constant whose accepted 
value is 2.885 X 10<^. 

A typical energy-distribution curve for a black body is shown 
in Fig. 67. The encu'gy radiated per unit time between the 
wave lengths X and \ + d\ represented by the shaded area. 
The amount- of energy at a single wave length is zero because th(^ 
shaded area vanishes when d\ becomes zero. Nevertheless, 
the energy represented by the shaded area will be referred to as 
the energy at wave length X, and the emissive power at this wave 
length will be designated by where EyjdL is the amount of 
energy radiated per unit time between wave lengths X and X + dX. 
Then the total emissive power E, discussed in the preceding 
section, is 



Let Em represent the emissive power corresponding to in 

^ it is int(^resting to observer that a black body at 5200'^K. radiates most 
copious!}^ at 555 the point in the spectrum where the human eye is most 
sensitive. Solar radiation aft(;r passing through the earth’s atmosphere 
corresponds approximately to this temperature, indicating the degree to 
which the eye has adapted itself to the source of radiation to which it is 
most frequently subjected. 
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Wien’s displacement law. By following an argument similar to 
the one previously outlined, Wien was able to show that 

Y^ = B, (173) 

where B is a constant whose value is 1.300 X 10“^^ when T is 
the Kelvin temperature and Ern is in ergs per second per square 
centimeter per millimicron. 



Wave Lengih 

07.“—A typical black-body radiation curve. 

From the generalized form of Wien’s two laws, it follows that 
the distribution of energy in the radiation from a black body is 
representable by 

(174) 

where C is ^a constant and is some function of X and T 

which thermodynamical reasoning alone is incapable of evaluat¬ 
ing. Wien then made the following assumptions: 

1. Eiudi molecule sends out rays whose wave length depends only on the 
velocity of the molecule, and of which the intensity is a function of this 
velocity. Since the wave huigth is a function of the velocity, the velocity 
may be regarded as a function of the wave length. 

2. The energy of radiation between the wave-length limits X and X + dX 
is proportional to the number of molecules sending out waves of this period 
and to a function of the molecular velocity v. 

The number of molecules whose velocities lie between the limits 
V and y + di; is known from the kinetic theory. Wien was there- 
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fore able to derive a law for the distribution of energy radiated 
by a black body, which is 


_ * 


(175) 


At short wave lengths and low temperatures, this law is in 
close agreement with the experimentally determined values, 
but at long wave lengths and high temperatures the deviations 
become excessively great. 

Rayleigh and Jeans then approached this subject from the 
standpoint of statistical mechanics, using the theorem of the 
equipartition of energy as a basis. The law to which this line 
of reasoning leads is 

= CA-^XT). (176) 

Unlike Wien’s law, this law agrees well with the experimental 
facts at long wave lemgths and high temperatures. It is, however, 
quite at variance with the experimental values in the region when^ 
Wien’s law applies. 

About the beginning of the present century, the German 
physicist Max Planck suggested^ a radiation formula that would 
take the form of Wien’s equation at one limit and that of the 
Rayleigh-Jeans equation at the other. This formula may be 
written in the form 

= (177) 


where Ci and C 2 are constants whose numerical values are 
3.703 X and 1.433 X 10^, respectively, when Ey, is measured 
in ergs per second per square centimeter per millimicron, X is 
in millimicrons, and T is in absolute degrees. ^ This law has been 
found to fit the observed data within the experimental error 
throughout the entire spectrum. For comparison, curves 
representing the Wien, the Rayleigh-Jeans, and the Planck 
radiation formulae are plotted together in Fig. 68 for a black 
body at 5000°K. 

Of course, no physicist is ever satisfied with a situation like 
this, where both the Wien and the Rayleigh-Jeans expressions 
seem to contain a certain measure of correctness, although neither 

1 Verhandl. deutsch. physik. Gesells., 2, 202 (1900). 

® Calculations involving Plancklaw are greatly facilitated by the use of 
the data in the ^Tntcrnational Critical Tables,” Vol. V, pp. 237 et seq. 
The charts and tables published by the Bureau of Standards as their Mis¬ 
cellaneous Publication 56 are also valuable, especially in the visible region. 
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is adequate for a complete interpretation of the phenomenon. 
Planck attempted, therefore, to find some concept to reconcile 



Fig. 68.—A comparison of tlie various radiation formulae for a black body at 

5000°K. 

the differences between the two results. The concept he intro¬ 
duced^ is too well known, both on its own account and because 

^ Ann. Physiky 4, 553 (1901). His line of reasoning is set forth in his 
Nobel Prize address, “The Origin and Development of the Quantum 
Theory” (1922). His derivation of the radiation law has been simplified 
by Einstein, Verhandl, deutsch. phijsik. Gesells.y 18, 318 (1916) and Physik. 
Zeits.y 18, 121 (1917). Sec Ruark and Urey’s “Atoms, Molecules, and 
Quanta,” Chap. III. 
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of the profound influence it has had on the development of 
modern physics, to require more than a brief mention here. 
It consisted essentially in assuming that interchanges of energy 
always take place by multiples of an elementary unit of energy. 
Planck found it necessary to assume that the size of this ele¬ 
mentary unit is inversely proportional to the wave length, or 
directly proportional to the fn^quency. In other words, this 
quantum, as it is called, is repres(mtable by hv, where v is the 
frequency of the light and h is Planck’s universal constant of 
action. 

Planck’s law can be developed in terms of this constant and 
certain other constants of na ture. The Stefan-Boltzmann law can 
then be derived by integrating Planck’s law over the entire spec¬ 
trum, and Wien’s displacement law can be derived by differen¬ 
tiating it to determine tlie wavc^ length at which the energy is a 
maximum. Except for the historical interest of the chronological 
development of the subject, it would be preferable to begin the 
study of radiation with Planck’s law and to derives all the other 
laws from it. 

It is of interest to consider the manner in which the luminous 
efficiency of a black body varies with its bnnperaturo. This 
quantity was defined by Eq. (C) in (’hap. I as 

621 pFxAViX 

I = — -A -' 

X K.-ft 

where Fx fhe relative visibility function. On account of the 
difficulty of finding a simple algebraic expression for this function, 
the numerator of the above expression is obtained most readily 
by multiplying the energy at each wave length by the relative 
visibility at that wave length. The denominator represents 
merely the total energy of the radiation and can therefore be 
found directly from the Stefan-Boltzmann law, Eq. (171). 
Figure 69 indicates the variation of the luminous efficiency of 
a black body with its absolute temperature. It will be observed 
that the luminous efficiency rises to a maximum at approximately 
6500°K. and then decreases slowly. The temperature of the 
maximum is in the neighborhood of the color temperature of 
daylight—that is, of sunlight plus sky light. The inefficiency 
of artificial sources of light is due very largely to the fact that their 
temperatures are rarely much above 3000^K. 
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In the case of radiators that are not true black bodies, a distinc¬ 
tion must be made between true temperature, black-body tem¬ 
perature, and color temperature. The true temperature is defined 
as the temperature of the liody as measured on the Kelvin tliermo- 
dynamic scale. A ^as thermometer using hydrogen indicates 
tempc'ratures on this scale very closely. The black-body or 
brightnefis temperature of a body is the temperature of a black 
body whose brightness is the same as that of the body in question 
for some fairly narrow spectral region. Usually this region is 
taken in the neighborhood of 650 in/x, chiefly because of the ease 
with wdiich this region can be isolated with filters. Since the 
radiation from a body which emits non-selectively can never 
exceed that from an ideal black body at any part of the spectrum, 



Fkj. (H).—Curvo sliowiiim the rclationshif) V)otwoon the hnninous offirieucy of a 
blark fxxly aixl its absolute ten»])erature. 


the black-body temperature of such a body is always lower than 
its true temperature. The color temperature of a body is the 
temperature of a black body that emits light of the same color 
as the body in question. The color temperature of a gray body is 
of course the same as its true temperature. A selective radiator, 
on the other hand, may appear either too blue or too red, and so 
its color temperature may be either higher or lower than its true 
temperature. Frequently the concept of color temperature is 
applied in cases where temperature is not the cause of the radia¬ 
tion. Thus the color temperature of the sky, which appears 
blue merely because of molecular scattering, is said to be about 
25,000°K., although any concept of temperature in this con¬ 
nection is quite meaningless. 

67. Lambert’s Law.— It is an experimental fact that a heated 
metal sphere appears to be of nearly Uniform brightness over its 
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entire surface. It follows, therefore, that the brightness of the 
surface must be independent of the angle at which it is observed. 
In Fig. 70, consider the small element of a radiating surface, 
which we shall assume appears equally bright from every angle of 
observation. Such a surface will be called a diffuse radiator. 
Now the brightness of any surface, according to the definition 
given in Sec. 11, Chap. I, is given by the quotient of its luminous 
intensity (candlepower) by its projected 
area. Since the projected area varies as 
the cosine of Oy it follows that the intensity 
must vary in the same manner if the 
brightness is to remain constant. In other 
words, the intensity in the direction OQ 
is equal to the intensity in the direction OP multiplied by cos 6. 
This may be gemeralized into what is known as Lambert's cosine 
law. It states that the intensity of tlie light emanating in a 
given direction from any small surface element of a diffuse 
radiator is proportional to the cosine of the angle of emission 
measured between the normal t-o the surface and the emit ted ray. 
This law also applies to diffusely reflecting surfaces, but it does 



Fig. 70. 



Fig. 71.““Comparison between the distribution of radiation from a polished 
tungston surface and from a perfectly diffuse radiator. The large circle repre¬ 
sents in polar coordinates the distribution from a diffuse radiator (obeying 
Lambert’s cosine law); the points represent the observed values for tungsten. 


not follow that a surface which radiates diffusely is also a diffuse 
reflector. A polished metal surface may be a good diffuse 
radiator although it is far from being a diffuse reflector. 

The usual method of representing the distribution of flux 
from a source of light is by means of a diagram showing the 
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distribution of intensity in polar coordinates. A typical curve, 
plotted from Worthinf>:’s^ values for the radiation from a tungsten 
surface, is shown in Fig. 71. If this surface obeyed Lambert’s 
law, the distribution of intensity would be represented by the 
circle. The points indicate that, for angles close to the normal, a 
tungsten surface behaves very like a diffuse radiator. Most 
common sources of light tend to obey Lambert’s law, although 
this is not always evident from the distribution curves. In 
the case of an arc, for example, the negative carbon and 
the supporting mechanism may obscure the light in certain 
directions. 

68. Radiometry. — The science of measuring radiant energy is 
called radiometry. Radiometric methods may be divided into 
two classes, depending upon whether the detector of radiation 
employed is selective or non-selective with respect to wave length. 
Non-selective detectors usually depend upon the heating effect 
of the radiation, so they respond equally to a given amount of 
energy regardless of its wave length if precautions are taken to 
make the surface on which the radiation is absorbed non-selective. 
This type of radiation detector is represented by the radiometer, 
the radiomicrometer, the thermopile, and the bolometer. As a 
class, these instruments are less sensitive than the selective 
detectors of radiation such as the human retina, the photographic 
plate, and the photoelectric cell. The sensitivity of the latter 
class varies enormously with wave length, and hence, unless 
they are carefully calibrated, they can be used only for comparing 
radiations of the same spectral quality. Sometimes, however, 
the selective property of a detector is invaluable when a small 
amount of energy in one spectral region must be measured in 
the presence of a much larger amount of energy in some other 
region. Thus, it is difficult to measure the amount of ultraviolet 
energy in solar radiation with a non-selective detector because of 
the presence of such a large proportion of energy in other spectral 
regions. On the other hand, a selective detector, such as a 
photoelectric cell of the proper type, may be insensitive to the 
powerful visible and infrared radiations and, hence, may be used 
for measurements in the ultraviolet region quite as readily as 
though the other radiations were not present. As subsequent 
chapters are to be devoted to the subject of selective detectors 

^Jour. Optical Sac, Amer. and Rev. Sci. Instruments^ 13, 635 (1926). 
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of radiation, we shall discuss only non-selective detectors in this 
chapter.^ 

One of the simplest and earliest instruments for measuring 
radiant energy was the radiometer, invented more than fifty 
years ago by Sir William C'rookes. This instrument was later 
improved by Nichols,^ and its behavior was treated theoretically 
by Maxwell. It consists essentially of two similar thin vanes, 
usually of mica or platinum, blackened on one side and attached 
to a horizontal member that is suspended by means of a fine 
quartz fiber. The radiation to be measured is allowed to fall 
on one of the vanes, thereby warming the surface slightly. 

The case containing the instrument 
is evacuated, but enough gas mole¬ 
cules are allowed to remain to 
rebound more vigorously from the 
heated side of the vane than from 
the cool side. This causes the 
vanes to rotate until the force- 
moment is balanced by the torsion 
in the quartz fiber. The amount 
of rotation, which is observed by 
means of a mirror carried by the 
horizontal member, is very nearly 
proportional to the total radiation 
received by the vane. 

The principle of the radiomicrom¬ 
eter, invented almost simultane¬ 
ously by d’Arsonval and by Boys, 
is illustrated in Fig. 72. As designed 
by Boys,^ it consists of a thermal junction of bismuth and 
antimony soldered into a loop of copper wire that is sus¬ 
pended in a strong magnetic field. When radiation falls on the 
bismuth-antimony junction, the temperature of the latter is 
raised and the resulting thermo-electrornotive force causes a 
current to flow in the loop. This, in turn, causes the loop to 
rotate by an amount that depends upon the stiffness of the sus- 

^ A critical survey of these instruments will be found in Bar. Standards 
Sci. Papers 85 and 188. 

2 The technique of the Nichols radiometer is described by Tear, Jour, 
Optical Soc. Amer. and Rev, Sci. Instruments, 11, 81 (1925). 

^Proc. Roy. Soc., 42, 189 (1887). 



Fig. 72.—The Boys radiomi- 
(trometer. 
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pending fiber. Both this instrument and the radiometer are 
relatively insensitive to stray magnetic disturbances but are 
seriously affected by mechanical vibrations. 

A plurality of thermal junctions connected in series is called 
a thermopile.^ In the radiomicrometer just described,there is no 
advantage in increasing the number of junctions because the 
resistance of the circuit is nearly all in the junction itself and not 
in the loop. Therefore, although increasing the number of 
junctions would increase the voltage applied to the circuit, the 
resistance of the circuit would be increased proportionately 
and the current through the loop would be practically unaltered. 
The thermopile does not suffer from this defect when used with 
a separate galvanometer. It is easily shown that the condition 
for maximum sensitivity is satisfied when the resistance of the 
galvanometer is the same as that of the thermopile. The chief 
advantage of the thermopile over the two instruments previously 
mentioned is its convenience. The thc^rmopilc itself, not being 
affected by mechanical vibrations, can be incorporated as part 
of the optical system. The galvanometer can then be mounted 
at a convenient- location in some suitable manner, preferably on a 
Julius suspension. The thermopile should be evacuated to avoid 
spurious effects due to air currents. If it must be used in the 
open, it should be designed so that air currents affect both 
sets of junctions equally. The sensitivity of a thermopile 
varies as the square root of the area of the receiving surface- 
a condition that imposes a low practical limit upon the number 
of junctions. 

The bolometer is a minute Wheatstone bridge, one arm of 
which receives the radiation to be measured. This arm is 
usually made of platinum for mechanical reasons, although from 
a theoretical standpoint it would be preferable to use a material 
having the highest possible temperature coefficient of resistance. 
It is generally made in the form of a ribbon and is blackened to 
absorb as much of the radiation as possible. The bolometer 
shares with the thermopile the advantage of being relatively 
immune to mechanical vibrations, but it is rather sensitive to 
magnetic disturbances because the arms of the bridge cannot be 
concentrated in a small space. The chamber containing the 
bolometer should be evacuated because the current carried by 
the wires raises their temperature slightly above that of their 

^ Bur. Standards Set. Papers 229, 261, and 413. Also Chapter VIII of 
Strong’s “Pro(;cdurtis in Experimental Physics” (Prentice-Hall, 1938). 
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surroundings, and the convection currents that would otherwise 
be produced would cause the zero point to drift. A drift of 
the zero point may also be caused by variations in the voltage 
applied to the bridge, but this can be largely eliminated by 
using a storage battery of generous capacity. 

The sensitivity of the various instruments appears to depend 
more upon the skill of the builder and observer than upon any 
inherent characteristics of the instruments themselves. The 
practical limit of sensitivity of the thermopile may be placed 
at 10“^^ or watt/mm^, and that of the other instruments is 

of this order of magnitude.^ It must be realized that, however 
simple in principle the measurement of radiation may appear to 
be, the amount of energy available is ordinarily so minut(^ that 
the technique can be acquired only by long experience. In 
fact, there is probably no other type of measurement that, con¬ 
tains so many pitfalls for the novice; and even the simplest, 
measurement should not be undertaken without a thorough 
acquaintance with the literature.- 

69. Spectroradiometry. —Spectroradioinetry is the term use^l 
to designate the measurement of the spectral distribution 
of radiant energy, which is usually accomplished by determining 
successively the energy within narrow regions of the spectrum. 
Spectroradiometry is commonly associated with the infrared 
region, primarily because the radiation from incandescent 
solids has been studied more extensively than that from other 
sources and, at the temperatures that are realizable in the 
laboratory, most of the energy from such sources is in the infrarfid. 
For this reason, the infrared region is sometimes called the region 
of heat radiation, thereby encouraging a common misconception 
that there is more heat in an erg of energy in this region than 
elsewhere in the spectrum,^ 

The separation of radiation into narrow spectral regions 
for measurement is usually accomplished by means of either a 

1 Cartwright has discussed the sensitivity of radiometric instruments in 
Physics, 1, 211 (1931). 

See the series of papers by ('oblentz previously mentioned and Forsythe's 
‘‘Measurement of Radiant Energy." 

It may be remarked in this connection that some stars have such a high 
temperature that only a small fracdlon of their energy is in the infrared. 
If these stars are surrounded by planetary systems, the inhabitants might 
conceivably regard the ultraviolet region as the region of heat radiation I 



RADI A TION 


159 


prism or a calibrated filter. A prism is used in some form of 
spectroscopic apparatus; and the results obtained in this way 
must be corrected both for the selective absorption of radiation 
within the instrument and for the variation in the width of the 
spectral band resulting]; from the irrationality in the dispersion of 
the prism. Filters^ are simpler 1o use and ar(^ eminently satis¬ 
factory when their absorption curves are such that they isolate 
definite spectral regions. 

Spectroradiometric measurements^ are especially difficult 
because the amount of energy to be measured decreases as the 
purity of the spectral band under examination is increased. 
Some idea of the difficulties can be obtained from the recent 
papers by Abbot,who has measured the energy distribution of 
stars as faint as magnitude 3.8. The vanes of his radiometer were 
constructed from flys^ wings coated with lampblack. This 
procedure resulted in a system of extraordinary lightness since 
eight of these wings, having an area of approximately 70 mm^ 
weighed but slightly more than three milligrams. The quartz- 
fiber suspension was so fine that, in spite of the small mass it 
had to support, 44 complete revolutions of the torsion head were 
required before the suspended system began to rotate in response. 
This was before the chamber was evacuated and filled with 
hydrogen at a low pressure, the air at atmospheric pressure 
acting on the vanes ‘‘as if viscous, like tar.^' When this radiom¬ 
eter was used with the lOO-in. reflector at Mount Wilson, the 
maximum deflections were of the order of one millimeter although 
the scale was 6 meters away. Nevertheless, the energy distribu¬ 
tion curves were well delineated, indicating the extent to which 
spurious effects had been avoided. 

^ The charaeteristics of a number of filters that are useful for this purpose 
will be found in Chap. XVIII. 

2 A survey of the subjc^ct will be found in Jour. Optical Soc. Amer. ana 
Rm. Sd. Instruments, 7 , 439 (1923). 

3 Astrophys. Jour., 69 , 293 (1929). 
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LIGHT SOURCES 

The production and distribution of large amounts of light is 
to-day recognized as a branch of engineering. Practically all 
modern sources of light operate on electrical energy and, hence, 
illuminating engineering has developed as a specialized field for 
the electrical engineer. This is quite logical because the optical 
problems involved in the distribution of light in bulk are rela¬ 
tively simple compared with the electrical and economic prob¬ 
lems. In the field of pure optics, however, there are many 
problems for which the solution is not the economic one generally 
sought by the illuminating engineer. In fact, the properties of 
image-forming systems are such that the efficiency of the source 
is less important than such characteristics as its shape, size, 
and intrinsic brightness. These characteristics will thc.'refore 
be given more consideration in this chapter than the adapta¬ 
bility of the sources for general illumination; and, as the human 
eye has apparently adapted itself to utilize daylight most effec¬ 
tively, a discussion of solar radiation will be given first. 

70. The Sun.—To the unaided eye, the sun appears as a 
circular disk of practically uniform brightness subtending a 
mean angle of 32' 04". This angle varies, of course, with the 
time of year from about 31' 32" at aphelion, early in July, to 
32' 36" at perihelion, (iarly in January. If the earth had no 
atmosphere, the illumination falling on its surface would be due 
entirely to direct radiation from the sun. The intensity of the 
illumination would then vary as the cosine of the angle of inci¬ 
dence of the sun's rays. 

The curves in Fig. 73 show the variation in illumination on a 
horizontal surface with the time of day on a typical clear day 
in midsummer at a latitude of 42° north. The maximum illu¬ 
mination due to both sunlight and sky light is approximately 
10,000 foot-candles. A day is considered dreary if the level of 
illumination outdoors is as low as 1000 foot-candles, and it is a 
dark day indeed when the level drops to 100 foot-candles. This 

160 
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is in marked contrast to the levels of illumination that are 
ordinarily produced indoors, where the illumination is commonly 
in the neighborhood of 20 foot-candles by natural hght and less 
than 10 foot-candles by artificial light. 



Time of Day 


Fig. 73. —Ilhiniinatioii on a horizontal surface on a typical (^lear day in mid¬ 
summer at Cleveland. Curve A represents the total illumination; curve B, 
the component due to direct sunlight; curve C, the component due to diffuse 
sky light. If these curves had l)een plotted for the illumination on a surface 
normal to the incident radiation, the variation in illumination with time of day 
would have been less marked. {From LucIciesUs '"Artificial Sunlight,” by 
courtesy of D. Van Nostrand Company.) 

li is possible to compute the apparent brightness of the sun 
from the illumination that it produces on the surface of the earth 
and the angle*that it siil)tends. Assuming the illumination on a 



Wave Length(m/O 


Fig. 74.—The spectral distribution of mean noon sunlight at Washington in 
the visible and near ultraviolet regions (circles) compared with the radiation 
curve of a black body at 5400°K. 


horizontal plane in Cambridge at the summer solstice to be 
8000 foot-candles and the angle subtended by the sun to be 31' 
30", the apparent brightness of the sun, computed by means 
of Eq. (223) in Chap. XIX, is 140,000 candles/cm.^ If allow- 
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ance is made for atmospheric absorption, the true brightness 
is in the neighborhood of 225,000 candles/cm^. 

The solar spectrum is continuous with the exception of the 
so-called Fraunhofer lines^ which are produced by absorption 
either in the upper layers of the sun's atmosphere or in the 
earth's atmosphere. The most important Fraunhofer lines and 
the elements producing them are listed in Table VII. These 
lines have only a slight effect on the energy distribution of sun¬ 
light, which has been studied extensively by numerous investi¬ 
gators. The values obtained in 1917 by Abbot for mean noon 
sunlight at Washington are given in Table VIII and are repre¬ 
sented graphically in Fig. 74. The smooth curve represents the 
energy distribut ion in the radiation from a black body at 5400°K., 
which is approximately the color temperature of mean noon 
sunlight. 

Table VII. — The Chief Fraunhofer Lines in the Visible Solar 

Spectrum 

Certain Fraunhofer lines really consist of groujis of lines, which nuiy be 
due either to a single element or to several elements. Th(‘ wave lengths of 
such lines, indicated by astt^risks (*), are giv(*n to the number of figures that 
are the sarnt' for all the lines. 


Line 

Element 

X(m)u) 

Line 

Element 

X(mM) 

A* 

Atm. O 

76:5. 

1 F 

H 

486.13 

B* 

Atm. O 

687. 

d 

Fo 

438.35 

C 

H 

056.28 

G' \ 

H 

434.05 

D, 

Na 

589.59 

G- 

Ca, IV 

430.8 

Di 

Na 

589.00 


Ca 

422.67 

D, 

He 

587.56 

h 

H 

410.17 

E* 

Fe, Ca 

527. 

H 

Ca 

396.85 

bi 

Mg 

518.86 

K 

Ca 

393 37 

h-z 

Mg 

51? 27 





If it were not for the presence of the earth's atmosphere, the 
spectrum of the sun would extend well into the infrared and 
ultraviolet regions. Actually, the long wave-length limit of the 
radiation reaching the earth is about 20,000 m/i, the exact limit 
varying enormously with the amount of water vapor in the 
earth's atmosphere and the altitude of the sun. The short 
wave-length limit is about 290 m/x, the exact limit varying also 
with atmospheric conditions and the altitude of the sun. The 
spectral region between 290 injLt and 310 m^u has assumed con- 
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Tabud VIII. —Spectral Disteibtjtion op Mean Noon Sunuout at 
Wasiiin(jton According to Abbot* 


X(m/i) 

Relative 

power 

X(m/i) 

Relative 

power 

X(niM) 

Relative 

power 

370 

20.2 

490 

98.8 

610 

93.5 

380 

24.6 

500 

100.0 

620 

91.6 

390 

29.6 

510 

99.4 

630 

90.6 

400 

44.5 

520 

99.4 

640 

89.4 

410 

56.3 

530 

99.3 

650 

88.1 

420 

64.6 

540 

98.1 

660 

86.9 

430 

68.0 

550 

99.9 

670 

84.8 

440 

76.4 

560 

98.2 

680 

83.2 

450 

85.3 

570 

96.6 

690 

81 .2 

460 

90.6 

580 

95.5 

700 

79.0 

470 

95.2 

590 

93.9 

710 

76.7 

480 

97.3 

600 

93.5 

720 

74.8 


* Bur. Standards Misc, Pub. 114, p. 16. 


siderable importance within the last few years because of the 
discovery of its antirachitic action. This is the so-called vital- 
ray region. Energy measurements by Fabry and Buisson and 
by Abbot have been compiled by Forsythe and Christison to 
indicate the hourly and daily variations of solar radiation in this 
region. These data are represented by Figs. 75 and 76. 

The total amount of energy radiated by the sun varies some¬ 
what from day to day and seems to be related in some manner 
to the sunspot activity. The mean value of the solar constant 
is 1.94, which is the number of calories received per minute on a 
square centimeter of surface normal to the radiation outside the 
earth’s atmosphere at the earth’s mean solar distance. ^ The 
variation in this constant” is from 1.92 cal. when no spots are 
present to a maximum of approximately 1.97. It is thought 
by some that the sunspot activity has a profound effect on the 
weather and that the variations of the solar constant can be used 
as a basis of long-range foreciists. This subject is one that must 
be studied statistically over extended periods, and it may be some 
time before enough data will have been accumulated to make the 
method practical. 

^ Abbot ei al.^ Smithsonian Misc. Puh.^ 77, No. 3, p. 31 (1925), This is 
equivalent to 8.1 X 10^ ergs per minute per square centimeter or 0.135 
watt/cm^ 
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The luminous efficiency of solar radiation can be determined 
from a comparison of the illumination that it produces with the 
solar, constant. It can be computed that, if the earth had no 
atmosphere, the illumination on a surface normal to the radiation 
would be 13,600 foot-candles or 14.5 lumens/cm^ Since the 
mean value of the solar constant is 0.135 wait./cm^ the luminous 
efficiency of solar radiation is evidently sli^z;htly more than 100 
lumens/watt. It will be recalled that the maximum luminous 
efficiency of a black body is about 84 lumens/watt, which occurs 



Fig. 75. Fig. 70. 

Fig. 75.—Radiant powt'r in the ultraviolet below 310 m/j, in solar radiation at 
42° north latitude. The ordinates rcprcaoiit power in iniorowatts per a<iuare 
centimeter on a horizontal surface. Curve .4, at summer solstice; curve B, at 
spring and fall ecpiinoxes; curve C, at winter solsticje. {(rcn. ELcc. JieiK, 32 , 
G66“()f)7, by permission.) 

Fig. 7G.—Radiant power below 310 mp in solar radiation at noon at 42° north 
latitude. The ordinates rc]>re8ent X)ower in microwatts per square centimeter 
on a horizontal surface. Tlio abscissa above eac^h montli denotes its beginning. 
{Gen. Elec. Rev., 32 , GOG—GG7, by permission.) 

at a temperature of approximately 6500°K. (see Fig. 69). 
Although solar radiation outside the earth^s atmosphere closely 
corresponds in color to the radiation from a black body at this 
temperature, its higher luminous efficiency is due to its relative 
deficiency in the violet and ultraviolet regions. This is shown 
by Fig. 77, where curve A represents the spectral distribution of 
solar radiation outside the atmosphere according to Abbot. It 
must be noted, however, that the deficiency in the violet and 
ultraviolet regions may be only apparent, since it is probably 
caused by the absorption of an extremely thin layer of ozone in 
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the upper regions of the earth's atmosphere. The usual method 
of correcting for atmospheric absorption by making measure¬ 
ments when the sun is at various altitudes does not correct for 
the absorption of this layer. 

71. Sky Li^ht.—It is shown in Fig. 73 that approximately one- 
fifth of the total illumination on a clear day is due to light from 
the sky. This light results from the scattering of sunlight in its 
passage through the atmosphere. If the earth had no atmos¬ 
phere, the sky would be perfectly black. At first thought, it 
would seem that the spectral composition of this scattered light 
should be the same as that of sunlight. This is very nearly 



Fig. 77. —Curve A re])reHeiils tlie apectrai diatrihution of aolar radiation outside 
the earth’s atmosphere according to Al)bot (1917). Curve B represents the 
theoretical spectral distribution of sky light, obtained by dividing each ordi- 
nate of curve A by the fourth power of the wave length. The spectral distribu¬ 
tion of the radiation from a black body at b500°K. and at 25,0(H)°K. are presented 
for comparison. All the curves are adjusted to equal 100 at 500 m/x. 

true on a completely overcast day, when the scattering particles 
are droplets of water of comparatively large size. However, 
when the particles are small, the short waves are scattered more 
than the long ones. This accounts for the blue color of the sky 
and the redness of sunsets, as will be clear from Fig. 78. To an 
obs^ver at A, the sun appears to be just rising. Since the blue 
end of the solar spectrum is scattered more than the red, the light 
reaching the observer will predominate in red. On the other 
hand; the atmospheric layer above the observer at B, for whom 
the sun is on the meridian, is so thin that the amount of scattering 
is small and the color of the sun is but little affected. When 
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this observer looks at any other part of the sky, he sees only 
scattered light, which predominates in blue. In very clear 
atmospheres, where smoke and dust particles are absent, this 
color is such an indescribably deep blue that one faintly grasps 
the medieval concept of the empyrean. 

The phenomenon of scattering can be illustrated very easily 
by means of a dilute solution of sodium thiosulphate (hypo), the 
chemical that is used in a photographer's fixing bath. The 
addition of a few drops of dilute sulphuric acid causes sulphur 
to be precipitated in a finely divided state. The color of the 
light scattered by this solution is remarkably like the blue of the 
sky, while the light transmitted through the solution takes on 



the orange or reddish cast frequently seen at sunrise or sunset. 
When the process has gone on for some time, the size of the 
sulphur particles becomes so great that the scattering is no 
longer selective and the solution appears white from every 
direction of observation. 

The scattering of light by small particles was investigated 
experimentally by TyndalT and, for this reason, it is frequently 
called the Tyndall effect. The subject has since been studied 
both theoretically and experimentally by many investigators. 
Lord Rayleigh^ was the first to deduce on theoretical grounds 

^Proc. Roy. Soc., 17, 223 (1868-1869) and Phil. Mag., 37, 384 (1869). 

^ Phil. Mag., 41, 107 and 274 (1871). Reprinted in ^‘Scientific Papers,*^ 
Vol. I, p. 87. The scattered Ught is also polarized, as described in Sec. 
214, Chap. XXIX. 
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that the phenomenon is a true scattering and not a variety of 
reflection or refraction. He showed that the intensity of the 
scattered light should vary inversely as the fourth power of the 
wave length when the size of the particles is of the order of 
magnitude of the length of a light wave. On the basis of this 
law, the spectral distribution of sky light on a perfectly clear 
day is represented by curve B in Fig. 77. This curve was 
obtained by dividing Abbot^s values for the spectral distribution 
of solar radiation outside the earth^s atmosphere (curve A) by 
the fourth power of the wave length. The color temperature of 
the sky when clear is ordinarily found to be between 20,000°K. 
and 25,000°K. This temperature is somewhat lower than would 
be predicted from the fourth-power law, indicating that a con¬ 
siderable proportion of the scattering is non-selective even when 
the sky is perfectly clear. 

The brightness of the sky on a clear day is about 0.8 candle/cm*'^. 
On a day that is partly cloudy, white clouds on which the sun 
is shining directly may be considerably brighter than the blue 
sky. On a dark overcast day, the brightness of the sky may fall 
to as low a value as 0.004 candle/cm^. By way of comparison, 
the brightness of a candle flame is in the neighborhood of 1 
candle/cm^, approximating that of a white cloud on a partly 
cloudy day; and the brightness of the moon is in the neighborhood 
of 0.25 candle cm“. 

72. The Incandescent Lamp.^ —It was found at the beginning 
of the last century that electrical energy could be converted into 
light by sending a current through a wire of high resistance, 
thereby heating it to incandescence. The incandescent lamp 
did not attain a practical form, however, until nearly eighty 
years later. In the meantime, the electric arc had been discov¬ 
ered and was used to a limited extent after the development of a 
suitable dynamo for supplying the current. The arc lamp was 
not entirely satisfactory as a light source and was efficient only 
in the large sizes. Inventors did not cease their attempts, 
therefore, to devise a practical incandescent lamp, but the 
difficulties of obtaining a high vacuum and of making a suitable 
filament were not solved until 1879. In December of that year, 
Edison demonstrated a lamp that incorporated all the essential 
features of the modern incandescent lamp. The distinguishing 
features of this lamp, as disclosed by the patent, were a com¬ 
pletely sealed glass bulb with platinum leads, and a filament of 
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such a high resistance that the lamp could be operated in a 
parallel circuit. This filament was obtained by bending a thin 
strip of bamboo into the form of a hairpin and then carbonizing it. 

In comparison with our modern tungsten filament lamp, this 
carbon filament lamp had to b(i operated at a relatively low 
temperature to make its life satisfactorily long. This was an 
extremely serious drawback because, as was shown in the pn^vious 
chapter, the luminous efficiency of thermal radiators increases 
rapidly with the temperature throughoutr th(^ temperature 
range with which we are concerned. Henc(^, the subs(Hiuent 
improvements in incandescent lamps have always been in the 
direction of a higher operating tcaiiperature. Various processes 
for coating the carbon filament with graphite were tried with 
some success. Then followed the metal filament lamps of wire¬ 
drawn tantalum, which were (luickly superseded by lamps having 
filaments of pressed tungsten. It was subsequently discovered 
that tungsten, when suitably purified, can be drawn into wires 
as fine as 0.0005 in. in diameter. At first these filaimnits were 
operated in a vacuum, but it was later found that their tendency 
to evaporate is very much reduced by filling the bulb with some 
inert gas, such as nitrogen or argon, under moderate pressur(\ 
Some gas-filled tungsten lamps are operated to-day at tempera¬ 
tures as high as 3290°K., at which temperature the luminous 
efficiency is 27.3 lumens/watt. There seems to be little hope of 
making any marked increase in the efficiency of incandescent 
lamps because tungsten melts at 3655°K. and no other suitable 
material having a higher melting point has been discovered. It 
seems likely, therefore, that the light source of the future will be 
some sort of selective radiator that emits a larger proportion of its 
energy in the visible region. 

Because of the unique importance of tungsten, its properties 
have been studied very extensively. One of the most exhaustive 
papers on the subject is that by Forsythe and Worthing,^ and 
it is from this paper that Table IX, showing the chief optical 
properties of tungsten surfaces, was compiled. This table is 
for a perfectly smooth surface of tungsten situated in free space 
where the only energy loss is by radiation. In the practice of 
lamp design, consideration must be given to the various losses 
due to conduction by the leads, convection by the gas within 
the bulb, and absorption and reflection by the bulb. The 

^ Astrophys. Jour,^ 61, 146 (1925). 
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Table IX.—Specific Charactekistich of Tunosten 


True 
temp. 
(T), «K. 

Color 
temp. 
(To), “K. 

7\)wer 

radiated 

(W), 

watts/cm- 

Flux radi¬ 
ated (F), 
lumens crn^ 

Luminous 

efficiency 

(F/W), 

lumens/watt 

Brightness 

(B), 

candles/cm''' j 

Emissivity 
(0, 
black 
body = 1 


.">00 

lOtK) 

3 006 

0.019 

0.654 

0.0004 

0 0006 

0.00012 

0.0.53 

0 114 

1100 

1108 

1 072 

0 (M)33 

0 0031 

0.0010 

0.128 

1200 

1210 

1.691 

0.020 

0.012 

0 006 

0 143 

i:ioo 

1312 

2. .576 

0.095 

0.037 

0.029 

0.158 

1400 

1414 

3.82 

0.34 

0.09 

0 11 

0.175 

1500 

1517 

5.55 

1.11 

0.20 

0.33 

0.192 

1600 

1619 

7.77 

3 10 

0.40 

0.92 

0 207 

1700 

1722 

10. .59 

7..52 

0.71 

2 26 

0 222 

1800 

1825 

14 22 

16.48 

1.16 

5.05 

0 236 

1900 

1929 

18.55 

34 8 

1.88 

10.40 

0 249 

2000 

2033 

23.72 

65.9 

2 78 

20.0 

0 260 

2100 

2137 

29.82 

117 9 

.3 95 

35.6 

0.270 

22(K1 

2242 

37.18 

204 

.5 47 

61.3 

0 279 

2300 

2347 j 

45.9 

3;i2. 

7.25 

100.5 

0 288 

• 2400 

2452 

55.8 

.523. 

9 37 

1.57.0 

0 296 

25(X) 

2557 

67.6 

788. 

11.67 

2.37.5 

0 303 

2600 

2663 

80. S 

1,1.50. 

14 28 

347.0 

0 311 

2700 

2770 

96.2 

1.660. 

17.26 

498 0 

0 318 

2800 

2878 

112 9 

2..300. 

20 4.3 

694 0 

0 .323 

2900 

2986 

132.1 

3,140. 

2:i 80 

949. 

0 329 

3000 

3094 

1.53 9 

4.170. 

27.10 

12.57. 

0 334 

3100 

3202 

177 5 

5,500. 

31 0 

1647. 

0 .337 

3200 

3311 

203. 

7,030. 

34 6 

2110. 

0 341 

3300 

.3422 

232 

8.940 

38 5 

2685. 

0 .344 

3400 

3533 

264. 

11,270 

42 6 

3370. 

0 348 

3500 

3646 

300. 

13,800. 

45 9 

4220. 

0 3.51 

3655 

3817 

:160. 

19,150. 

53. I 

5740. 

0 .3.54 


characteristics of some typical commercial lamps are shown in 
Table X. The luminous efficiency F/ W is expressed in terms of 
flux emerging from the bulb per unit of power supplied to the 
filament. The color temperature of the filament varies along its 
length because of the cooling by the leads, and the values given 
represent the average. The last four columns give the fractions 
of the radiant energy emitted within the indicated spectral 
regions. These values were not corrected for absorption by 
the bulb. As will be seen later, ordinary glass absorbs strongly 
below approximately 360 nipt, so bulbs of quartz or special glass 
are required to transmit the radiations of shorter wave length. 

It may be remarked in passing that this table provides a 
simple means for determining the amount of energy in the various 
spectral regions from measurements of the luminous flux. For 
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example, dividing the illumination on a surface by the lumi¬ 
nous efficiency of the lamp gives the corresponding radiant power 
in watts per unit area, assuming that all the energy supplied to 
the lamp is radiated. The amount of radiant power within 
a given spectral region can be found by multiplying the total 
power by the appropriate value in one of the last four columns. 
Such a calculation is only approximate because of the losses 
within the lamp. In a gas-filled lamp, the losses by convection 
may amount to 20 per cent or more of the power input. 

Two little-known lamps that, are useful to the optical experi¬ 
menter are sketched in Fig. 79. At A is shown a ribbon-filament 


I*' 



'6 mm 


lamp that requires 18 amp. 
at a potential of 6 volts. 

The filament is about 2 mm 
wide and 20 mm long, but 
it is bent as shown at B so 
that its useful length is only 
7 mm. This lamp is admir¬ 
ably suited to photomicrog¬ 
raphy, and it is regularly 
supplied for this purpose by 
at least one leading manu¬ 
facturer. The lamp shown 
at C has a straight wire 
filament about 20 mm long, 
kept taut by a spring in 
one of the leads. This lamp 
was designed principally for 
use in oscillographs, but its 
long straight filament makes 
it useful for many other purposes. It operates on a 4-volt 
supply and is made in 2- and 8-watt sizes, the difference being 
only in the diameter of the filament. 

73. Artificial Daylight.—Long before the incandescent lamp 
was invented, daylight had become the traditional standard of 
illumination for matching colors. Sunlight itself is much too 
intense for this purpose and therefore color technologists have 
generally used the light from the north sky. On a clear day, the 
color of this light is approximately that of a black body at a 
temperature of 25,000®K., whereas on an overcast day its color 
is that of a black body at approximately 6500°K. As can be 


53 mm 


Fia. 79.—Two useful laboratory lamps. 
A, a ()-voit 108-watt ribbon-filament 
lamp, front view. H, top view of same 
showinp: the shape of the filament. C, a 
4-volt straight wire-filament lamp. A 
spring in one support holds the filament 
taut. 
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seen from Fig. 77, this variation is extremely great, and therefore 
a need has long been felt for a better standard of daylight. From 
a strictly scientific standpoint, it is preferable to define daylight 
as the radiation falling on the earth from the entire sky, including 
the sun if present. The absorption in the atmosphere is so 
nearly non-selective that da3dight as thus defined has almost the 
same spectral quality as solar radiation outside the earth’s 
atmosphere. This radiation is closely matched in color by a 
black body at 6500°K. regardless of the time of day or the state of 
the weather. 

The obvious method of producing artificial daylight is to use 
a tungsten lamp in conjunction with a suitable filter for removing 



Fig. 80.- Comparison of screened tuiiKSten with sunlight. A, spectral 

distribution of the radiation from a black body at 2360°K. B, the same screened 
with a Wratteu No. 79 filter. The circles represent Abbot’s values for mean 
noon sunlight from Table VIII. All three curves are adjusted to equal 100 at 
600 m^i. 

the excess of energy at the red end of the spectrum. This is done 
in the Mazda C-2 lamp by using a blue bulb, which is entirely 
satisfactory for general illumination where only a rough approxi¬ 
mation to daylight quality is required. For matching colors, 
special daylight units are available which, although necessarily 
inefficient, provide a very close approximation to daylight quality. 

In photometry, it is often necessary to compare the intensity 
of two sources of different color temperature. Many photo¬ 
metric standards, notably the standard acetylene burner to be 
described presently and tungsten lamps of the vacuum type, 
operate at a color temperature of 2360°K. Other standards, such 
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avS the gas-filled tungsten lamp, operate at a color temperature 
of 2848°K. Several gelatin filters are available from the Eastman 
Kodak Company for making the radiation from these sources 
correspond to radiation at other color temperatures. As an 
example, curve A of Fig. 80 shows the distribution of energy in the 
radiation from a black body at 236()°K., and curve B, the relative 
distribution of this radiation after modification by the Wratten 
No. 79 filter. The circles represent Abbot^s values for mean 
noon sunlight. Although such a filter can be made to produce 
a satisfactory color match in a photometric field, the spectral 
distributions of the two radiations are noticeably different. 

The problem of obtaining a source having exactly the same 
energy distribution as mean noon sunlight has recently become 
important in connection with the standardization of a light 
source to be used in testing photographic materials. Since these 
materials vary in their spectral sensitivity within very wide 
limits, a mere visual color match is not sufficient. The problem 
of establishing a definite standard was undertaken by the Inter¬ 
national Congress of Photography, this country being repre¬ 
sented by a committee composed of members of the Optical 
Society of America. Out of this investigation has come a liquid 
filter^ that provides the most accurate means known at the 
present time for producing mean noon sunlight artificially. 

Because of the difficulty of maintaining a tungsten filament at 
2360°K., many laboratories use an acetylene lamp for routine 
purposes. One type of lamp using a Bray burner tip has 
been described by Jones,^ In this lamp, there is a cylindrical 
flame about 3 mm wide and 50 mm high, but the portion that is 
used is only 3 mm high. The intensity of this lamp is remarkably 
constant, varying only slightly with the humidity of the atmos¬ 
phere, the barometric pressure, or even the pressure of the 
acetylene. The controlling apparatus is very simple, consisting 
of an open-tube water manometer and a gas cock. The pressure 
required is 9 cm of water, and a regulation of 2 per cent is entirely 

^ This filter consists of two separate solutions containing copper sulphate 
and cobalt ammonium sulphate. The data for this filter and also for 
other filters of the same type designed to produce radiation similar in 
spectral quality to black-body radiation at various temperatures will be 
found in Bur. Standards Misc. Pub. 114, by Davis and Gibson. It will bo 
sufficient here to state that these filters are easily prepared and have proved 
to be very stable and quite reproducible. 

2 Trans. Ilium. Eng. Soc., 9, 716 (1914). 
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adequate. The great advantage of this burner is its reliability 
in the hands of ah unskilled operator; the greatest disadvantage 
is its low intensity, which is a trifle more than one candle. 

The spectral distribution of the light of this acetylene burner^ 
corresponds very closely to that of a Planckian radiator at 
2360°K. throughout the spectral range from 480 m/i to the red 
end of the visible spectrum. Below 480 m/x, the radiation is 
somewhat in excess of that of the Planckian radiator. 

74. The Carbon Arc. —The electric arc was discovered by 
Sir Humphry Davy in 1801. Davy was experimenting with 
the powerful batteries that had just been installed at the Royal 
Institution and found that a current could actually be main¬ 
tained across the air gap between two charcoal electrodes. The 
bow shape of the discharge led him to call the phenomenon an 
arc. Many attempts were made to devise a practical system of 
lighting on the basis of this discovery, but they were unsuccessful 
until a practical dynamo was invented about 1875. For a while 
thereafter the arc enjoyed a period of popularity, but to-day it is 
used only for special purposes because the incandescent lamp is 
so much more convenient. 

The characteristics of the carbon arc are very unlike those of 
the incandescent lamp. In the first place, the resistance of 
the arc diminishes as the current increases, so a ballast resistance 
or some other suitable current-limiting device must always be 
connected in series. The voltage across the arc itself is usually 
from 40 to 70 volts and is nearly a linear function of the separa¬ 
tion of the electrodes. Increasing the current through the arc 
has the effect of increasing the size of the crater without affecting 
its brightness materially. The arc usually operates most 
satisfactorily when the current is so adjusted that the crater 
approximately fills the positive electrode. 

The spectrum of the carbon arc consists of a continuous back¬ 
ground produced by the thermal radiation from the hot electrodes 
combined with line and band spectra from the vapors. In the 
ordinary arc, most of the light is supplied by the positive crater, 
which has a brightness in the neighborhood of 13,000 candles/cm^ 
and a color temperature of 3700°K. The line and band spectra 
of the arc stream are faint in comparison, but the arc stream can 
be made to contribute more to the radiation by drilling the 
electrodes lengthwise and filling them with a core of inorganic 

^ Bur. Standards Sci, Paper 362. 
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salts. The white-flame arc, used for photographic purposes and 
for the comparison of colors, has a core consisting of the fluorides 
of the rare earths. The blue-flame arc, used for therapeutic 
purposes, has a core of iron salts, which emit copiously in the 
vital-ray region. The nickel arc, which has a nickel wire within 
its core, emits copiously in the near ultraviolet and is also used 
for therapeutic purposes. These are only a few of the many 
special types of arcs that have been devised, and the literature of 
the subject must be consulted for more specific information.^ 

It will be shown in Chap. XXVI that the most desirable 
characteristic in a source of light for projection purposes is a 



Fig. 81.—High-intensity searchlight arc lamp. The positive carbon is 16 mm 
in diameter and the current consumption is 150 amp. {By courtesy of Bperry 
Gyroscope Company.) 


high intrinsic brightness. The brightness of the crater of an 
ordinary arc cannot easily be increased because increasing the 
arc current merely causes the crater to become larger in area. 
In the high-intensity arc, which was invented about 1914, the 
crater is confined to a small area in which the current density is 
very high.^ One type of high-intensity arc is illustrated in 
Fig. 81. The electrodes are extremely hard tubes of carbon, the 
positive being cored with cerium and thorium fluorides, and the 

^ A study of the radiation characteristics of some of the more important 
types of arcs has been made at the Bureau of Standards and is reported in 
Sci. Paper 539. 

2 A very interesting description of this type of arc has been given by 
Benford in Tram. Soc, Motion Picture Eng.y 24, 71 (1926). 
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negative with soft carbon. The core of the positive electrode 
boils away slightly faster than the carbon tube itself and forms a 
deep crater in which the vapors are confined. This electrode is 
kept in rotation to prevent the hot vapors from breaking down 
the hard carbon shell unevenly. The current density in the 
crater is about four times that of an ordinary arc, and the bright¬ 
ness is more than five times as great, 85,000 candles/cm^ being a 
representative value. The crater is so uniform in brightness and 
so constant in position that in motion-picture projectors it is 



Fig. 82.—Discharge of the 150-amp. high-intensity arc shown in Fig. 81. 

{By courtesy of Sperry Gyroscope Company.) 

commonly focused directly on the film gate and therefore on the 
screen. 

The discharge of a high-intensity arc is quite spectacular as can 
be seen from Fig. 82, which is a photograph showing the 150- 
amp. searchlight arc illustrated in Fig. 81 in operation. The 
positive electrode in this arc is 16 mm in diameter and has a 
core 8 mm in diameter; the negative electrode is 11 mm in diame¬ 
ter. The faint blue arc stream from the negative electrode 
forcibly strikes the crater gas emerging from the positive elec¬ 
trode and blows it upwards as a long flame. This prevents the 
fullest use of the arc in projection apparatus because the intense 
heat may injure the reflector and lenses if they are placed too 
close. 



LIGHT SOURCES 


177 


76. The Mercury Arc. —A type of arc radically different from 
those just described was invented by Peter Cooper-Hewitt in 
1901. One electrode is a pool of mercury and the other is a 
metal wire, the arc being formed by vapor from the mercury. 
The entire unit is sealed within an evacuated tube, of course. 
Since mercury boils at a low temperature, the electrodes can be 
kept comparatively cool, so the light is due almost entirely to 
the glowing vapor. The radiation is therefore characteristic of 
the mercury spectrum and has but a faint continuous back¬ 
ground. The chief lines in the spectrum of the mercury arc 
are given in Table XI and are shown graphically in Fig. 8.5. 

Tablf: XI. —Chief Lines in the Arc Spectrum of Mehcukv 
The intensities of the linens in the spectrum of a. intjrc.ury an* art' greatly 
affected ]>y the (‘onditions iiiidt'r which the arc is operated, hut the lines 
listed here are the ones most likely to he observed. 

UltravioleU 253.6, 296.7, 302.1, 312.6, 313.2, 334.1, 365.0, 365.4, 366.3. 

Yidhle. 

Violet: 404.7, 407.8, 433.9, 434.7, 435.8. 

Green: 546.1, 

Yellow-green: 577.0, 579.1. 
lied: 623.4, 690.8. 

There are two ways of starting a mercury arc. The simpler 
is to tilt the tube until a stream from the mercury cathode 
touches the metallic anode. When the tube is returned to its 
normal position, the stream breaks and an arc usually forms 
across the gap thus created. If this procedure is impracticable, 
the arc can be started applying a high potential across the 
electrodes to ionize the vapor that is present even when the 
tube is cold. In the industrial units, this potential is generated 
by breaking a current through a large inductance. 

The brightness of the mercury arc and the distribution of 
energy in its spectrum depend upon its design and the conditions 
under which it is operated.^ The industrial units are large in 
dimensions and have a low brightness, thus producing a soft, 
shadowless illumination. The unit most commonly used is 4 ft. 
long and 1 in. in diameter and has a brightness of approximately 
2.3 candles/cm^. On the other hand, the unit for therapeutic 
use is only a few inches long and has a brightness of approxi- 
^ This matter has been studied extensively by Harrison and Forbes, 
Jour. Optical Soc. Amer. and Rev. Sci. Instruments, 10, 1 (1925); Stock- 
barger, he. cit., 14, 356 (1927); and Buttolph, Rev. Sci. Instruments, 1, 487 
(1930) among others. 
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mately 350 candles/ciii^ Jl- is made with a quartz tube, not 
only to transmit the ultraviolet rays but also because the 
discharge is so hot that a glass tube would soften. 

The deficiency of energy in the red end of the spectrum gives 
the mercury arc a ghastly hue that militates against its wide 
adoption for general lighting and for those types of photography 
in which the true rendering of color values is important. It is 
unrivaled for blueprinting and photostating, because so much of 

its energy is in the blue and 
ultraviolet. A 3000-watt unit 
6 ft. long and 3 in. in diameter 
is made for such purposes. 

To the optical experimenter, 
the mercury arc is a tool of the 
highest value because the spectral 
lines are very bright and are so 
far apart that they can easily be 
isolated with filters. Many styles 
of arc lamps suitable for labora¬ 
tory use have bc^en devised, but 
perhaps the one most generally 
useful in the optical laboratory 
is the Cooper-Hewitt ^ Tab-arc, 
illustrated in Fig. 83. The tube 
is of quartz and is enclosed in a 
lamp house in which is a window 
fitted with adjustable shutters. 
The brightness of the arc stream 
is approximately 10 candles/cm^. The necessary resistances 
and a switch for arranging the circuit for operation on 
either direct or alternating current are located in the base. The 
arc is started by tilting the lamp house backwards. 

It may not be amiss to mention here a precaution that applies 
not only to this arc but to quartz arcs in general: All finger¬ 
prints on the tube must be removed before the arc is started. If 
this is not done, the salts contained in the grease on the fingers 
will unite with the quartz when the latter is heated and may 
cause the tube to crack. 

A modified form of the mercury arc has been used by Edgerton^ 
as a source of light for stroboscopic observations. If a rotating 

^Jour, Soc, Motion Picture Eng.^ 18, 356 (1932). 



Fig. 83. —Cooper-Hewitt “Lab- 
arc.’' This is a self-contained quartz 
mercury arc operating on 116 volts. 
{By courteay of General Electric 
Vapor Lamp Company.) 



LTGJIT SOURCES 


179 


machine is observed with a light source that flickers at the 
proper frequency, the machine can be made to appear stationary. 
The difficulty with most sources intended for stroboscopic work 
is that each flash persists for a sufficient length of time to cause 
some blurring of the motion. In the arrangenamt described 
by J^klgerton, the duration of the flash is less than 10 micro¬ 
seconds. The average intensity of the arc is the same as when 
it. is operated continuously. 

76. Tungsten Arcs.—Before the ribbon-filament lamp shown 
in Fig. 79 was developed, the tungsten arc was widely used 
where a steady source of approxi¬ 
mately uniform brightness was 
required. In this lamp, the fila¬ 
ment is used only for starting the 
arc, which forms between one of 
the filament leads and a sphere of 
tungsten support(^d on a third lead.* 

Nearly all the radiation from this 
lamp is emitted by the white-hot 
tungsten sphere, which has a coloi* 
temperature of 310()°K. The radia¬ 
tion characteristics are essentially 
those of tungsten at this tempera- 
tun'. The usual type of lamp is 



Fi(}. S4.—Typo S-1 sunlight 
lamp. In use, tho lamp) is equip- 
poci with an aluminum oxide 


made for operation on direct cur- refieotor. (From Luckies 
rent, but a type designed for alter- yy fy„,trand Con,.pany.) 
nating current is also available. 

The lamp is known as the “Point-o-lite’’ or the “Tungs- 
arc'’ and is made in several sizes. The chief disadvantage of 
this kind of lamp is the large control box necessar}^ for energizing 
the filament at starting and for regulating the current during 
operation. 

By introducing mercury vapor into the tungsten arc, the char¬ 
acteristics can be modified by the addition of the arc spectrum 
of mercury. A lamp based on these principles has recently been 
placed on the market by the General Electric Company. It is 
known as the type S-1 lamp and is intended primarily for 
therapeutic purposes. The lamp itself is illustrated in Fig. 84. 
It is generally used with an aluminum oxide reflector, which 
serves also to raise the temperature of the lamp and thus to 
increase the proportion of the radiation in the ultraviolet region. 
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This lamp is operated from a transformer that supplies 9.5 amp. 
at a potential of 33 volts across the filament at starting. As the 
filament becomes hot, the arc strikes and the current rises to 30 
amp. By virtue of the drooping voltage characteristic of the 
transformer, the voltage across the terminals drops to 11 volts, 
which almost extinguishes the filament. When fitted with 
the reflector, tfie lamp emits about 6300 lumens, which corre¬ 
sponds to a luminous efficiency of 19 lumens/watt. Of the 
total luminous flux, about 75 per-cent is supplied by the tungsten 
electrodes, 18 per cent by the arc stream, and only 7 per cent by 
the filament. The color temperature is about 4000''K. 

The brightness of this lamp is extremely high, so that in a 
quartz bulb it would be an excellent source for spectroscopic 
work in t he middhi ultraviolet. The bulb as ordinarily supplied is 
of a special glass that has a short-wave cut-off just below 300 m/x. 
A considerable amount of information about this lamp has 
recently appeared in tiie literature.^ 

77. Flashlights. —When an extremely intense source of short 
duration is desired, recourse is had to the intense light that 
accompanies the rapid oxidation of metals like aluminum and 
magnesium. Magnesium is usually the base of the so-called 
flashlight powders used by photographers. It is supplied either 
as pure magnesium powder or as a mixture of magnesium with 
some oxidizing material like potassium chlorate. Magnesium 
alone is slow burning and is used in an alcohol lamp of special 
design, the powder being blown through the flame. The chlorate 
mixtures are explosive, of course, and must be handled with great 
care. They can be ignited by means of either a fuse or an 
electrically heated wire. 

The duration of the flash depends upon the composition 
of the powder, the fineness of the particles, the total quantity of 
powder present, and the method of igniting it. In the case of 
pure magnesium powder blown through an alcohol lamp, the 
duration is usually a matter of several seconds. This type of 
powder is useful chiefly for inanimate objects at rest. For 
portraiture, the duration of the flash should be less than Kz 
sec. to prevent blinking of the eyes. This speed is usually 
exceeded with the flash powders of the explosive type. 

The luminous intensity of flash powder cannot be measured by 
ordinary photometric methods because of the short duration of 

^Jour. Optical Sac, Amer.y 21, 20 (1931). 
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the flash. It has been measured photographically by Huse/ 
however, and the results for three different types of photographic 
materials are given in Table XII. These results are expressed 
in candle-seconds—that is, in terms of the number of candles 
of white light which, acting for 1 sec., would produce the same 
photographic effect. 


Table XII.— Photographic Intensity of Flashlight Materiai^s 
ExprosscMl in oquiviilent candle-seconds of white light per gram of powder. 


Flashlight material 

Ordinary 

])late 

Orthochroma tic 
phite 

Panchromatic 

plate 

Eastman flash powder. 

1900 

1200 

1400 

Pure magnesium powder. . 

2300 

4600 

7700 

Magnesium ribbon. 

2850 

4800 

5600 


A new type of flash lamp has been recently described by For¬ 
sythe and Easley.2 It consists of approximately 50 mg of 
aluminum foil within a glass bulb filled with oxygen. The bulb 
is about the size of the ordinary 100-watt lamp and contains a 
special filament for igniting the flash that can be operated on any 
voltage between 1.5 and 150. As these lamps are made at pres¬ 
ent, the flash b(‘gins approximately 0.02 sec. after the filament is 
energized and lasts about 0.066 sec. A maximum intensity of 
about 4,500,000 candles is reached at approximately 0.014 sec. 
after the flash begins. The total flux radiated is of the order 
of 50,000 lumen-seconds, and the color temperature is approxi¬ 
mately 5000°K. 

78. Sources of Monochromatic Light. —No source of light emits 
radiation that is truly monochromatic. The purest radiations 
yet discovered are the three cadmium lines used first by Michel- 
sonin his measurement of the length of the standard meter in terms 
of the wave length of light. Benoit, Fabry, and Perot repeated 
the work some years later and determined t he wave lengths of these 
lines in air at a temperature of 15° and a pressure of 760 mm to be 

Rod: 643.84696 m/x 
Green: 508.5823 
Blue: 479.9912 

The locations of these lines in the spectrum are shown graphically 
in Fig. 85. The red radiation is the purest; and the value of its 

^ Jour. Franklin Inst.y 196, 391 (1923). 

^Jour. Optical Soc. Amer.y 21, 685 (1931). 
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wave length has been adopted as the primary standard of wave 
length. Because of the purity of these radiations and their 
wide separation in tlie spectrum, the cadmium arc would be 
much used except for certain practical difficulties. The tube 
must be of quartz to withstand the high temperature at which 
the lamp must be operated, and pure cadmium adheres to the 
quartz as it solidifies and thus breaks the tube. This difficulty 
has been overcome by Bates, who found that a trace of gallium 
added to the cadmium prevents the latter from solidifying but 
does not affect the cadmium radiations.^ 

The need for secondary standards of wave length has becm 
filled by certain iron lines.- These lines were chosen not- only 

400 500 600 700 800 

Cadmium 
Mercury 
Sodium 
Helium 
Hydro9en 
Sun 

400 500 600 700 800 

Fig. 85. — Spectra of certain inoiio(;hroniati(; aources. The ])rincipal Fraunhofer 
lines in the aolar spectrum are sliown for comparison. 

for their stability but also because they are so numerous that 
several are likely to be found on a spectrogram, even when 
the dispersion is high. Numerous tables are available that give the 
wave lengths of the lines in the spectra of the various elements.^ 
Many measurements in the optical laboratory must be made 
by means of light that is subst antially monochromatic. For this 
purpose, the sodium flame is unexcelled because of its simplicity. 
The only two bright lines in the visible region (589.0 and 589.6 
ing) are so close together that this source is sufficiently mono¬ 
chromatic for ordinary purposes.'* 

1 A lamp using this cadmium-gallium alloy is described in Bur. Standards 
Sci. Paper 871. 

2 The wave lengths of the stable iron linos determined by diri^d (compari¬ 
son with the primary standard are given in Bur. Standards Sci. Paper 478. 

® The ‘‘International Critical Tabh^s,” Vol. V, contain extensive tables 
of this sort. See also Kayser and Runge, “Handbuch der Spe(',tros(^opie,'’ 

^ A simple rnc^thod of producing a sodium flame is to wrap the upper end 
of the tube of a Bunsen burner with a piece of asbestos soaked in a salt 
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When a source of greater brightness is required, a mercury 
arc like the one shown in Fig. 83 is a convenient source of 
monochromatic light. The lines in its spectrum are so far apart 
t hat a single line can be readily isolated by means of filters. Sets 
of filters for this purpose are supplied by several firms. The 
most useful line is the one at 546.1 m^t, which is very close to the 
maximum of the visibility curve. With the proper filter to 
transmit this line alone, the mercury arc is used exfensively as a 
source for such purposes as polarirnetry. 

Gaseous discharge tubes are generally used for calibrating 
spectral apparatus and for determining the refractive indices of 
optical materials. The traditional source for measuring the 
optical constants of glass is the hydrogen tube. The chief lines 
in the hydrogen siiectriirn—at 656.28 (C), 486.13 (F), and 434.05 
(G')—are conveniently located for this purpose. But the index 
for the 7)-line of sodium is also required, and to avoid the use of 
two sources, the proposal has been made to specify the constants 
for the helium lines instead. The chief lines in the visible portion 
of the helium spectrum are the following: 

Violet: 388.86, 402.62, 412.08, 438.79, 447.15. 

, Blue: 471.31. 

Green: 492.19, 501.57. 

Yellow: 587.56. 

R(‘d: 667.82, 706.52, 728.14. 

The achromatism of lenses is so much a matter of convention 
that the substitution of the 706.52, 587.56, 471.31, and 438.79 
lines of helium for the customary C-, 71-, F-^ and G'-lines should 
not affect the performance of an optical instrument, as can be 
seen from Fig. 85. For calibrating spectral apparatus, the 
helium tube is excellent- because of the large number of lines in the 
helium spectrum and their wide distribution. 

The brightness of a discharge tube can be greatly increased 
by constructing the tube in such a manner that the discharge can 

solution. A neater method is to prepare cakc'S of asbestos fiber, plaster of 
Paris, and salt. One of these cakes held at the base of a Bunsen flame will 
impart a strong yellow color for a long time. As the color weakens, the 
cake can be scraped to expose a fresh surface. An alcohol lamp equipped 
with such a cake or fed with salt can be used if gas is not available. The 
familiar borax bead placed at the base of the flame is also satisfactory. For 
specifying the constants of optical glass, the A' line of the potassium 
flame spectrum is often useful. It consists of two lines whose mean wave 
length is 768.2 m/x. 
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be viewed end on. The life of a lube can be prolonj^ed by attach¬ 
ing a bulb of generous capacity to act as a reservoir for main¬ 
taining the pressure constant. Where an ordinary tube will 
become useless in a few weeks, a tube fitted with a reservoir will 
continue to function saiisfactorily for as many months. 

For producing metallic spectra, a type of arc devised by Pfund^ 
is very satisfactory. The lower electrode, which is the negative, 
consists of a massive rod of iron with a depression in the top to 
hold a bead of the oxide of the metal under examination. The 
positive electrode consists of a rod of iron or carbon, depending 
on whether iron or some other metal is being examined. This 
type of arc is easy to construct and is remarkably steady. The 
secondary standards of wave length mentioned above are certain 
iron lines in the Pfund arc when operated under carefully specified 
conditions. 

The monochromatic radiations that we have briefly discussed- 
are sensibly pure but require special lamps for their production. 
There are many problems in the fields of physics, chemistry, 
and biology where the isolation of a fairly narrow spectral 
region is sufficient. For this purpose, a source emitting a con¬ 
tinuous spectrum is satisfactory if used with suitable filters. 
Filters for this purpose will be described in Chap. Very 

narrow spectral regions can be isolated with a special form 
of spectromc^fer knovn as a monochromator, which will be 
(lescril)ed in Sc'c. 201, Chap. XX\TT. Many light sources that 
lack of s])ace forlnds describing hcr(‘ are descrilx'd in Chapter 11 
of Forsythc^’s “ M('asurement of Radiant hhmrgy’' (McGi’aw- 
Hill, 1987). 

’ Adrophys. Jour., 27 , 290 (1908). 

An cxtoiisiv(^ rl(\s(Tiption of tho production aiid use of monochromatic 
light lias been published by Fabry in Rev. (VOpiique, 1 , 413 and 145 (1922). 
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THE EYE 

If the eyo could be regarded solely as an optical instrument, 
its behavior could be explained satisfactorily by the methods of 
geometrical optics, notwithstanding that the eye is an organic 
structure which differs in some respects from the systems of 
spherical refracting surfaces that were previously considered. 
But image formation is only a small part of the phenomenon of 
vision, and a retinal image is of no use until it has been inter¬ 
preted by the brain. Hence, any study of the eye involves 
physiology and psychology quite as much as physics; and to few 
inv(‘stigators is given the ability to comprehend the phenomena 
inc]ud(^d within these three branches of science. An outstanding 
(exception was Hermann von Helmholtz, whose monumental 
‘‘Physiological Opticsremains to-day, more than sixty years 
after its first appeanince, the most valuable source of information 
on the subject of vision, 

79. The Anatomy of the Eye. —The human eye is an almost 
globular organ approximately an inch in diameter. As shown 
in Fig. 86, it is surrounded by a tough, white, outer skin S, called 
the sclera, to which are attached the six muscles that hold the 
eye in place. Two of these muscles are shown at Z\ and Z 2 . 
At the front of the eye, the sclera is replaced by a tough trans¬ 
parent membrane C, called the cornea. Light entering the eye 
passes successively through the cornea (', the aqueous humor A//, 
the crystalline lens L, the vitreous humor F//, and falls on the 
retina R, The aqueous humor is essentially a weak salt solu¬ 
tion; the vitreous humor is a thin jelly consisting largely of water. 
The crystalline lens is a capsule containing a fibrous jelly that is 

^ Translated into English in 1924 })y J, l\ C. Southall under the auspices 
of the Optical Society of America. A summary of some of the more impor¬ 
tant characteristics of the eye may he found in the report of the Standards 
Committee on Visual Sensitometry, Joiir. Optical Sac. Amer.y 4 , 55 (1920). 
An extensive bibliography of the literature concerning the visual functions 
tlmt are of importance in illuminating engineering has been given by 7>o- 
land in Trans, Ilium. Eng. Soc.y 26, 107 (1931). 
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hard at the center and progressively softer at the outer parts. 
This lens is held in place by the suspensory ligament Cr, which 
fastens it to the ciliary muscle F. When this muscle is relaxed, 
the second focal point of the normal eye is at the retina and 
distant objects are therefore in focus. For viewing near objects, 
the ciliary muscle tens(?s and allows the lens to assume a more 
nearly spherical form. This process is known as a(xo7nni()dation. 
The range of accommodation is great in young people but dimin¬ 
ishes with age as the lens becomes less elastic. 

The retina consists of a delicate film of nerve fibc'rs that branch 
out from the optic nerve () to form the lining of a large part 



Fiu. 86.—Horizontal sortion ()f tho right oye of a luimaii boing a,c(‘ording to 
Holmholtz; approximately to scale. Tlie significance of the symbols is stated 
ill the text. 


of the interior of the eyeball. Thc^se nt^rve fibers terminate in 
minute structures called rods and contis. Figure 87 shows their 
general appearance. These rods and cones, together with a 
bluish liquid known as the visual purple which circulates in and 
about them, receive the optical image and transmit it along the 
optic nerve to the', brain. The slight depression in the retina at 
M is called the macula lutea or yellow spot. It is about two 
millimeters in diameter and contains principally cones and but 
few rods. At its center is the fovea centralis, which is about 
0.25 mm in diameter and contains cones exclusively. In this 
region, the cones vary in size from about 0.0015 mm to about 
0.0054 mm in diameter. They are considerably larger in the outer 
portions of the retina, where they are outnumbered by the rods 



THE EYE 


187 


in the ratio of ten to one. Foveal vision is so much more acute than 
extra-foveal vision that the muscles controllinj^ the eye always 
involuntarily rotate the eyeball until the image of the object 
toward which the attention is directed falls on the fovea. Thus 
the outer portions of the retina serve to 
give a general view of the scene and to 
warn of an object approaching within the 
field, while the fovea enables the object of 
chief interest to be examined minutely. 

80. The Optical System of the Eye. 

Because of the inhomogeneit.y of the media 
in the eye, no system of spherical refracting 
surfaces can be devised that will replace it 
exactly. Nevertheless, many investigators 
have devised schematic eyes, as they are 
called, which closely simulate the optical 
system of the living eye. The one sketched 
in Fig. 86 from the data of Table XITI is 
due to Helmholtz. Two sets of constants 
appear in the table, the first for an unaccom¬ 
modated eye and the second hu* an ey(' 
focused on an obj(^ct 102.5 mm in front of 
the v(‘rtex V of the cornea. Since the re¬ 
fractive indic(\s of all the eye media are so 
nearly alike, most of the refraction occurs at 
tlui anterior surface of the cornea., the func¬ 
tion of the cryst.alline lens being chiefly to 
alter the accommodation. The defects of 
vision that can be corrected by spectacles 
arc usually caused either by an irregularly 
shaped cornea or by an improper reflation 
between the radius of curvature of the cornea and the length 
of the e"y(fl)all. These defects will be discussed in (fliap. XX. 
In the present chapter, the eye will be assumed to be normal. 

The cardinal i)oints of Helmholtz’s schematic eye are located 
approximately to scale in hflg. 86. The principal points are at 
H and //', the nodal points at N and N', and the focal points at 
F and F\ It is noteworthy that the macula is more than a 
millimeter from the second focal point, making the eye unique 
among optical instruments in that the portion of the image 
where the resolution is the highest is not on the optical axis. 



(•f)nes of the retina. A , 
a typieal rod; Ji, a typi- 
eal cone from the extra- 
foveal region; C, a typi¬ 
cal cone from the center 
of the fovea. 
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The amount of light entering the eye is controlled by the iris I, 
which is a ring-shaped involuntary muscle adjacent to the anterior 
surfaces of the lens. The iris varies in diameter from 2 mm to 
8 mm, according to the field brightness, as shown in Fig. 88. 
The entrance pupil E and the exit pupil E' arc its images in the 


Table Xlll.--P roperties of Helmholtz’s Sohematic Eye 
The first eoliiniii is for the iinaeconnnodah'd ey(‘; the s(H*ond, for the eye 
aecoiniiiodated for 1.52.5 luin. Tiie first niru* pairs of value's are nieasiin'd, 
the roiuainiug t('n (•oni])iit(‘d. All dimensions are in millinu'te'rs. 


liefractive Indices: 

Aqueous humor. 

Vitreous humor. 

Crystalline lens. 

Positions (distances from vertex of eorm*a): 

Crystalline lens, anterior surface'. 

Crystalline lens, poste'rior seirface. 

Fovea. 

Radii; 

Cornea, anterior surface. 

Crystalline lens, ante'rior surfa,e-e>. 

Crystalline lens, posterior surface'. 

Focal Lengths: 

First. 

Seicond. 

Positions of Cardinal Points (distane*e's freun vM'rte*x 
of cornea): 

Principal point, first. 

Principal point, second. 

F’oeal point, first. 

Focal point, second. 

Nodal point, first. 

Nodal point, seajond. 

Entrance pupil. 

Exit pupil. 


I 


Far 

I Near 

1. m 

1.337 

1. 

1.337 

1.457 

1.437 

. () 

3.2 

7.2 

7.2 

24.0 

24 0 

7 8.5 

7.83 

10.0 

6.0 

- 0.0 

- 5.5 

15.5 

14.0 

20.7 

1 18.7 

1.75 

1.80 

2.10 

2.26 

13.74 

12.13 

22.82 

20.95 

6.97 

6.57 

7.32 

6.97 

3.05 

2.67 

3.71 

3.30 


object space and image space respectively. The magnification 
p'/p between the pupils is 0.923 for the unaccommodated eye 
and 0.941 when the eye is accommodated for an object distance 
of 152.5 mm. 

The size of the field of distinct vision can be computed from 
the dimensions of the fovea. Assuming a diameter of 0.25 mm 
for the fovea, the angle that it subtends at the center of the exit 
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pupil is a = 0.70°. The corresponding angle^ in the object 
space is a = 0.87°. In a similar manner, the angle subtended 
in the object space by the macula can be found to be approxi¬ 
mately seven degrees. It is not often appreciated that the field 
of distinct vision is so small, but that such is the case can be 
realized by attempting to focus on lK)th dots of this colon (:) 
simultaneously. The angle that, these subtend at the normal 



Flu. 8S. --Viiriiltion of pupillary diameter with hold hripihtuoss. {RiXdv.s, Jour. 
Optical Soc. Anur., 4, 88 [1920].) 


reading distance (250 inin) is 0.3°. The natural consequence is that 
the eye roams incessantly when examining an extended field. 

It is easily computed that, the fineness of the retinal structure 
is well adapted to the optical system of the eye. If the optical 
system were aberrationless, the resolving power of the image¬ 
forming system would be limited only by diffraction and it 
could therefore be computed by means of ]<]q. (168) in,(Tiap. VII. 
Of course, the diameter of the pupil is variable, but assuming 
the value for the diameter of the entrance pupil as 2 mm and 
the wave length as 555 mg, the resolving power is 70" or slightly 
more than one minute of arc. Now the diameter of the central 
diffraction disk on the retina under these circumstances can b(^ 
shown by computation to be 0.011 mm. This is but slightly 

1 This can readily be computed from Lagrange’s law, since the magnifi¬ 
cation between the entrance and exit pupils and the refractive indices of the 
initial and final media are known. 
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greater than the diameter of the cones in the fovea and corre¬ 
sponds rather closely to the distance between adjacent cones. 
It may therefore be concluded that, with a pupillary dianxeter 
in the neighborhood of 2 mm, the resolving power of the eye is 
limited about equally by diffraction and by the coarsencvss of the 
retinal structure. This is borne out by some visual acuity experi¬ 
ments of P. W. C'obb,^ the results of which are shown in Fig. 
89. It will be noted that when the pupillary diameter is small, 
the visual acuity increases in proportion to the diameter because 
diffraction is then the limiting factor. For a pupillary diameter 

of 2 mm, the coarseness of the 
retinal structure limits the visual 
acuity and no further increase? 
takes place?. Indeed, when the 
pupil becomes very larger the 
acuity actually elecreases be^cause 
of the spherical and chromatic 
aberrations in the optical system. 
This would be exp(?cted when it is 
recollecteal that, with a 2-mm 
pupil, the eye? constitutes an //8 
systean in which practically all 
the refraction takes place at a 
single surface. For larger values 
of the relative aperture, the opti¬ 
cal system would certainly be 
expected to perform less perfectly. Ordinarily, the resolving 
power of the eye is taken for practical purposes as one minute of 
arc or one part in 3438. This value is for two point objects of 
equal brightness, of course, and it may be quite different for any 
other type of object or for an observer with impaired vision. 

81. The Spectral Sensitivity of the Eye. —One of the earliest 
determinations of the spectral sensitivity of the eye was made by 
Konig and Dieterici in 1893. Their method consisted in deter¬ 
mining the least amount of energy that is just perceptible at 
each wave length. This is known as the threshold method. The 
same sort of curve has been obtained by other investigators 
using less direct methods. One such method is to determine the 
amount of monochromatic radiation required at each wave 
length to give a certain constant value of the visual acuity; 

^ Amer. Jour, Physiol.^ 36 , 335 (1915). 



Fig. 89.—Effect of pupillary di¬ 
ameter on visual acuity. The exper¬ 
iments were performed with an 
artificial pupil and the brightness 
of the field was adjusted to maintain 
a constant retinal illumination. 
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another is i o determine at each wave length the critical frequency 
at which dicker just disappears. The more recent determinations 
of the visibility curve have betui made by means of a direct 
measurement, of the relative brightness of equal amounts of 
energy throughout the spectrum. One way of making this 
m(\‘isurement is to compare the brightness of two monochromatic 
radiations at- wave lengths so close together in tlu* spectrum that 
the color difference doe\s not reduce the precision of the photo¬ 
metric setting. This is known as the step-by-step method. 
Another method involves the use of the flickiT photometer, 
which will be descrit)ed in Chap. XI11.’ 



Woivo Lengfn irr\/4) 

Fi{i. 90. -- Visibility ciirvo.s for a uornial oyo. ,1, at orOinary bold ])rinhtnosst‘8 
arc’ordinm to Gibson and Tyndall. H, at tlie throshoUl of vision a(‘(a>rdin^» to 
KiniiK- Both fnrAa*s are j)iotti‘d for an arbitrary inaxiinnni of unity. 

The sensitivity of the eye is found to shift toward the blue 
end of the spectrum at low levels of illumination. This effect 
is illustrated in Fig. 90, where curve A is identical with the curve 
in Fig. 5 and indicates the relative visibility for a normal observer 
at/ ordinary levels of illumination. Curve /i, on the other hand, 
was determined by the threshold method and indicates the 
relative visibility at very low levels of illumination. This shift 
in the spectral sensitivity of the eye is probably due to a transition 
from cone to rod vision. The first evidence of such a shift was 
discovered by Purkyne more than a hundred years ago. He 

^ For a nioro extensive description of these methods and references to the 
literature of the subject, tlie reader should consult Bur. Standards Sn. 
Papers 303 and 475. 
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found that if a red held and a blue held are matched photo¬ 
metrically at a high brightness level, a reduction in the illumina¬ 
tion of both helds in the same proportion causes the red held to 
appear darker than the blue. This Purkyrw phenomenon is 
responsible for much difficulty in the photometry of lights of 
different color. It is often suggested as an explanation of the blue 
appearance of objects seen by moonlight, an effect that artists 
have long recognized. 

82. The Contrast Sensitivity of the Eye. —The contrast 
sensitivity of the eye relates broadly to the least perceptible 



Fia. 91.—Variation of contraHt sensitivity with field brightjiess from data 
obtained by KoniK and Brodhun. These investigators used an artificial pupil 
one 8(iuarc millimeter in area and expressed the lield briehtness in ])hotons, one 
photon being by definition the retinal illumination produced by viewing a surfaire 
having a brightness of one candle per 8(iuare meter through such a pupil. The 
curve in this figure has been adjusted for the size of the natural pupil accKirding 
to Fig. 88. 

difference in the brightness of two contiguous areas. A more 
precise definition can be made only in terms of the details of an 
actual experiment by which the (piantity is measured. In 
general, experiments of this sort consist in viewing an extended 
field of uniform brightness to which the eye of the observer is 
allowed to become adapted. The brightness of a small area 
near the center of the field is then varied until it is just notice¬ 
ably different from that of the surrounding field. If the bright¬ 
ness of the surrounding field is represented by B and the least 
perceptible difference by NB, the contrast sensitivity is, by 
definition, the ratio B/AB. The variation in the contrast 
sensitivity with field brightness is more conveniently represented 
by ABjBy as is done in Fig. 91. The sensitivity is practically 
the same for all colors at high levels of illumination, but for 
levels below O.l candle/meter- it is higher for blue light and 
lower for red than for white. 




THE EYE 


193 


The most significant feature of this curve is the nearly unifonn 
contrast sensitivity over the great range of brightness levels 
betrween about 1 and 100,000 candles/meter^. This great range 
of adaptation of the eye must be associated with a change in the 
sensitivity of the retina, since the maximum variation in the 
pupillary diameter accounts for only a sixteen-fold variation 
in the retinal illumination. This change in the adaptation level 
of the retina requires an appreciable amount of time, and it 
is found that, more time is required for adaptation to a lower level 
of brightness than to a higher. At least ten niimit(\s are required 
for the eye to become dark adapted after ('xposure to daylight, 
and as much as an hour after exposure to a very intense source. 

The significance of Fig. 91 will be tnhanced by considering the 
levels of held brightness to whicli the eye is ordinarily required 
to adapt itself. These levels vary enormously, but representa¬ 
tive values for various conditions are given in the following 
table: 


Exteriors by daylight.](),()()() candles, iiK'ter^ 

IriO'riors by daylight . 100 (‘andh's/nieter- 

Interiors at night. I candle diud-er- 

Exteriors at night. 0.01 candle/meter^^ 

The minimum brightness of an exUmded object that can just 
be perceived by a noianal observer when dark adapted has been 
investigated by Prentice Peeves.’ He found that when the 
field is large enough to cover a substantial portion of the retina, 
the least perceptible brightness is 5 X 10~’’ candle/cm‘^* As 
the size of the field is reduced below a certain point, the least 
perceptible brightness increases rapidly, as shown in Fig. 92. 
When the field becomes so small that it is below the limit of 
resolution of the (‘y(*, all the energy entering the eye falls on 
a single rod or cone of the retina. Under these circumstances, 
Reeves found that a source having an intensity of 2 X 
candle was just perceptible at a distance of 3 meters. We can, 
therefore, comput e that, if it were not for atmospheric absorption, 
one candle should be just visible at a distance of 13 miles. 

This value is in fairly good agreement with that determined 
from astronomical observations on faint stars. Ordinarily stars 

^ Astrophys. Jour., 47, 14S (1918). 

* The brightness of the night sky outside the region of the Galaxy is in 
the neighborhood of 5 X 10““ candle/cm^. 
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fainter than the sixth magnitude are invisible to the naked eye, 
but H. N. Riisselb has found that, under the optimum conditions, 
stars of magnitude 8.5 can just be perceived. The scale of 
magnitudes used by astronomers to express the ‘‘brightness'’ 
of stars is an arbitrary one in which the ratio of succ(\ssive magni¬ 
tudes is taken to be 100 or approximately 2.5. Hence, if 
El represents the illumination produced at- the earth’s surface 



Fig. 92. —Variation in the least pcrcoj^tihh; hri^htne.ss with tlie size of the test 
ohjeet. It will bo observed that the least i>erc.eptiblo brightness is sensibly 
constant when the test object subtends an angle of more than 5^. When the 
test object is below the limit of resolution (subtends an angle of less than 1'), the 
least perc^eptiblc brightness varies inversely as the area of the test object. 

by t.he star that- is arbitrarily selected as being of the first magni¬ 
tude, the illumination produced by a star of magnitude m is 



Fabry2 has determined that the illumination at the earth’s surface 
produced by a star of the first magnitude at the zenith on a clear 
night is 8.3 X lumen/meter^. It can, therefore, be com¬ 
puted that a star of magnitude 8.5 produces an illumination of 
8.3 X lumen/meter^. This illumination would be produced 
by a candle at a distance of 21 miles if there were no atmospheric 
absorption. 

The sensitivity of any physical instrument can be expressed 
as the change in its indication produced by a given change in 
the quantity that it measures. In a voltmeter, for example, 
the sensitivity can be expressed as the change in scale read¬ 
ing produced by a given change in voltage. It can also be 

1 Astrophys. Jour., 46, 60 (1917). 

2 Trans. Ilium. Eng. Soc., 20, 12 (1925). 
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expressed in terms of the ratio F/AF, where AF is the least 
perceptible change in voltage at the voltage F. If the eye is 
regarded as a physical instrument, its sensitivity can likewise be 
expressed in terms of the ratio B/ABy where AB is the least 
perceptible change in brightness at the brightness level B. 
The visual sensation, which corresponds to the scale reading 
in the case of the voltmeter, is then given by the integral 



Now the ratio B/AB is simply the cont rast- sensitivity, and hence 
a sensation scak' for the eye can easily be constructed. The 



Fig. 93.— VisuHl sensjition as a function of the stimulus. The value at 10,000 
candlos/meter^ is arbitrarily taken as utiity. The broken curve represents the 
contrast sensitivity B/AB in arhitra'-y units. Each ordinate of the sensation 
curve is proportional hi the accumulated area under the broken tairve. 

broken curve in Fig. 93 represents the contrast sensitivity; 
the full curve represents the sensation, which is obtained by 
measuring the accumulated area under the broken curve. This 
stuistition curve may be regarded as a sort- of calibration curve 
for the visual apparatus. The significant- feature of this curve 
is that, to a very close approximation, the sensation varies directly 
as the logarithm of the stimulus over the useful range of field 
brightness. This result is in accordance with the law stated 
by Fechner^ in 1858 that, as the stimulus of the eye is increased 
in geometrical progression, the resulting sensation is increased in 
arithmetical progression. The ratio AB/B is sometimes termed 
Fechner^s fraction. 

^ But whi(F is only a corollary of Weber’s more general law of sensation. 
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In most experiments devised to determine contrast sensitivity, 
the eye is allowed to view an extended field of uniform brightness 
and to become adapted to this brightness level before observations 
are begun. Now in ordinary vision, the field is seldom of uniform 
brightness, but the eye nevertheless -adjusts itself to a certain 
adaptation levels which is a sort of average field brightness. The 
curve in Fig..93 shows that the appearance of a given object does 
not change with the amount of illumination on it, provided that 
its brightness is always kept within the range where the sensation 

curve is a straight line. In other 
words, the level of illumination in 
a room could be varied slowly 
between wide limits without 
producing any change in th(' 
appearance of objects in the 
room. This indicates how utterly 
unreliable the eye is for judging 
the level of illumination as, for 
(‘xample, in gauging the time of 
(exposure for a photograph. 

83. The Sensitivity of the Eye 
to Flicker. —The visual apparatus 
does not respond instantly to a 
given stimulus, nor does the 
sensation cease immediately when the stimulus is nunoved. 
Hence, if the eye is exposed to a source whose intensity is varied 
rapidly, the persistence of vision may prevent, the flicker from 
being detected. The highest frequency at which flicker is just 
perceptible is known as the critical frequency. This quantity 
is measured by interrupting a beam of light by means of a rotating 
sector wheel containing equal opaque and transparent sectors 
and noting the speed of rotation at which the sensation of flicker 
disappears. The curve in Fig. 94 gives the critical frequency in 
cycles per second as a function of the field brightness for a source 
of white light. This curve is for foveal vision, the critical fre¬ 
quency being somewhat higher for the extra-foveal region. 

In the experiment from which this curve was determined, the 
flashes of light were separated by equal periods of total darkness. 
The critical frequency as a function of the degree of modulation 
of the light has been studied by J. S. Dow,^ and a typical set 
1 Electrician^ 69 , 255 (1907). 


0.001 0.01 0.1 1 10 
Field B ri ghtnesS (Cand les/Mete k 2 ) 

Fi<i. 94.- Critic.'il frcMnuMioy in 
flashes per second as a function of 
field briRhtness. The flashes and 
dark intervals are of equal duration. 
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of his curves is rep)roduced in Fig. 95. It will bt^ observed that, 
under the most favorable conditions of brightness and frequency, 
the least perceptible change in brightness is of the order of 1.5 
per cent. 

One of the common methods in photometry for reducing the 
intensity of a source of light is to use a wheel from which sectors 
of knowm angular aperture have been cut and to rot ates this wheel 
in the path of the light at such a speed that the flicker is imper¬ 
ceptible. Jf the eye responded instantaneously to the stimulus 
and if the response were proportional to the stimulus instead 
of to its logarithm, no proof would be recpiired for the validity 
of this method; a light seen through a wIk^oI from which two 90° 
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Fig. 95.—Least iieiroijtil)le hri«htiies.s differeiu-e as a fmiftion of the flieker 
si)eed for several brifflitness levels. The hri^htiieH.s level in eandles per scpiare 
inet(‘r is indi(!ated on ('aeli eurv(‘. 


.sectors had been cut would appear to have exactly half its true 
brightness. But. since the eye does not fulfill the required condi¬ 
tions, an experimental proof of (he validity of the method must 
be sought. As long ago as 1834, Fox Talbot performed an 
experiment which indicated that the apparent brightness of an 
object viewed through a sector wheel is proportional to the 
angular apertures of the openings if the speed of the wheel is so 
high that the flicker is imperceptible. This principle of the 
integrating action of the eye is commonly called Talbot’s law. 
It has been found' to hold at all flicker speeds above the critical 
frequency to within the limit of experimental error in photometric 
measurements, provided the eye is exposed to the light for at 
least 3 per cent of the cycle. 

1 Bur. Standards Sci. Paper 26. 
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The persistence of vision of the human eye is utilized in the 
projection of motion pici.ures. The camera makes a series of 
photographs of the subject, usually at the rate of 24 per second 
if the pictures are synchronized with sound. These pictures are 
projected on the screen in succession, the film being held sta¬ 
tionary during the projection of each picture. To prevent blur¬ 
ring of the screen image by the movement of the film, a shutter 
eclipses the beam while the film is in motion. At' this speed of 
projection, the fn^quency of interruption of the light is below 
the critical frequency for the screen brightnc^ss that is ordinarily 
used. To minimize the flicker, the shutter is commonly con¬ 
structed with three blades instead of one. Three flashes of 
light are projected through each picture, and the shift to the 
succeeding picture is made to occur during one of the dark 
intervals. 

84. Other Visual Phenomena.—No discussion of the eye is 
adequate without some consideration of the subject of color 
vision. Although this subject might, proj)er]y b(^ discussed here, 
it is so important, to an understanding of the methods of measur¬ 
ing color that it will be treated in connection with that subject 
in Chap. XIV. There are, however, many other visual phe¬ 
nomena that have perforce been omittc^d in this brief treatment, 
of the eye. This should not be taken as an indication that such 
phenomena are unimportant. On the contrary, the physicist, 
must be especially warned against the all too common tendency 
to embark upon investigations of the visual process without, 
acquainting himself with all the visual phenomena known to the 
physiologist and the psychologist. This tendency among 
physicists is as common as the custom among physiologists and 
psychologists of employing physical apparatus in a wholly 
improper manner. The situation is probably a result of the 
attempt to classify all science into divisions separated by artificial 
boundaries. Fortunately for visual science, these boundaries 
are going out of fashion; and it is to be hoped that the result, 
will be a renewed activity in this field, which has received little 
consideration by adequately prepared investigators since the 
days of Helmholtz and his immediate followers. 
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PHOTOGRAPHY 

Photography in the broadest sense relates to the applications 
of photochemical reactions between light and matter, the matter 
being usually one or more of the silver halides in a gelatin emul¬ 
sion. Some photochemical effects, such as the tanning of the 
human skin on exposure to sunlight, must have been known to 
the ancients, but it was not until the middle of the eighteenth 
century that photochemical reactions were found that proceeded 
rapidly enough to suggest the idea implied in the word ^^photog¬ 
raphy’'—namely, to write with light. 

86. The History of Photography.—The earliest use of photog¬ 
raphy was for the production of silhouettes. The materials 
used were sheets of paper or leather sensitized with either silver 
nitrate or one of t-he halides of silver, usually the chloride. The 
slie(»ts thus tr(,‘ated darkened on exposure to light because part 
of the silver salt was reduced to black metallic silver. The results 
were not permanent, of course, because further exposure darkened 
the unexposed portions also. There were two otluir outstanding 
difficulties: the exposures required were very long, and the result 
was a negative—that is, the greatest amount of darkening 
occurred where the light from the subject was most intense. 
In 1839, Sir John Herschel overcame the hrst of these difficulties 
by his discovery of sodium thiosulphate (Na^SoOs + oHoO), a 
material that has the ability to dissolve the relatively insoluble 
silver halides. This discovery permitted the removal of the 
unexposed halides, a process known fixing. The term “hypo” 
that is almost universally applied to this salt resulted from its 
being mistaken at first for sodium hyposulphite. 

The other objectionable features were eliminated by Fox 
Talbot about two years later. He found it possible to reduce 
the exposure in the camera until only an invisible or late7it 
image was formed on the sensitized surface. This image was 
then “developed” in a solution of gallic acid. The portions 
of the silver halide that had been exposed to light were thus 
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reduced to metallic silver, but the unexposed portions were 
only slightly affected. This procedure shortened the required 
exposure because most of the energy necessary for the reduction 
of the silver halide was supplied by the developer rather than 
by the exposing light. Fox Talbot used transparent paper as 
the support for the light-sensitive material and was therefore able 
to make positive prints from his negatives. It will be seen that 
this method differed only in minor details from that in common 
use to-day. In fact., some of his pictures were surprisingly good. 

The early investigators tried almost every subst-ance that 
might conceivably be affected by light in the hope of circumvent¬ 
ing the difficulties of the silver halide process. Niepce experi¬ 
mented with plates of metal or stone upon which he coated a 
solution of bitumen of Judea dissolved in oil of lavender. These 
plates were exposed in the camera, the action of the light being 
to make the bitumen insoluble. They were then developed in 
oil of lavender, which removed the unexposed material. Then, 
by etching the plate in acid, a relief image was obtained from 
which prints could be made in an ordinary printing press. This 
process was the forerunner of the present photomechanical 
methods. 

In 1829, Niepce formed a partnership with a scene painter 
named Daguerre, who also was experimenting with photography. 
A few years later Niepce died, whereupon Daguerre discarded 
the bitumen for silver and, aided by a lucky accident, developed 
what became known as the daguerreotype process. In its final 
form, this process consisted in exposing a polished silver surface 
to iodine vapor, thereby forming a thin coating of silver iodide. 
The plate was exposed in the camera for three or four minutes 
and was then developed by subjecting it to the action of mercury 
vapor. In this operation, metallic mercury gradually condenses 
on the portions that have been exposed to light—the reaction 
being but little understood even at the present time. The plates 
were fixed in a solution of hypo as usual. The daguerreotype 
is a direct positive of high quality, and it was deservedly popular 
for portraits until Scott-Archer discovered the wet-collodion 
process in 1851. 

The developments in the photographic art since the middle 
of the nineteenth century have been largely in the nature of 
improvements in the sensitized material rather than modifica¬ 
tions in the method. The wet-collodion process of Scott-Archer 
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gave excdlent results, but it involved sensitizing tte pLat-es 
in the field and exposing them while still wet. Nevertheless it 
was extensively used until the advent of the gclatino-bromide 
emulsion, which was first described in 1871 by Dr. Maddox, 
an hhiglish amateur photographer. Our present-day emulsions 
are merely improved varieties of this one. 

Photography started on its road to popularity about 1880 
with the introduction by George Eastman of the c(^llu]ose nitrate 
film support for the emulsion instead of glass. Without this 
invention, neither amateur nor motion-picture photography 
in their present forms would have been possible. One difficulty 
with the early film was that, after being developed, it curled 
into a tight roll or spiral because of the shrinking of the emulsion 
on drying. To ov(u-come this, the reverse side of tlie film base 
was coated with plain gelatin. With the exception of motion- 
picture film, practically all film madti to-day is of the non-curling 
type. 

86. The Nature and Manipulation of Photographic Materials. 

In modern negative materials—that is, thovse intended for use in 
a camera—the emulsion consists of silver bromide and a small 
amount of silver iodide in gelatin. The emulsion is prepared by 
adding a moderately concentrated silver nitrate solution to a 
solution containing potassium l)romide, potassium iodide, and 
gelatin. The silveu- bromide precipita1.es in the form of crystals 
or grains. The silver iodide enters directl}^ into these crystals 
instead of precipitating separately. Guriously enough, it pro¬ 
duces a marked increase in the sensitivity of the silver bromide 
grains although alone it is relatively insensitive. The chemistry 
of the preparation of high-speed emulsions is only beginning 
to be understood. For obvious reasons, many of the important 
details of the method are trade secrets and, although seemingly 
explicit directions have been published, the art of making high¬ 
speed emulsions is possessed by only a few experts. This, 
however, causes no hardship because so many types of materials 
are available that the user has but to select t he one best adapted 
to his purpose. 

The diffusion of light in an undeveloped emulsion is so great 
that examination with a microscope reveals very little. The 
grains of which it is composed can be studied by diluting the 
emulsion with water and recoating it on glass slides in a layer 
only one grain deep. A typical photomicrograph of a single 
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layer of emulsion from a fast portrait (Eastman 40) plate is 
shown in Fig. 96. It will be seen that the large grains are 
generally either triangular or hexagonal in shape, whereas the 
smaller ones tend to be more nearly circular. These grains are, 
in reality, flat plates which, in the drying-down process that the 
emulsion undergoes after coating, t.end to orient themselves 
parallel to tin? support. The grains vary enormously in size, 
even in a single emulsion. Many are too small to be resolved 
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Fig. 96.—Photomirrograph of the grains in a fast portrait onmlsion before 
development. Magnification, 2500 times. {By courtcNy of Dr. E, P. Wightnian, 
Kodak Research Laboratories.) 

by a microscope (less than 0.0002 mm across), whereas a few 
grains in a high-speed emulsion may be as large as 0.003 mm 
across. The distribution of grain sizes has been studied exten¬ 
sively,' the curve for the material of Fig. 96 being shown in 
Fig. 97. 

Although many investigators have studied the photographic 
process both theoretically and experimentally, no eminently 
satisfactory theory of the latent image has yet been devised. 
The difficulty in understanding the process probably results as 
much from our insufficient knowledge of the nature of light as 

'See a series of papers by E. P. Wightinan and others in Jour. Phys. Chem. 
between 1921 and 1924. 
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from a lack of comprehonsion of the physical and chemical 
changes that are produced in the light-sensitive substance itself. 
Whatever the effect of light is, there is one outstanding experi¬ 
mental fact upon which photography in the modern sense may 
be said to rest-'iiamely, that there exist certain chemical sub¬ 
stances, known as photographic developers, which arc capable 
of distinguishing b(dw(Hui t he exposed and the unexposed grains. 
The act of exposing a photographic material renders a certain 
number of grains developable. In other words, these grains are 
placed in a condition to b(^ reduced to metallic silvet when acted 
upon by a suitable developer. Since the i)enetration of the 
developer into the emulsion is a relatively slow process, the 
number of developabk^ grains that an^ act ually dcweloped depends 



Fig. 97.— l>e(nioncy distribution of tho jsrains shown in I'dg. 9() as a function 
of their diameter. Tliere were 4.9 X 10" jrrains per sejuare centimeter in the 
single-layer emulsion and l.o X 10" in tlu' original emulsioji froTu which 
the single-layer emulsion was pn’pared. The grains are more lu^xagonal than 
circular, but the abscissne are jdotted in terms of a circular grain of equal area. 
{By enurtetiy of Dr. E. P. ]Vightwa}L, Kodak Research Laboratories.) 

upon the length of time that- the material is allowed to remain in 
the developing solution. By inference, the unexposed grains 
should not be developabk^, but this is only partially true since 
some unexposed grains may be developed also if the time of 
development is excessive. ‘ This produces what is known as chemi¬ 
cal fog- --that is, a silver deposit where there has been no exposure 
to light. 

The essential steps in making a photograph are exposing, 
developing, fixing, and washing. The first two steps have such 
a profound influence on the quality of the reproduction that 
they will be discussed at some length in the ensuing sections. 
Fixing and washing are relatively unimportant except as regards 
the permanence of the result. Fixing is usually carried out in a 
bath containing some sort of acid hardener in addition to the 
hypo. Except in the tropics, where an especially powerful hard¬ 
ener is required, the following fixing solution is satisfactory: 
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Hypo. 480 grams 


Water, to make. 2 liters 

Then add the following hardener solution slowly to the above hypo solu¬ 
tion while stirring the latt(‘r rapidly: 

Water (about 12r)°F.). lOO ce 

Sodium sulphite (dry). .‘10 grams 

Aeetie acid (28 i)er cent). 06 ec 

Potassium alum (powder(‘d). 110 grams 

Dissolve in the order given. 

The phite or film need remain in the fixing bath only long enough 
to dissolve the undiweloped silver halide. There is no difficulty 
in judging by inspection when the material has been fixed because 
the undeveloped halide dissolves most slowly in the regions where 
the density of the developed image is lowest. The proper time 
for washing is not evident on inspection, but it is of great impor¬ 
tance to the permanence of the picture. It depends upon both 
the time required for removing the hypo from the emulsion 
and the time required for clearing the hypo from the vessel in 
which the negatives are washed. The former depends principally 
upon the thickness of the emulsion and varies from about 3 min. 
for materials like lantern plates to 7 min. for high-speed plates 
and films. Papers retain hypo more tenaciously and thus r(^quire 
much more washing. A representative value for the chloride 
(‘‘gas-light^’) papers is 20 min. and for bromide papers, 1 hr. 
As a rough guide, the minimum safe time for washing may be 
taken as the time required to remove the hypo from the emulsion 
plus the time required to clear the hypo from the vessel.^ For 
further details concerning the manipulation of photographic 
materials, the reader should consult the numerous handbooks 
published by the manufacturers.- 

87. The Laws of Exposure and Development.^ —The discovery 
of the laws of exposure and development of photographic mate¬ 
rials is due principally to two investigators, Ferdinand Hurter 
and Vero C. Driffield,*^ who began their investigations about 

^ The time required to clear the hypo from the vessel can be determined 
by adding a few drops of red ink and finding how long it takes the solution 
to clear. It may be mentioned in this connection that there are several 
simple chemical tests for hypo that may be used to insure sufficient washing. 

2 Such as ‘‘Elementary Photographic Chemistry,’^ published by the 
Eastman Kodak Company. 

3 Their papers were collected in 1920 by Ferguson under the auspices of 
the Royal Photographic Society and published under the title, “The 
Photographic Researches of Hurter and Driffield.^’ 
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1880. It was known at that time that photographic materials 
obeyed the so-called reciprocity law of Bunsen and Roscoe, which 
had been found to hold for many photochemical reactions. 
According to this law, if E represents the illumination on the 
sensitized surface and i represents the time that this illumination 
is allowed to act, the resulting photochemical effect is propor¬ 
tional to the product 

. 2 : - Et, (179) 

where the quantity 2 is called the exponure^ A more careful 
investigation of this subject has since indicated that all photo¬ 
graphic materials fail to obey the reciprocity law to such an 
extent- that account must be taken of the failure in any quanti¬ 
tative work such as photographic photometry. For most 
purposes, however, the reciprocity law may be regarded as a 
remarkably accurate statement of the observed facts over the 
ordinary range of illumination intensities. 

The reciprocity law was almost the only quantitative informa¬ 
tion that was available at the time that Hurter and Driffield 
undertook their investigation. One of their first acts, therefore, 
was to decide upon a unit for measuring the amount of blackening 
of a developed photographic imiige. They selected the optical 
density for this purpose, which has already been defined by Eq. 
(11) in Chap. I as 

D - login 

where T, the transparency, is the ratio of the light transmitted 
by the developed images to the light incident on it. The density 
of a photographic deposit was found to be very nearly propor¬ 
tional to the mass of reduced silver per unit area, the constant 
of proportionality being sometimes called Ike photometric con¬ 
stant. Its value varies somewhat with the type of material 
but is usually in the neighborhood of 0.0001 gram of silver per 
square centimeter per unit density. 

^ The illumination is commonly measured in lumens per square meter 
(meter-candles), and the time of exposure in seconds. The unit of photo¬ 
graphic exposure is therefore the lumen-second per square meter or, more 
frequently, its numerical equivalent, the meter-candle-second. 

2 See a series of papers by L. A. Jones and others in Jour. Optical Soc. 
Amer. and Rev. Sci. Instruments between 1923 and 1927. 
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The manner in which the density of an image increases with 
the time of developnient will now be investigated. A set of 
typical curves is shown in Fig. 98, each curve being for a different 
value of exposure. The shape of these curves indicates that the 
rate of development corresponds to what is known in chemistry 
as a first-order reaction—that is, one in which tht^ rate of the 
reaction at any time is proportional to the amount of material 



Fia. 98.—Curves showing, for a typical portrait film, the rate of growth of 
density with the time of development. The exposure in meter-candlo-8eeo}id8 is 
indicated on each curve. These curves have been slightly idealized to emplnisize 
the more important featnre.s. 

that remains to be acted upon. h]xpressed in mathematical 
symbols, the rate of increase in density is 

(180) 

where D is the density at the time t, and Z)„ is the density that 
would be produced if the development were indefinitely pro¬ 
longed. The proportionality constant k is called the development 
constant. Its value depends on the concentration and tempera¬ 
ture of the developing solution, on the type of emulsion and 
developer, and, of course, on the units in which the quantities are 
measured. The solution of this differential ecfuation is 

£) = Z>„(1 - e-^0, (181) 

which represents the experimental curves of Fig. 98 as satis¬ 
factorily as any equation containing only two arbitrary constants. 
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Actually, there is always a short induction period before the 
developer begins to act, so a better corn^spondence with the 
experimental facts is obtained by an equation of the form 

D - /;„[! - c (182) 

For most purposes, however, the two-constant equation is quite 
precise enough, and its greater simplicity justifies its use. 

The exposure steps in Fig. 98 are in geometrical progression, 
which is found to result in spacing the curves equally except for 



Fig. 99.—CUuiractoriatic curves of a typical portrait film. Tliese curves are 
plotted from tliose of Fijz;. 98. The development time and the value of Kiinima 
for each curve are indicated. 


very small and very large values of exposure. For small values, 
the curves approach a limit set by the development of the fog 
density. For large values, the limit is set by the ^'saturation'’ 
of the emulsion by light—that is, with sufficient exposure all the 
grains in the material are made developable. 

In any actual photograph, the development time is constant 
and the exposure varies from point to point of the material. 
The curves in Fig. 98 can be replotted at once to show the varia¬ 
tion of density with exposure for any time of development, as 
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is done in Fig. 99. The exposure is plotted on a logarithmic 
scale, partly because of the simplicity in interpreting the results 
but more because of the great range of exposure values to be 
represented. These curves are called characteristic curves or, 
sometimes, B and D curves because Hurter and Driffield were 
the first to plot them in this manner. 

The significant features of these curves are the long straight 
portion, the common point of intersection on the axis, and the 
steadily increasing slope which tends toward a definite limit 
for an infinite time of development. The curves in Fig. 99 have 
been slightly idealized for the sake of clarity in the presentation. 
In practice, the straight portion is seldom exactly straight and 
the point of intersection is less well defined. Moreover, this 
point may lie somewhat below the axis of abscissae, especially 
if the developer contains soluble bromides, as will be shown later. 
In the absence of soluble bromides, the curves are affected to 
a surprisingly slight extent by the type of developer used. To 
be sure, the rate at which the development proceeds does depend 
upon the type of developer, its temperature, and its concentra¬ 
tion, but the general appearance of the family of characteristic 
curves remains the same. 

The exposure range shown in the figure is that ordinarily 
encountered in practice. For greater values of exposure, the 
density attains a maximum and then diminishes. It is clear 
that, direct positives could be made by working in the range 
where the density decreases with an increase in the exposure, 
but the exposures required are so excessive that such a procedure 
is usually impracticable. A positive image of this sort is occa¬ 
sionally produced in photographs showing the sun or a street 
light at night. These objects are so very bright that, when the 
exposure is correct for the rest of the picture area, they are 
overexposed to such an extent as to be reversed. The phe¬ 
nomenon was formerly called solarization but is now more fre¬ 
quently called reversal^ 

^ A so-called reversal process is used for making direct positives in amateur 
cinejnatography and in cert^ain methods of color photography. It consists 
in developing the latent image in the ordinarj'- manner, dissolving the silver 
in a “bleaching” solution, exposing the remaining silver bromide, and devel¬ 
oping the material a second time. A dark-room lamp that is unsafe will 
sometimes produce weird reversal effects in much the same way by exposing 
the lower layers of the emulsion through the upper layers that have already 
been developed. 
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88. Sensitometry.— Hurter and Driffield undertook their 
investigation of the laws of blackening in the hope of finding 
a satisfactory method of specifying the sensitivity of photo¬ 
graphic materials. For this reason, the technique of determining 
the characteristic curves is known as sensitorrieiny although it 
furnishes much more information about the materials than 


Fuj. 100. A tyi>i<-al seusitoinotrie strij). 

merely their sensitivity. In outline, the procedure in deter¬ 
mining a set of characteristic curves is as follows: Several strips 
of the matc^rial to be tested are given a graded series of exposures, 
usually varying in a g(H)metrical progression. These strips are 
developi'd for different lengths of time under known conditions 
of temperature and concentration. The general appearance 




Fio. 101.—The non-intermittent seiisitomoter used at the Massachusetts 
Institute of ToclinoloKy. The controls for keepinR the light intensity constant 
are in the top of the lamp liouse at the left. A film hohler, which acc.c)mniodateB 
three strips, is lying against the instrument. In use, it is inserted in the slot 
above the switch at the right. Tlie openings in the sector wheels are visible under 
the raised cover. 

of a developed strip is shown in Fig. 100. The density of each 
step is then measured optically and plotted as a function of the 
logarithm of the exposure. 

^ This subject is sunimarized exhaustively in a series of papers by 
L. A. Jones, Jour. Soc. Motion Picture Eng., 17, 491 and 695 (1931) and 18, 
54 and 324 (1932). 
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The instrument used for exposing the material is called a 
sensitomcter. It consists of a box containing a light source and 
some means for producing the graded series of ex})osures. Hurter 
and Driffield used a rapidly rotating sector wheel just in front 
of the plate or film. This is open to the objection that the 
photographic material does not properly integrate intermittent 
exposures. In modern instruments, this difficulty is avoided 
by causing the sector wheel to make only a single revolution 
during the exposure. A photograph of such an instrument^ 
in use in the photographic laboratory of the Massachusetts 
Institute of Technology is shown in Fig. 101. This instrument 
contains two concentric sector wheels, which provide for a much 
greater exposure range than a single wheel. 

The density of each step is measured by means of an instru¬ 
ment called a, densit ometer. Such an instrument usually consists 

of a photometer for comparing two 
beams from the same source of light, 
one bc^am passing through the strip 
and the other passing around it. 
Although instruments for this pur¬ 
pose will be discussed in Sec. 107, 
Chap. XIII, it may be mentioned 
here that the optical density of a 
photographic deposit depends some¬ 
what upon the method by which it 
is measured. This will be clear from 
Fig. 102, which shows a beam of light 
incident on a developed photographic image. Since the silver 
grains composing the image scatter some of the incident Tight, the 
density of the deposit depends upon whether the densitometer col¬ 
lects all the light passing through the material or only the portion 
that is unscattered. In the first case, the instrument is said to 
measure the diffuse density; and in the second case, the specular 
density. 

It is impossible to find a simple mathematical equation that 
is adequate to express the relationsliip between density and 
exposure which is represented by a characteristic curve. We 
shall see presently, however, that the straight portion of the curve 
is the region of greatest interest, and this can be described very 
simply by an equation of the form 

^ Jour. Optical Soc. Arner. ami Tiev. Sd. InstramentH, 10, 149 (1925). 
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D = y (loK ::i: ~ log 0 = y log ^ ^ (183) 

where y and i are constants, ^’'he quantity y is the tangent 
of tlie angle between the straight portion of the curve and the 
horizontal axis. The (piantity i is the exposure corresponding 
to the intersection with the horizontal axis of the straight portion 
of the curve (extended). In Fig. 99, this exposure is 0.017 
in.c.s. This exposure will here be called the inertia^ although the 
quantity has sometimes been defined in a slightly different 
manner. 



Fig. 103.—C’urvo sliovviiip; the variation of gamma with development time 
for a typical portrait film. This curve is plotted from the curves in Fig. 99 and is 
rei)re8eTit(*d analytically by Kq. (184). 

Assuming that i is independent of y —in other words, that the 
curves intersi'ct the horizontal axis at a common point—Eq. 
(183) indicates that, for a given exposure, the density is pro¬ 
portional to y. This result, combined with Eq. (181), i^ieans 
that y is related to the development time according to the 
expression 

7 = T«(l - (184) 

where 7 « is the value of y that would result if the development 
were indefinitely prolonged, A plot of 7 as a function of the 
time of development is shown in Fig. 103. 

The value of 7 indicates what the practical photographer 
calls the degree of contrast to which the material has been devel¬ 
oped. If 7 oo and k are known for a given material and a given 
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set of development conditions, the time of development required 
to produce any desired degree of contrast can be found at once 
from Eq. (184), which becomes 

t = loK,o (185) 

k Toe ~ 7 


when solved explicitly for t. The values of y « and k can be found 
by developing two sensi tome trie strips for different lengths of 
time, plotting the characteristic curve for each strip, and deter¬ 
mining the value of y for each. Suppose that the development 
times are ii and ^2 and that the corresponding gammas are yi 
and 72 . To facilitate the calculation, let It can then 

be shown that 


and 


7 « 


_7 r __ 

2-yi — -),2 


(186) 


z. _ 2-3 , 
k — — log 10 -- 

M 72 


7i 

— 7i 


(187) 


In obtaining the data from which the characteristic curves 
are plotted, it is desirable to measure the type of density that is 
significant in connection with the purpose for which tlie material 
is to be used. In contact printing, for example, substantially 
all the light passing through the negative reaches the positive 
material. The effective density in this case closely approaches 
the diffuse-density value. In projection printing, on the other 
hand, almost none of the scatt-(^red light reaches the positive 
material. The effective density approaches more closely, there¬ 
fore, the specular-density value.’ The relationship between 
specular and diffuse density is usually associated with the work 
of Callier. It is found that Callier's coefficient, which is the ratio 
of the specular density of a deposit to the diffuse density, is 
approximately constant over a considerable density range. Its 
value is ordinarily about 1.3, which means that specular densities 
are 30 per cent higher than diffuse densities. ^ Obviously the 
characteristic curve has the same general shape regardless of 
the type of density that is measured, but the value of gamma 

^ This assumes that the projection printer contains a condenser biliind the 
negative instead of a diffusing glass. See the discussion of transmission 
measurements, p. 283. 

2 For a recent investigation of this subject, see a paper by Tuttle, Jour, 
Optical Soc. Amer. and Rev. Set. Instruments^ 12, 659 (1926). 
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determined from specular-density measurements is approximately 
30 per cent higher than the corresponding value for diffuse- 
density measurements. This explains why a given negative 
appears to have more contrast when printed by projection than 
when printed by contact. 

89. Speed. — The method of measuring the sensitivity of a 
photographic material that was in vogue before the time of 
Hurter and Driffield consisted in giving the material a graded 
series of exposures and then determining by inspection the 
exposure that produced a just, perceptible deposit-. This is a 
difficult determination to make because the conditions of observa¬ 
tion have considerable influence upon the observer’s judgment. 
Furthermore, the result.s at best are not very significant. 

Although the characteristic curves of Hurter and Driffield 
give a complete specification of the relationship between density 
and exposure, it is obviously desirable to express the sensitivity 
by means of a single constant, if possible. This can be done 
if the characteristic curves have a common point of intersection 
on the axis of abscissae, as in Fig. 99. The inertia is then inde¬ 
pendent of the extent of development and might properly be 
chosen as a measure of the sensitivity of the material. Hurter 
and Driffield chose, however, to nn^asurc^ th(^ i^peed in terms 
of the reciprocal of the inertia and adopted the arbitrary definition 



where i is measured in meter-caiidle-seconds. 

Whatever method of measuring speed is used, the results will 
obviously depend upon the spectral quality of the lamp used 
in the sensit-ometer, unless the spectral sensitivity of the photo¬ 
graphic material is identical with that of the eye. As this is never 
true, the only fair method is to use a lamp of the same spectral 
quality as that to which the material will be exposed in the 
camera. f]ven this is generally impossible because the subject 
to be photographed usually contains areas with widely different 
spectral-reflection characteristics and the subje^ct itself may be 
illuminated by light of almost any spectral quality. It is cus¬ 
tomary nowadays to use in the sensitometer a light source 
that very closely corresponds in spectral quality to mean noon 
sunlight.^ Photographic materials are about six times faster, 
^ The method of producing radiation of this spectral quality was described 
in Sec. 73, Chap. IX. 
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on the average, when the speed is measured with this type of 
source instead of the pentane standard used by Hurter and 
Driffield. This is because the pentane lamp is relatively deficient 
in the blue end of the spectrum, where photographic materials 
are ordinarily most sensitive. As a matl-er of convenience, 
therefore, the speed has been redefined as 

. ( 188 ) 

This definition has been adopted by the International (Congress 
of Photography^ and is now used by all the leading photographic 
laboratories. 

It may not be amiss to mention that much criticism has been 
directed toward Hurter and Driffield’s method of specifying the 
speed of a photographic material. A part of this criticism arises 
from a failure to realize that a single constant is incapable of 
representing the speed of a material under a wide variety of 
conditions. It cannot be expected, for example, that the speed 
of a material determined with a source of sunlight quality will 
give more than a rough indication of its speed when exposed to 
an ordinary artificial source. Then, too, there are many applica¬ 
tions of photography in which the useful criterion of speed is 
merely the exposure required to produce a given density. This 
is true, for example, in the so-called variable-width method of 
recording sound on motion-picture film. It is true also in many 
scientific applications of photography, such as spectroscopy, 
where a minimum density of about 0.6 above the fog density is 
required for the detection and measurement of weak absorption 
lines. The exposure required to produce this density obviously 
depends upon the extent of development, and in practice it is 
found that a development to approximately 0.8 is the highest 
that is feasible. Since materials with a low H and D speed 
commonly have a high value of it frequently happens that 
a material that is slower according to Hurter and Driffield’s 
definition may require less exposure when used for the special 
purposes just mentioned. For general purposes, however, the 
Hurter and Driffield definition of speed provides the best indica¬ 
tion of sensitivity that can be provided by a single constant. 
Its principal disadvantage appears when the intersection of the 

^ See the series of reports on the photographic unit of intensity that have, 
been published in Jour, Optical Soc. Amer. since 1926. 



pinmKiRAPffY 


215 


characteristic curves is not on the axis of abscissae, in which case 
the inertia depends upon the time of development. 

90. Other Sensitometric Characteristics. —The latitude of a 
photographic material is defined as the ratio of the exposure 
at the upper end of the straight portion of the characteristic 
curve to the exposure at the lower end. Thus in Fig. 104, the 
exposure at the upper end is 1.7 m.c.s., and the exposure at the 
lower end is 0.04 m.c.s. The latitude of the material is therefore 
42. Because of the difficulty of determining the exact point 
where the characteristic curve breaks away from a straight line, 
the precision of latitude determinations is very low. In this 



Fkj. 104.—A typical characteristic, curve with its various features indicated. 
The broken curve shows the effect of fjiviuK the film an auxiliary exposure etpial 
to the exposure at the lower end of the straight portion (0.04 c.m.s.). 

figure, for example, it is easy to see that a relatively small error 
in judgment would change the measured latitude enormously. 

The latitude of an emulsion depends largely upon its thickness. 
For a material that is to be used in the camera, it is desirable 
to have a great latitude to allow for errors in exposure. On the 
other hand, for positive materials, such as cine positive film and 
lantern slides, a great latitude is unnecessary. In fact, it is 
even undesirable, because a thick emulsion requires more time 
and material to process. 

Another property of an emulsion that can be read directly 
from the H and D curves is the fog density —that is, the density 
in the unexposed regions. The fog density for the curve in Fig. 
104 is 0.14. The amount of fog increases with the time of 
development according to approximately the same laws as the 
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image [Eq. (181)]. Some investigators are in the habit of sub¬ 
tracting the fog density from the density of each step before 
plotting the characteristic curve, but this procedure seems 
scarcely justifiable when it is remembered that the fog density 
is greatest where there is no image density and drops to zero where 
all the silver bromide is exposed. The growth of fog density is 
restrained by the addition of soluble bromides to the developer, 
but these have other effects that will be discussed in another 
section. 

The effective speed of a photographic material can be somewhat 
increased at the expense of an increased fog density by giving it 
an auxiliary flash exposure. The result of this procc^lure is 
shown by the broken curve in Fig. 104, wdiich corresponds to a 
flash exposure equal in magnitude to the exposure at the lower 
end of the straight portion of the curve. Because of the logarith¬ 
mic scale, the auxiliary exposure is more effective in the lower 
density range and results therefore in destroying the straight 
line. This involves some distortion of the tone values, as we 
shall see presently; but where faithful rendition is not required, 
as in astronomy or spectroscopy, it is a useful expedient because 
it does shorten the time of exposure required to make a visible 
record. This procedure is most effective with materials having 
a low fog density. The auxiliary exposure can be given either 
before, during, or after the regular exposure. 

Until recently, photographic establishments have been reluc¬ 
tant to publish data concerning the materials they manufacture. 
There was adequate reason for this policy. The lack of scientific 
knowledge on the part of most photographers would have led 
to the misinterpretation of such information, and the lack of 
standardization in sensitometric procedure would have led to 
unfair comparisons. A step in the right direction was recently 
taken by Mees,^ who has published invaluable data concerning 
the characteristics of the materials that are most widely used for 
scientific purposes. The ideal procedure from the standpoint of 
the technically trained photographer would be to have this 
information supplied with each package of material. Until this 
procedure is adopted, the only practical course seems to be to 
give the average characteristics for the materials supplied by 

^Jour. Optical Sac. Amer., 21, 753 (1931). The authors understand 
that this article is to be reprinted by the Eastman Kodak Company as a 
pamphlet and revised at intervals to keep the information up to date. 
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one leading manufacturer, as is done in Table XIV. It must be 
emphasized, however, that the materials are being constantly 
improved and that their characteristics therefore change from 
time to time. The characteristics given in t.his table are for 
development, at 68°F. in a developer composed of equal parts 
of the following solutions: 


A 

Sodium sulpliit.o. 

Sodium bisulphite. 

PyroKidlic arid. 

Water, to iiiaki*. 

B 

Sodium (•ar])onnte. 

Potassi 11 m brom id e. 

WaU‘r, to make. 


70 grams 
17 grams 
20 grams 
1 liter 

75 grams 
1 gram 
1 liter 


The first column in Table XIV gives the inert ia in meter-candle- 
seconds for a light source approximating mean noon sunlight in 
its spectral quality. In the determination of these values, the 
level of illumination was held constant at 0.2 meter-candle and 
the time of exposure was varied. The second column gives the 
corresponding H and 1) speeds, computed according to Eq. 
(188). The next three columns give respectively the values of 
k, 7oo, and the time in minutes required to produce a gamma of 
unity. These values were determincHi by developing a large 
number of strips for various lengths of time and plotting th(' time- 
gamma curve. The time for a gamma of unity was then read 
directly from the curve, and 7 « was estimated by extrapolation. 
The value of k was found by measuring dy/dt at the point where 
7 = 1 and substituting in the equation 

This procedure gives results that are more consistent than those 
obtained by using only two strips and computing by means of 
Eqs. (186) and (187). 

The values of fog density are not included because when 
the materials receive the development that is ordinarily used in 
practice, the fog density of even high-speed materials seldom 
exceeds 0.12. The fog density of very slow materials, such as 
lantern-slide plates, is often as low as 0.02. These values repre¬ 
sent the density due to the photographic deposit alone. The 











218 


THE PRINCIPLES OF OPTICS 


Table XIV. —Senbitometric Characteuibtics of PhotocxRaphic Materi¬ 
als Manufactured by the Eastman Kodak (.'ompany (1932) 


Material 

i 

10/i 

k 

7oo 

Time f( 
7-1, 
minute 

Motion-picture film: 










Supersensitive panchromatic negative . . 

0 

on 

900 

0 

.25 

1 

.60 

4 

.0 

Type 2 panchromatic negative. 

0 

.017 

600 

0 

25 

1 

.60 

4 

.0 

Ordinary negative. 

0 

020 

500 

0 

.22 

1 

.80 

3 

.7 

Duplicating positive. 

0 

140 

70 

0 

37 

2 

.40 

1 

.5 

Ordinary positive. 

0 

250 

40 

0 

37 

2 

.40 

1 

5 

Cine Kodak (reversal) film: 










Supersensitive panchromatic. 

0 

017 

600 

0 

27 

2 

.10 

2 

.5 

Panchromatic. 

0 

025 

400 

0 

27 

2 

.10 

2 

5 

Aero film: 










Supersensitive panchromatic. 

0 

on 

900 

0 

25 

1 

.60 

4 

0 

Type 2 panchromatic. 

0 

017 

600 

0 

25 

1 

.60 

4 

0 

Ortho. 

0 

020 

500 

0 

22 

1 

.80 

3 

7 

Roll film and film pack: 










Verichrome. 

0 

017 

600 

0 

22 

1 

.70 

4 

0 

Non-curling. 

0 

025 

400 

0 

22 

1 

.60 

4 

5 

Cut film; 










Supersensitive pancliromatic. 

0 

on 

900 

0 

25 

1 

.70 

3 

6 

Portrait panchromatic. 

0 

014 

700 

0 

25 

1 

50 

4 

5 

Commercial panchromatic. 

0 

017 

600 

0 

22 

1 

80 

3 

7 

Portrait .. 

0 

022 

450 

0 

25 

1 

40 

5 

0 

Commercial Ortho. 

0 

029 

350 

0 

25 

2 

20 

2 

4 

Commercial. 

0 

050 

200 

0 

28 

2 

40 

2 

0 

Panchromatic process. 

0. 

130 

75 

0 

37 

3 

.00 

1. 

2 

Process. 

0. 

200 

50 

0. 

37 

3 

.00 

1, 

.2 

Plates:. 










Eastman Hyper Press . . . . . 

0. 

on 

900 

0 

22 

1 

.40 

5, 

, 5 

Wratten hypersensitive panchromatic. 

0. 

on 

900 

0. 

25 

2 

.00 

3. 

0 

Eastman Speedway. 

0. 

014 

700 

0. 

22 

1. 

, 50 

5. 

0 

Eastman 40. 

0. 

017 

600 

0. 

25 

1 

60 

4. 

0 

Wratten panchromatic. 

0. 

020 

500 

0. 

30 

2 

60 

1- 

7 

Eastman 36. 

0. 

022 

450 

0 

25 

1 

70 

3 

6 

Eastman D. C. Ortho .... 

0 

022 

450 

0. 

22 

1, 

80 

3. 

7 

Eastman S. C. Ortho. 

0 

025 

400 

0 

22 

1. 

70 

4. 

0 

Eastman Universal. 

0. 

025 

400 

0. 

22 

1. 

70 

4. 

0 

Eastman Polychrome. 

0. 

029 

350 

0. 

27 

2 

00 

2. 

5 

Eastman Commercial. 

0. 

033 

300 

0. 

27 

2. 

(K) 

2. 

5 

Eastman 33. 

0. 

033 

300 

0. 

28 

2 

20 

2. 

1 

Wratten process panchromatic 

0. 

050 

200 

0 

35 

3. 

00 

1 

2 

Wratten "M”. . 

0. 

050 

200 

0. 

35 

3 

00 

1 . 

2 

Eastman process. 

0. 

200 

50 

0. 

37 

3. 

00 

1. 

2 

Eastman lantern-slide, regular. 

0. 

500 

20 

0. 

40 

3 

20 

1. 

0 


density of the support, due to losses by reflection, is ordinarily 
in the neighborhood of 0.03. No values of latitude are given 
in the table, partly because of the difficulty of assigning a definite 
value and partly because the latitude depends to a considerable 
extent on the degree of development. In general, the latitude 








































PHOTOGRAPHY 


219 


is greater for high-speed materials than for slow materials like 
process film and lantern-slide plates. 

91. The Rendition of Tone Values.— In the ordinary use of 
photographic materials, ihe camera is directed toward a subject 
that can be described in teians of the brightness of each elemen¬ 
tary area in the field of view. To be sure, these elementary areas 
are usually of different colors also, but we shall assume that the 
reproduction is to be in monochrome so that only the brightness 
can be n^produced. Let B represent the brightness of the subject, 
which varies, of course, from point to point of the subject area. 
For the sake of concretenc^ss, let it be assumed that a lantern 
slide is then made from the negative and projected on a screen. 
Let h represent the brightness of the scn^en, which likewise varif^s 
from point to point. Now if h is etiual to B at all points, the 
reproduction is perfect - that is, the brightnesses, or tones, of 
the subject are faithfully reproduced. Lut this condition is 
difficult to realize, owing to limitations in projection ecjuipment. 
Fortunately it is unnec(^ssary, provided the adaptation level of 
the eye is on the straight portion of the ,sensation curve of 
P'ig. 93 when both the subject and its reproduction are viewed. 
In other w'ords, if b is proportional t o /i, the reproduction will 
ordinarily look exactly like the original. 

The exposure of the negative is proportional to B in a 
pro{)erly designed camera; and the relationship between the 
density of the negative and the exposure is given by Eq. (183) 
for the straight portion of the characteristic curve. This equa¬ 
tion can be rewritten in terms of the transparency as 

log = T„ log (189) 

X n 

or 

T„ = • (190) 

If the time of development of the negative is so adjusted that 
7n = 1, the transparency of the negative will be inversely pro¬ 
portional to its exposure. In the printing process, of course, 
the exposure Sp of the positive is proportional to the trans¬ 
parency Tn of the negative, and the transparency of the positive 
is 


- (I)"'- 


( 191 ) 
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Hence if the positive is also developed to a garmna of unity, its 
transparency is inversely proportional to the exposure it receives 
and is therefore directly proportional to the brightness of the 
subject. But the brightness of the projection screen is pro¬ 
portional to the transparency of the positive, and hence the 
conditions for the faithful reproduction of tone values are satis¬ 
fied. If the algebra of this argument is carried out in a more 
formal manner, it will be seen that the 7 -values of the negative 
and positive need not be unity individually, but that only their 
product need be unity. In other words, developing the negative 
to a gamma of 0.5 and the positive to a gamma of 2.0, which may 
be more satisfactory in some cases, would produce exactly the 
same result. It must be emphasized that this entire argument 
holds only when all the densities involved lie on the straight 
portions of the characterist ic curves. 

It is not always realized that the quantity 7 is an exponent 
and therefore has a profound effect on the rendition of tone values. 
By way of example, consider an average subject, which usually 
has a brightness range of approximately 32—that is, the bright¬ 
ness of the high light is 32 times that of the deepest shadow.^ 
Let the brightness of the high light be represented by Bi and that 
of the deepest shadow by B 2 - The brightness range or contrast 
of the subject is 



It is easily seen from Eq. (190) that the corresponding trans¬ 
parency ratio in the negative is 



Similarly, the transparency range of the positive is 

Ti /Bi\yn‘yp /1QQ\ 

T.-\Bl) • 

^ In the average landscape, the high light is usually a white cloud or a 
bit of blue sky, and the dw^pest shadow may be a tree trunk illuminated 
by full sky light but no sunlight. Subjects having a contrast greater than 
100 rarely make satisfactory pictures. Similarly, subjects having a con¬ 
trast less than 8 are ordinarily too flat to be interesting. The first case 
usually occurs in interiors or in deep woods, while the second occurs in 
distant views without foreground. 
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Thus it is clear that only a slight variation in the gamma-product 
will cause a relatively great change in the character of the result. 
If the gamma-product is greater than unity, the contrast of the 
subject is said to be enhanced; if less than unity, it is said to 
be reduced. 

In some of the scientific applications of photography, the 
enhancement of contrast is of great practical importance. In 
microscopy, for example, the slide under examination may be 



Fio. 105.—Grai)liic,al method of determininR the faithfulness of the tone 

rendition. 

so thin that certain details are invisible to the eye because 
the contrast is less than the coni rast sensitivity of the eye (about 
1.8 per cent, as shown by Fig. 91). It will be seen from Table 
XIV that values of gamma as great as 2.0 are attained quite 
easily and that values approaching 3.0 can be attained with 
difficulty. Taking the latter value for both the negative and 
the positive, the gamma-product is 9. Thus a brightness differ¬ 
ence as small as 0.2 per cent will be increased to 1.8 per cent in 
the positive and will therefore become perceptible to the eye. 

So far we have assumed that the densities lie entirely on 
the straight portion of both negative and positive curves. This 
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assumption does not conform to practice, where it is frequently 
necessary to use the toe of the negative curve and both the toe 
and the shoulder of the positive curve. Since any equation that 
represents a characteristic curve satisfactorily is necessarily 
complicated, the determination of the rendition of tone values 
in the general case is best accomplished graphically. An 
ingenious method due to L. A. Jones^ is represented in Fig. 105. 
In brief, it consists in using the fourth quadrant for the negative 
characteristic curve, the third quadrant for the positive curve, 
the second quadrant for the variation in the response of the eye 
when viewing the subject and when viewing the reproduction, 
and the first quadrant to compand the resulting visual sensation 
when viewing the reproduction with that when viewing the 
original subject. As explained before, the subject and its repro¬ 
duction are usually viewed under adapl ation levels on the straight 
portion of the sensation curve, and hence the curve in the second 
quadrant is a straight line through the origin at an angle of 45°. 
In other words, only the third and fourth quadrants are important 
in the vast majority of cases. 

It is easily seen from Fig. 105 that the greatest contrast occurs 
for densities lying on the straight portion of the characteristic 
curves of both the negative and tlu^ positive. It will be seen 
also that the curvatures of the toe and shoulder of the negatives 
are in the wrong directions to be compensated by the curvatun^s 
of the positive curve. Therefore, if the rendition of tone values 
is correct for the straight portions of the curves, the contrast is 
nece^ssarily too low in the regions of the subject that are recorded 
on the curved portions of either curve. The reduction in contrast 
gives the appearance of loss of d(dail. This will be clear from 
Fig. 106, which shows the portion of the negative characteristic 
that is used under a variety of exposure and development 
conditions. Underexposing the negative results in loss of detail 
in the shadows, whereas overexposure results in loss of detail 
in the high lights. It will be obvious also that overdevelopment 
is not a cure for underexposure, nor is underdevelopment a cure 
for overexposure. Tf the subject has a short brightness range, 
overdevelopment of the negative in the case of underexposure 
may occasionally seem to improve the result. However, if the 
tones of the subject lie on both the toe and the straight portion 

^ Jour. Optical Soc. Amer.^ 6, 232 (1921); Jour. Franklin Inst.y 190, 39 
(1920). 
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of the curve, the enhancement of contrast on the straij^ht portion 
often makes the lack of contrast in the shadows even more 
evident than it would be with normal dc^velopment. Over¬ 
exposure is so infrequent that it might almost be passed without 
comment. If a good negative material is properly developed, 
satisfactory prints can often be made when the negative is so 
dense that no image whatever can be seen. However, if the 
photographer yields to the natural temptation to snatch the film 
from the developer before t.he proj)er gamma has been attained, 
the result will be unsatisfactory, not because the negative was 
overexposed but because it was underdeveloped. 



Fio. 100,— Caiaractcristic curvcH sliowing the effects of improper exposure and 

development. 


92. The Technique of Development. —The developer usually 
contains four components: a reducing agent, an accelerator, 
a preservative, and a restrainer. The reducing agent is the 
active ingredient and nowadays is freciuently some coal-tar 
derivative. The accelerator is an alkali, usually sodium car¬ 
bonate, or, occasionally, sodium hydroxide. The preservative, 
whose function is chiefly to protect the reducing agent from atmos¬ 
pheric oxidation, is usually sodium sulphite or sodium bisul¬ 
phite. When the developer must, be stored for some time, it is 
common practice to prepare it in two solutions, the reducing 
agent and the preservative in one and the accelerator in the 
other. Frequently both sodium sulphite and sodium bisulphite 
are used in proportions that will make the solution neqtral in 
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reaction, since many reducing agents keep best in neutral solution. 
The restrainer is usually potassium bromide. Its action will be 
discussed presently. ^ 

The choice of developer formula and concentration is very 
largely a matter of convenience. The important feature is that 
the time of development required to attain the desired gamma 
should be long enough to permit the developer to diffuse uni¬ 
formly into the emulsion but short enough to keep the time of 
processing within reasonable limits. The same gamma can be 

obtained by a short develop¬ 
ment in a concentrated solu¬ 
tion or by a long development 
in a dilute solution. With a 
concentrated developer and 
a short time of development, 
the image is confined more to 
the surface of the emulsion 
because the developer does 
not have an opportunity to 
pcmetrate into the lower 
layers. The dilute developer, 
on the other hand, has time 
to penetrate the lowe^r layers 
of the emulsion but is too 
weak to develop completely. Although this difference in behavior 
can easily be s(^en in photomicrographs of transverse sections of a 
developed emulsion, it has an extraordinarily small effect on the 
fundamental relationship between density and exposure. 

The effect of soluble bromides on development has been known 
for a long time, and a careful quantitative study has been made 
by Nietz.^ He found that the effect is to depress the intersection 
point of the characteristic curves in a manner illustrated in Fig. 
107. Although the exposure corresponding to the point of inter¬ 
section is the same as with an unbromided developer, the effective 
speed of the material is less, especially for short times of develop¬ 
ment. For every developer, there is a critical amount of bromide 
that can be added without producing an appreciable depression 
of the intersection point, and this seems to restrain the develop¬ 
ment of fog without having any marked effect on the develop¬ 
ment of the image. 

1 “Th^ Theory of Development,'^ D. Van Nostrand Company. 



Fig. 107,— Characteristic curves show¬ 
ing the depression of the interscM-tion 
point produced by the addition of 
soluble bromides to the developer. The 
api>arcnt det-roase in speed produced by 
bromide is clearly evident. 
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It will be recalled that free bromide is liberated during develop¬ 
ment by the reduction of the silver bromide to silver. The 
bromide concentration is therefore higher in an old developing 
solution than in a fresh one. In fact, the useful life of a developer 
is often limited more by the gradual accumulation of bromide 
than by the exhaustion of the reducing agent. Of more serious 
consequence than this gradual accumulation of bromide are the 
local variations in bromide concentration over the area of the 
plate caused by the density variations in the image, an effect 
discovered by Eberhard.’ If the image is small, the free bromide 
diffuses away, so the density of such an imago is higher than that 
of a large area that received the same exposure. This Eherhard 
effect is therefore especially annoying when one is determining 
the intensity of stars or spectral lines by measuring the density 
of their images. It tends to disappear when the development is 
carried to comph'tion. 

The depression of the point of intersection has been used by 
Nietz to measure a (quantity known as the reduction potential 
of a developer. This quantity is supposed to indicate the power 
of a developer, much as the power of one metal to replace another 
is indicated by its position in the potential series of the metals. 
A reducing agent with too high a reduction potential reduces 
the silver halide whether it has been exposed or not, while one 
with too low a reduction potential fails to reduce even the 
exposed silver halide. The useful photographic developers lie 
between these two extremes. Using as a crit erion I he bromide 
concentration required to produce a just noticeable depression 
of the intersection point, Nietz found that the reduction poten¬ 
tials of some of the more common reducing agents^ are in the 
following order: 

Amidol. 

Motol (elon). 

Pyrogallic acid. 

AduroL 

Glyciii. 

Ilydroquinonc). 

In general, developing agents having a high reduction potential 
like amidol are less affected by temperature, give a slightly 

^ Physik. Zeits.y 13, 288 (1^2). 

* For descriptions and formulae of these developers and others, see 
Neblette’s “Photography, Its Principles and Practice," Chap. XII. 
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higher 7 ^-value, and require a smaller concentration of the 
accelerator. The speed of an emulsion seems to increase slightly 
with the reduction potential of the developer, but other factors 
may easily mask this effect. 

In practice, the most noticeable difference between developing 
agents is in the time of the first appearance of the image. With 
metoi, for example, the image flashes up quickly, whereas with 
hydroquinone it is slow in appearing. This feature has given 
metoi the reputation of being a ^'soft-working” developer and 
hydroquinone of giving excessive contrast. The reputations 
of these developers are due primarily to the old method of 
developing by inspection, which caused the photographer 
involuntarily to remove the material too soon from a metoi 
developer and leave it too long in hydroquinone. Although 
hydroquinone is an exception to the gcaieral rule that developers 
having a low reduction potential give a low value of 7 ^,, this cir¬ 
cumstance alone is hardly sufficient, to account for its reputation 
as a contrasty developer. 

Pyrogallic acid has the interesting property of staining tlie 
image a yellow color, which is due to the oxidation products 
formed during the progress of development. These substances 
may be formed by atmospheric oxidation, in which case the yellow 
stain is uniform; or by the reduction of silver halide, in which 
case the amount of stain is proportional to the amount of reduced 
silver. As positive materials are sensitive chi(ifiy in the blue 
region of the spectrum, which is absorbed by the yellow stain, 
the result in the second instance is a proport ional increase in the 
effective density and therefore in gamma. If 7 ^ represents the 
value measured visually and 7 ,, the effective value photographi¬ 
cally, the color coefficient is 7 ^/ 7 ^. The value of this coefficient 
varies from about 1.3 in a pyro developer containing the average 
amount of restrainer to nearly 3 in a solution containing no 
restrainer. This differential staining accounts for the “better 
printing quality” that photographers have always attributed to 
pyro developers. Use has been made of this effect in aerial 
photography to secure a greater effective contrast than can be 
attained by ordinary development. 

The extent to which the development of the negative should be 
allowed to proceed depends upon the positive process that is to 
follow. This statement requires some explanation because the 
theory of tone reproduction has shown that the brightness ^-atios 
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of the subject are correctly reproduced if the product of the 
negative and positive gammas is unity, which would indicate that 
practically any negative gamma could be compensated in the 
positive process. However, the bc^st results are obtained when 
any material is developed to approximately two-thirds of its 
7 oo“Value. If the gamma is less than this, the development 
may be non-uniform; if it is greater, an excessive amount of fog 
may be produced. In practice, a gamma-product somewhat 
higher than unity is found desirable. For example, a gamma- 
product in the neighborhood of 1.3 seems to give the best result 
for lantern slides and motion pictures. This is accounted for in 
several ways. In t-h(i first place, a photograph in monochrome 
can reproduce only the brightness contrast of the subject, which, 
in the absence of color contrast, seems too low. Moreover, the 
contrast is actually reduced by flare in the camera and projection 
Icmses and by the necessit y of using a portion of the toe of both 
characteristic curves. The present practice in the production 
of motion pictures is to develop the negative to a gamma of 
about 0.8 and the ]:)ositive to a gamma of about l.C. This makes 
the gamma-product about 1.3 and, furthermore, develops each 
material to about two-thirds of its 7 «-value. 

'J"he value of the development constant k is an index to the 
proper time of development; for, if the material is developed for 
a time l/fc, substitution in Kq. (184) shows that 

7 = 7« (1 - 

= 0.631 7 «>. (194) 

This is very nearly Hence, if the value of k for some 

concentration and temperature of the developer is 0 . 10 , the most, 
satisfactory development time is 10 min. If the gamma pro¬ 
duced in this way is too high, a material with a lower 7 ^-value 
should preferably be chosen. 

If a negative has been inadvertently underdeveloped, its 
gamma can be inenjased by a procedure known as intensification. 
Many processes are to be found in the photographic handbooks 
but the mercury process is typical. This consists in bathing the 
film in a solution of mercuric chloride, which transforms the 
silver of the image into silver chloride. At the same time, 
mercuric chloride is precipitated as mercurous chloride. After 
the excess mercuric chloride has been washed out, the film can 
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be redeveloped, whereupon the silver chloride is reduced to 
metallic silver again and the mercurous chloride to mercury. 
Since the amount of mercury present is proportional to the 
original amount of silver, the result is a proportional increase 
in density and, therefore, in gamma. Contrary to the claims 
that are often made, intensification is not a remedy for under¬ 
exposure unless the subject has such a short brightness range 
that more development would also have brought about an 
improvement in the reproduction. 

The converse of intensification is reduction. It is accom¬ 
plished by dissolving part of the silver in the image, but the 
various solvents behave somewhat differently. Potassium 
ferricyanide has a somewhat greater effect on the low densities 
and tends, therefore, to increase the contrast, whereas ammonium 
persulphate behaves in just the opposite manner. Potassium 
permanganate leaves the gamma very nearly unaltered. In 
any case, the variation in gamma is relatively slight, so reduction 
is used chiefiy for negatives which are so dense that the printing 
time would be inconveniently long otherwise. It is not a remedy 
for overexposure in the proper sense of the terin.^ 

It is unfortunate that sensit-ometric methods are not more 
generally employed in the control of the processing of photo¬ 
graphic materials. Photographers have been slow to take 
advantage of new tools, and development is still a hit-or-miss 
affair that is not at all in keeping with the spirit of modern 
manufacturing methods. The indications are that 1 his condition 
cannot continue indefinitely, especially in the motion-picture 
industry. In silent pictures, a variation of 15 per cent in the 
gamma-product, although noticeable when two films are com¬ 
pared side by side, is unrecognizable otherwise. But in sound 
pictures, a variation of 15 per cent in the gamma-product often 
accounts for a difference between good quality in the sound 
reproduction and very mediocre quality. Already sensitometric 
methods are beginning to be used to a limited extent by some of 
the motion-picture laboratories, and it seems reasonable to 
suppose that such methods will eventually be used by all labora¬ 
tories having any considerable quantity of material to process. 
In scientific work involving quantitative determinations, as in 

^ Crabtree and Muehler have made an extensive investigation into the 
sensitometry of intensification and reduction. See Jour. Soc. Motion 
Picture Eng., 17, 1001 (1931). 
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astronomy or spectroscopy, the determination of the density- 
exposure relationship is imperative. 

The photographer whose work does not justify the use of 
sensitomctric methods has several ways at his disposal of keeping 
the development within bounds. One method in common use is 
to calculate the time of development from the time of first 
appearance of the image, a procedure suggested by Alfred 
Watkins. This method is based on the circumstance that the 
time of first appearance of the image, although little affected by 
exposure, varies with the temperature and concentration of 
the developer in the same way as the time required for develop¬ 
ment to a given contrast. The procedure is to multiply the time 
of first appearance by a constant, known as the WaikiiiH factor, 
which is determined once and for all for a given material and 
developer. This factor usually lies between 4 and 30.^ The 
method is quite successful when the developer contains a single 
reducing agent. If it contains two reducing agents having 
different temperature coefficients, like metol and hydroquinone, 
the factor varies consid(‘rably with the temperature. 

93. Spectral Sensitivity.—It is almost axiomatic that only the 
light that is absorbed by a photographic emulsion can be effective. 
Since the color of an ordinary emulsion is pale yellow, indicating 
absorption in the blue and violet, it is to be expected that the 
spectral sensitivity would be confined t-o these regions. Such is 
the case, and these emulsions are therefore color-blind.In 
1873, Vogel discovered that plates bathed in a dilute solution of 
certain dyes have a sensitivity extending into the green and 
yellow regions of the spectrum. His dyes were not stable, 
however, and it was nine years before a practical color-sensitive 
material was prepared. The dye that made this possible was 
eosin, but many other dyes were quickly discovered to have a 
similar effect. The reproduction of colored objects with color- 
sensitive mat erials prepared with these dyes was so much superior 
that such materials were called either orthochromatic, to indicate 
that the color rendition based on visual standards is correct, 
or isochromatic, to indicate that the materials are equally sensitive 
in all regions of the spectrum. Both terms are misnomers, how¬ 
ever, because the materials to which these names were applied 
are predominantly sensitive in the blue and have almost no 
sensitivity at all in the red. This deficiency was overcome about 
1 See table in Chap. XIII, Neblette^s ‘‘Photography.'’ 
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1905 with the discovery of new dyes, principally pinacyanol. 
Materials sensitized with those dyes came to be known as 
paru‘hromatiCj being sensitive to all colors.^ These materials will 
yield truly orthochrornatic results with appropriates filters, and 
the only reason they have not supplanted all other materials is 
the difficulty of handling them in the dark room. No safelight 
can be really safe witfi panchromatic materials, and the best 
procedure is to develop for the proper length of time in iotal 
darkness. If any light is needed in the dark rooirj, the special 



Fio. lOS.-- Typical siHM'iral-sonsitiviiy curves of iio^jative Tuat(Tial8. 


green safelight that transmits only the rays to which the eye 
is most sensitive should be selected because it is the least harmful. 

The spectral sensitivity of photographic materials has been 
measun^d by many investigators, but the best direct results are 
those of Jones and Sandvik.- J^hese investigators used a sensi- 
tometer in combination with a monochromator to furnish substan¬ 
tially monochromatic light. A typical set of their results is 
shown graphically in Fig. 108. 

It is clear that the type of color rendition that can be achieved 
with panchromatic materials depends only upon the possibility 

^ Panchromatic materials have been enormously improved within the 
last few years. Several types are now produced and new types are being 
constantly developed. For an excellent description of the types of color- 
sensitive materials that are comnu'rcially available, see a recent paper by 
Mees, Joiir. Optical Soc. Arncr., 21, 753 (1931). 

^ Jour. Optical Soc. Aimr. and Rev. Sci. Instruments^ 12, 401 (1926). 
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of preparing suitable filters. Orthochromatic results are most 
frequently desired, which means that the filter should be green to 
absorb the surplus energy in the violet and red ends of the 
spectrum. The excess red sensitivity is of little importance, 
however, and the filters that are advertised for the purpose are 
usually yellow. The absorption of the Wratlen K series, for 
('xainple, b(^gins at about 540 myu. In the case of the K-3 filter, 
which is the deepest, the absorption is almost complete at 460 m^. 
With a good panchromatic material, the increase in exposure 
required when using this filter is approximately four times (for 
white light). The filter factor varies, of course, with the quality 
of th(^ ('xposing light and the type of the emulsion. 

Occasionally a truly orthochromatic color renditton is (juite 
misleading. A red apple amongst green leaves, for instance, 
may be conspicuous to the eye because of the color contrast, but 
if the brightness of both the apple and the leaves is the same, 
a strictly orthochromatic reproduction would fail to show how 
conspicuous tbe apple appears to the eye. The remedy is to use 
a filter that, will enhance the brightness contrast in the photo¬ 
graph at the expense of faithful reproduction. This sort of 
procedure is particularly useful in photomicrography. 

Since the sj)ectral sensitivity of photographic materials is so 
different from that of the eye, the visual estimate of the intensity 
of a light, source gives a very inadeqiiate measurement of its 
photographic effectiveness. The relative visual and photo¬ 
graphic effectiveness of illuminants has been studied by the 
staff of the Kodak Research Laboratories.’ Their results are 
summarized in Table XV, the relative effectiveness of sunlight 
being arbitrarily taken as 100. Thus, a given illumination 
produced by a mercury arc has more than three times as great 
an eff(?ct on an ordinary plate as the same amount of illumination 
produced by sunlight. 

The sensitivity of photographic materials extends far into the 
ultraviolet. The limit is set by the absorption of the gelatin, 
which begins at about 280 inM and is practically complete below 
200 m/x unless the gelatin is very thin. Schumann, who was the 
first to study the spectrum of the extreme ultraviolet, devised a 
method of preparing emulsions containing only a trace of gelatin 
to bind the silver bromide grains together.^ In 1921, Duclaux 

^ Trans. Ilium. Eng. Soc.^ 10, 963 (1915). 

2 Schumann plates are now available commercially from Adam Hilger, 
Ltd., of Ijondon. 
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Table XV.—Relative Piiotoguaphic Effectiveness op Various 

Illuminants 


Source 

Ordinary 

Ortlio- 

chromatic 

Pan¬ 

chromatic 

Sun. 

100 

100 

100 

Skv. 

180 

100 

130 

Acetylene. 

30 

40 

50 

Mercurv arc, ordinary. 

320 

350 

270 

Mercury arc, quartz. 

000 

500 j 

370 

Carbon arc, ordinary. 

130 

no 

100 

Carbon arc, white fiarne. 

200 

230 

220 

Carbon arc, high intiaisity. 

100 

100 

100 

dhingstcn lamp, vacuum . .... 

35 

40 

50 

Tungsten lamp, gas filled 

00 

05 

70 

Tungsten lamp, blue bulb. 

100 

90 

no 


and Jeantet described a method of sensitizing plates by bathing 
them in fluorescent mineral oils. After exposure, the oil is 
washed off with acetone and the plate is then developed in the 
ordinary way. The characteristics of oiled plates have been 
studied by Harrison^ in the region from 200 to 380 Angstrom 
units. He found that the form of the relationship between 
density and exposure is the same as when visible light is used, 
and that the oiled plates are sufficiently reliable to be used 
for photographic photometry. Under certain conditions, the 
increase in sensitivity produced by oiling a plate may be as much 
as four-hundred fold. 

Burroughs of the Kodak Research Laboratories has inves¬ 
tigated the fluorescence of a large number of organic substances 
in the ultraviolet and has found that the carboxylic ester of 
dihydrocollidine can be used to advantage in the preparation of 
plates for use in this region. This substance is insoluble in 
water but can be dissolved in certain organic solvents. When a 
plate is bathed in a solution of this material and allowed to dry, 
its surface becomes covered with crystals which fluoresce strongly 
under ultraviolet light and which are so small that good photo¬ 
graphic images are obtained. 

Photographs of ordinary objects have been taken by ultraviolet 
light using quartz lenses and a filter to screen off the visible light. 

^ Jour, Optical Soc, Amer. and Rev. Sci. InatrumentSy 11, 113 (1925). 
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R. W. Wood has experimented in this direction to a considerable 
extent. His filter consisted of a quartz plate coated with a tliin 
layer of silver, which has a transmission band in the neighbor¬ 
hood of 310 myi. Ultraviolet photographs of landscapes are 
striking because the sun casts practically no shadow. In other 
words, the ultraviolet is so scattered by the atmosphere that, to 
an observer sensitive only to the ultraviolet, every day would 
appear to be overcast. 

Photographic materials are, of course, sensitive to X-rays; 
and Wilsey and Pritchard^ have found that their behavior to these 
rays is little different from their behavior to white light. This is 
somewhat surprising because the X-rays penetrate the emulsion 
and affect all layers uniformly instead of acting more strongly 
on the upper layers. X-ray films are commonly made with an 
emulsion on both sides of the support to utilize as much of the 
radiation as possible; and fluorescent screens are frequently 
placed against the film to intensify tlie effect by transforming 
the X-rays into radiations of longer wave length, which are 
absorbed by the emulsion. X-ray films are usually developed 
for maximum contrast bi^cause, in the absence of any require¬ 
ments with respect to the reproduction of tone values, it is desir¬ 
able to show as much faint detail as possible. 

Although photographic materials are not ordinarily sensitive 
in the infrared, the latent image is affected by exposure to infrared 
fight. Herschel discovered, as long ago as 1840, that photo¬ 
graphic materials which had been exposed to blue fight gave a 
positive instead of a negative when they were exposed to infrared 
fight before development. In other words, the latent image is 
destroyed by infrared fight. This Herschel effect has a very 
important significance in connection with theories of the latent 
image but has not been found very useful as a technique for 
infrared photography. However, within recent years, dyes have 
been found that will extend the sensitivity into the infrared 
region. With the introduction of dicyanine, which has its 
maximum sensitizing action at 710 mg, spectrographic investiga¬ 
tions out to 1000 mg became possible. Dicyanine is unsatisfac¬ 
tory, however, because it does not keep well nor do plates 
sensitized with it. This means that the plates must be bathed 
just before being used, and the results at best are not too certain. 
Kryptocyanine, discovered in 1919, has a very strong sensitizing 

' Jour. Optical Soc. Amer. and Rev. Sci. Instruments^ 12, 661 (1926). 
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band between 700 rn/i and 800 niju. This dye is comparatively 
stable and so are plates sensitized with it. Its action is so 
powerful that only 1 part of dye in 500,000 is required. The 
spectral sensitivity of plates bathed in it drops off so sharply that, 
beyond 900 ma, dicyanine is again more sensitive. In 1925 a 
modification of kryptocyanine, known as neocyanine, was 
found which sensitizes far into the infrared when the plates are 
“hypersensitized” by bathing in ammonia. With such plates, 
the spectrum can be photographed easily as far as 900 mjjL and, 
by using long exposures, as far as 1200 in^. 

Photographs of landscapes taken by infrared light have the 
general appearance of night scenes because the sky appejirs dark 
and the high reflectance of chlorophyl gives foliage the appearance 
of intense local lighting. Such photographs were made som(^ 
years ago by Wood and have been used to some extent by the 
motion-picture industry. Motion pictures of night scenes that 
would otherwise be very expensive to obtain can be produced 
in this way as cheaply as ordinary sc(ines. Photographs of 
extremely distant objects are made possible by infrared light 
because of its greater penetration through atmospheric haze. 
Views showing mountains several hundred miles away are not 
uncommon to-day. Figure 77 in Chap. IX indicates how the 
scattering by the atmosphere varies with wave length and gives 
ample reason for the comparatively great penetrating power of 
infrared fight. It is not impossible for an aerial photographer to 
record details that are totally invisible to him beyond the blanket 
of haze. 

94. Miscellaneous Characteristics.^ —The H and D curves of a 
photographic material show its gross behavior when acted upon 
by fight, but they do not indicate the perfection of the photo¬ 
graphic image. The ability of a photographic material to record 
fine detail—its resolving power —is limited by its granular struc¬ 
ture. If the fan test object shown at A in Fig. 109 is photo¬ 
graphed in a camera that reduces the image to microscopic 
dimensions, the photograph will appear as shown at B. This 
will occur even if the lens is sufficiently well corrected to produce 
a sharp image. By a test like this, the resolving power of 
photographic materials can be evaluated in terms of the maxi¬ 
mum number of fines per millimeter that can just be distinguished 
individually. The resolving power of gelatino-bromide emulsions 
under the most favorable conditions of exposure and develop- 



PHOTOGRAPHY 


235 


ment varies from approximately 25 lines per millimeter for a 
coarse-grained, high-speed plate to 60 or more for a process or 
lantern-slide plate. Some of the slower materials, like wet 
collodion and albumin, give even higher resolution. The 
criterion by which these values are determined is so indefinite 
that the values alone are of less significance than the relative 
values for the different materials. Moreover, the character 
of the object affects the photographic resolving power enor¬ 
mously, just as it does the visual resolving power. The ability 
of the material to resolve double stars, for example, could be 
inferred only in a- rough sort of way from the results of tests with 



Fig. 109.—Test of photographic resolving i)Ower. A, photograph of a fan 
test obje(^t; ii, photomicrograph of a greatly reduced image of the test object. 
At the outer end of the fan, each sector had a width of 0.04 mm on the plate from 
which tile photomicrograph was made. 


the fan test object. Many types of test objects have been used 
by Sandvik, and the ri^ader is referred t o his papers for data more 
nearly applicable to special problems. It should be remem¬ 
bered, however, that lack of photographic resolving power 
is rarely the cause of poor definition in ordinary photo¬ 
graphs. Aberrations in the lens, inaccurate focusing, and 
unsteadiness of the camera are more often responsible. 

The granular structure of an emulsion also limits the extent 
to which a photograph can be enlarged. As everyone who has 
made enlargements from small negatives knows, areas of the 
image that should be of uniform density take on a mottled 
appearance when the degree of enlargement exceeds four or five 
times. The effect is much more pronounced than the size of the 
grains would indicate and is attributable to the tendency of the 
grains to clump together, probably in some sort of statistical 
distribution. This gravniness cannot be measured objectively, 
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but it has been measured subjectively by Hardy and Jones. ^ The 
procedure consisted, in effect, of viewing the negative under 
variable magnification and noting the point where the inhomo¬ 
geneities were first apparent. To eliminate the personal equation 
of the observer, a crossed half-tone screen having a known 
number of lines per inch was used for calibration. As might b(^ 
expected, the graininess of an emulsion is low at very high and 
very low densities. For cine negative film, the graininess is a 
maximum where the density is approximately 0.7, in which 
case about 80 per cent of the total area is occupied by the grains. 
For this density, the graininess is equivalent to a crossed half¬ 
tone screen of approximately 200 lines per inch. At 0.2 and 1.4, 
the graininess is only about half as great. Positive emulsions 
are less grainy, but a positive printed from a negative is more 
grainy than either material alone. In other words, th(^ super¬ 
position of the grain patterns of two materials has the effect of 
increasing the apparent graininess of the resulting positive. For 
this reason, direct positives made by reversal, such as the IG-mm 
cine films, will stand a much higher magnification in projection 
than positives printed from a negative in the ordinary way. 

The graininess of a photographic material is one of its intrinsic 
properties, at least to a first approximation, and is only slightly 
affected by the development procedure. For motion-picture 
work, however, it pays to take advantage of even slight improve¬ 
ments in the technique, and the following formula is recom¬ 
mended by the Eastman Kodak Company for developing the 
negative because it tends to minimize the graininess: 


Metol (elon). 2 grains 

Sodium sulphite; (dry). 100 grams 

Kydroquinoiie. 5 grams 

Borax. 2 grams 

Water, to make. 1 liter 


Directions Jor Mixing: Dissolve the metol in a small volume of wat<;r at 
about 125‘'F. (52°C.), and pour the solution into the tank. Then dissolve 
approximately one-quarter of the sulphite separately in hot water at about 
160®F. (71°C.), and add the hydroquinone while stirring until completely 
dissolved. Then add this solution to the tank. Now dissolve the remainder 
of the sulphite in hot water at about 160°F. (71°C.), add the borax, aod when 
dissolved, pour the entire solution into the tank. Dilute to the required 
volume with cold water. 

^ Tram, Soc, Motion Picture Eng,y No. 14, 107 (1922). 
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It should be added in passing that the graininess of a negative 
should not be judged of itself but only the graininess of the result¬ 
ing positive. The reason for this is obvious enough when it is 
remembered that the dense portions of the negative, in which 
the graininess is invisible, are the very portions that, when 
printed, produce positive densities where the graininess is most 
apparent. 

Another phenomenon that may be noted here, although its 
cause is optical rather than photographic, is halation. During 
the exposure, the light incident on the emulsion behaves in the 
manner shown by Fig. 110, which is a cross section of a plate on 
which a small bright image is formed at A. Of the light diffused 
by the emulsion, part strikes the back of the plate within the 
critical angle and is largely transmitted. The rest is totally 
reflected to strike the emulsion again at B and D\ If the figure 



were drawn in three dimensions, it would be evident that the 
secondary images formed at B and B' are in reality parts of a 
single ring or halo surrounding the primary image at A. Hala¬ 
tion in its pure form as described is exhibited only by small 
images of very bright objects, such as the sun or a lamp, but 
it is also exhibited in a modified form by the images of large 
objects that are considerably brighter than the background. 
For example, it is the cause of the hazy border that frequently 
surrounds the windows in interior scenes. 

One way to prevent halation is to coat the back of the plate 
with an absorbing material to make what is known as a hacked 
plate. Another way is to use a plate having a slow emulsion 
under the regular emulsion (a douhle-coated plate). The emulsion 
next to the glass is so insensitive that the comparatively small 
amount of light reflected from the back does not affect it. Hala¬ 
tion can be reduced in a single-coated plate by using a developer 
which is so concentrated that the image is confined principally 
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to the upper layers of the emulsion. Halation is more pro¬ 
nounced with plates than with film because the latter is so tJiin 
that the reflected light strikes the emulsion close to the primary 
image. 

A feature of photographic emulsions that is of special impor¬ 
tance to astronomers is a spreading of the image with increasing 
exposure, an effect that has been called irradiaiion. In 1889, 
Schemer found that the diameter of the image of a geometrical 
point is given by 

d = a + T logio 2, (195) 

where a and T are constants. The similarity of this equation 
to the characteristic density-exposure relation has led F. K. Ross 
to coin the term astrogamma for the quantity F. Scheiner’s 
equation has never been entirely satisfactory, however, and 
various workers have proposed substitutes. One of the best 
is due to Ross. It is 

vT+i: = a + r log,,, S, (196) 

where h is an additional constant. A large amount of stellar 
photometry has been done by measuring the diameters of the 
images of the stars on photographic plates and computing the 
magnitudes therefrom. 

Many agents besides light are capable of affecting photo¬ 
graphic materials, and occasionally they cause markings whose 
source is difficult to locate. If a box of film that has been stored 
in the laboratory for some time exhibits an unusual amount of 
fog, the possibility of an X-ray machine in a neighboring room 
should not be overlooked. Radioactive substances also affect 
photographic materials powerfully. Even such common sub¬ 
stances as linseed oil and turpentine may affect them in tirne,^ 
so photographic materials should not be stored in a freshly 
painted cabinet nor loaded into the camera much before they are 
to be used. Friction, too, will produce a developable image. 
For example, a plate can be marked by means of the rounded 
end of a glass rod even when the force exerted is comparatively 
light. In cold, dry weather, motion-picture photographers 
encounter difficulty with static electricity. The unrolling of the 
film generates electrostatic charges that are unable to leak away. 

1 This effect can be utilized for deciphering charred paper records. See 
Bur. Sfnmlards Sd. Paper 464. 
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li^lectrical discharges therefore take place, which cause character¬ 
istic markings on the film. 

Occasionally there appear foreign markings that are traceable 
to faulty dark-room technique. Particles of chemicals that 
settle on the film may produce spots. Bubbles of air in the 
water used for diluting the developer will cause pinholes. Failure 
to immerse the entire film at once or to agitate the developer 
will result in uneven development. Grease on the film, coming 
either from the tap water or from the fingers, also results in 
uneven development. In the case of papers, contamination of 
the developer with hypo is a fruitful cause of yellow stains. 

Even if the film is properly developed, it is still susceptible to 
injury. If it is removed from one solution to another of greatly 
different concentration, the osmotic pressure within the emulsion 
may cause blisters. Similarly, a sudden change in temperature 
may cause the emulsion to leave the support; and, if the solutions 
are too hot, the emulsion may soften and run. Sometimes it 
softens locally and in drying acquires a surface having the appear¬ 
ance of a file, an effect known as reticulation. All these effects 
and many others must be familiar to a photographer. They are 
discussed at length in the handbooks on practical photography. 

96. The Sensitometry of Positive Materials.—Positive mate¬ 
rials may be either transparent or opaque. Transparent 
materials—motion-picture film and lantern slides—require little 
comment. They closely resemble negative materials except- 
that their speeds and fog densities are lower and their 
7 «,-values higher. On the other hand, opaque materials— 
papers—are quite different.^ 

In discussing papers, the quantity density^’ must be redefined, 
preferably so as to make the laws of blackening similar to those 
for emulsions on a transparent base. This is accomplished by 
defining density as 

D = logio ~ ’ (197) 

where R is the reflecting power of the developed paper. A white 
diffusing surface like magnesium carbonate is taken as a stand¬ 
ard and is assumed to have a reflecting power of unity. Its 
density is therefore zero. On this basis, the minimum reflecting 

^ Many different processes are in use. for making positives on paper. See 
the standard works on photography, such as Neblette’s Photography.” 
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power (maximum black) exhibited by photographic papers is 
about 1 per cent, which corresponds to a density of 2. The 
useful density range for photographic papers is therefore between 
0 and 2, a much smaller range than in the case of negative 
materials. 

As was stated in Sec. 12, Chap. 1, the reflection of ordinary 
materials, such as photographic papers, is neither perfectly 
specular nor perfectly diffuse. It partakes of both character¬ 
istics, as shown in Fig. Ill, which is a copy of Fig. 7 in Chap. I. 
Obviously, no value of reflecting power can be assigned without 
specifying the angles of illumination and observation. The 



custom in photographic laboratories is to illuminate the surface 
at an angle of 45° and to view it normally. Although this 
procedure is quite arbitrary, it corresponds roughly, at least, to 
the conditions under which photographs are ordinarily viewed. 
The gloss of a surface can be specified in a number of ways, but a 
definition suggested by L. A. Jones’ is very convenient in this 
case. According to this definition, if Bn is the brightness of the 
surface in Fig. Ill when viewed normally, and Ba is the bright¬ 
ness when viewed in the direction OSj the gloss is 

G = . (198) 

On this basis, magnesium carbonate has a gloss of 0.1, matte 
papers approximately 0.4, and glossy papers as high as 30. For 
obvious reasons, the maximum density of a glossy paper is higher 
than that of a matte paper. 

^ Jour, Optical Soc. Armr, and Rev. Sci. InstrumeniSj 6, 140 (1922). 
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The bromide papers, designed for making enlargements and 
projection prints, have emulsions that closely resemble those 
of negative materials. To be sure, the sensitivity of these 
emulsions is lower and the grains are finer, but otherwise the 
materials behave like negative materials. The gamma increases 
with the time of development in much the same way, as is shown 
by Fig. 112. The choice of development conditions requires 
special consideration, however, because the color of the image 
depends to a considerable extent on the composition of the 
develoi)er. Also, the cok^r is likely to be unsatisfactory if the 
development time is too short; and fog or stain may appear if it 



Exposure CMeter-Candle-Seconds) 


Fig. 112. —Characteristic curves of a typical bromide paper. The times 
of development are indicated on the curves. The points A and B define the 
expo8\ire scale of the i)aper for a development time of 3 min. 


is too long. Within these limits, however, the contrast of a 
bromide print can be adjusted to produce, in combination with 
the negative, the desired over-all contrast. 

The most striking characteristic of papers is the short length 
of the straight portion of the characteristic curve, which might 
be expected from the short density range of paper emulsions. 
In practice, both the toe and the shoulder portions of the curve 
must ordinarily be utilized. For this reason, the latitude of a 
paper is not so useful a quantity as the exposure scale, which is 
defined as the ratio of the exposure at the point A to that at the 
point B in Fig. 112. A full-scale print is, by definition, one that 
utilizes the entire exposure scale of the paper. This means that 



242 


THE PRINCIPLES OF OPTICS 


the high light of the subject will be represented by a density 
corresponding to point B on the curve, and the deepest shadow 
will be represented by the point A. It is usually found that a 
full-scale print is more pleasing than one for which the require¬ 
ments of faithful tone reproduction are satisfied over the straight 
portion of the curve. In other words, for a subject with a given 
brightness range, it is often better to adjust the development 
of the negative to fit the scale of the paper than to adhere more 
rigidly to the requirements of faithful tone reproduction. ^ The 
scale of bromide papers when developed in the ordinary way 
varies from about 20 to 60. 



Fig. 1 l.i.-- Characteristic curves for a typical chloride (“gas-light") paper. 

The characteristics of chloride papers, which are commonly 
used in making contact prints, differ considerably from those of 
bromide papers, as is illustrated in Fig. 113. It will be seen that 
the gamma increases rapidly with the time of development to 
nearly its limiting value, and that further development then 
changes the effective speed of the paper rather than its contrast. 
For this reason, these papers are supplied in several grades of 
contrast; the papers with a long exposure scale being used for 
contrasty negatives, and conversely. The scale of chloride 
papers varies from about 10 for a very ^^hard’^ paper to 80 for a 
very ^‘soft^^ paper. Since they are designed for contact printing, 

^ For a very extensive treatment of the general subject of tone repro¬ 
duction with photographic papers, the reader should consult a series of 
articles by Jones in Jour. Franklin Inst, for 1926 and 1927. 
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they are made with a shorter scale than bromide papers because, 
as was shown in Sec. 88, the effective contrast of a negative is 
greater when it is printed by projection than when it is printed 
by contact. 

In general, the best results are obtained by developing the 
negative to such a contrast that it can be printed on a soft 
paper—that is, one having a long exposure scale. This is due 
to the fact that, with a soft paper, the slope of the straight portion 
of the curve differs less from that of the toe and the shoulder 
than with a hard paper. 

Note: Since this chaptc'r was written, the larger manufacturers 
have l)Cgun to publish representative data and characteristics 
of some materials under typical conditions of exposure and 
processing. It should be mentioned also that the Hurter and 
DrifSeld criterion of speed is often replaced by a factor empirically 
determined for use with photoelectric exposure meters. 



CHAPTER XII 


LIGHT-SENSITIVE CELLS 

A light-sensitive cell is a device by means of which light 
energy can be used to control electrical energy; it is the optical 
analogue of the microphone. There are two broad classes of 
light-sensitive cells: those which merely change their electrical 
resistance when illuminated, and those whose action depends 
upon what has come to be known as the photoelectric effect. 
The first class is said to be photoconductive and the second, 
photoemissive. 

96. Selenium Cells.—The selenium cell is the outstanding 

member of the photoconductive 
class. The action of light on 
selenium was first described in 
1873 by Willoughby Smith, but 
the fifty-eight years that have 
elapsed since this discovery 
have not brought forth any 
satisfactory explanation of the 
Img. 114.—Grid construction of phenomenon. To be sure, many 

the Siemens selenium cell. j ^ 

inventors have experimented 
with selenium cells, but usually with the idea of employing them 
for some practical purpose. The tmly scientific investigations 
are relatively few.^ 

The first actual selenium cell was constructed by Werner 
Siemens in 1876. It consisted of two platinum wires wound in a 
double spiral around a rectangular-shaped piece of mica to form 
a grid, as shown in Fig, 114. This grid was coated with molten 
selenium, which was then annealed for some hours at a tempera¬ 
ture of about 200°C. Although selenium cells have been con¬ 
structed in a wide variety of forms, the essential features of 
modern cells are the same as those of this early type. 

^ Most of the available information has been collected recently by George 
P. Barnard and published under the title, “The Selenium Cell, Its Properties 
and Applications.’' 
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The “dark resistance” of a selenium cell is usually of the order 
of a few megohms. When the cell is illuminated, its resistance 
drops to a fraction of its former value, the size of the fraction 
depending in general on the magnitude of the dark resistance. 
The relationship between the illumination and the electrical 
properties of a cell can be illustrated by plotting the resistance 
of the cell as a function of the illumination. It is more con¬ 
venient, however, to plot the current through the cell for a 
constant value of impressed voltage, as is done in Fig. 115 for a 



Fig. 115.—Churafieristic curve of a typical selenium cell (General Electric 
type l^M-31) for an impressed voltage of 100 volt’s. The dark current i)f 22 micro¬ 
amperes corresponds to a resistance of 4.5 megohms. The resistance droj)8 to 
one-sixth of the dark resistance at an illumination of 100 ff)ot-caiidleH. The 
increase in current due to the aedion of light is very nearly proportional to the 
square root of the illumination. 

typical modern cell.^ The characteristic curve shown in this 
figure was determined under static conditions and, due to the 
lag in the response of the cell, the effective sensitivity for rapid 
variations in light intensity is less. Although this cell is espe¬ 
cially designed to have a rapid response, the current rises to 
only 50 per cent of its final value in 0.01 sec. and requires 0.2 sec. 

1 This curve indicates the amount of current passing through the coll 
when the efitirc area of the sensitive element is illuminated. The char¬ 
acteristics of selenium cells are such that a given amount of light flux is less 
effective when concentrated on a small area than when distributed over the 
entire surface. The sensitive area of the cell described above is approxi¬ 
mately 17 mm wide and 40 mm long; and an optical system in which this 
cell is to be used should be designed so that the emergent beam has approxi¬ 
mately these dimensions at the point where the cell is located. 
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to attain 95 per cent of its final value. This lag in response is 
characteristic of selenium cells in general and is one of their chief 
disadvantages. It depends to a great extent on the thickness of 
the selenium layer. 

The spectral sensitivity of selenium cells varies widely with the 
form and manner of construction. In general, however, these 
cells are most sensitive to red light at about the long wave¬ 
length limit of visibility. A typical curve showing the relative 
sensitivity as a function of wave length is shown in Fig. 116. 

Selenium cells when properly constructed show little loss of 
sensitivity over a period of several years if a few rather simple 
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Fio. 110.—Spectral sensitivity of a typical selenium cell. 


precautions are taken in their use. Because of the hygroscopic 
nature of selenium, cells should always be protected from mois¬ 
ture. Modern cells are generally sealed in a glass bulb for this 
reason. Selenium cells should also be protected from violent 
shocks because the connection between the selenium and the 
supporting grid is easily destroyed; and they should not be 
subjected to high values of illumination or impressed voltage. 
They may be safely used at any temperature up to about 
60°C., although they are most sensitive at low temperatures. 

Many substances, especially the sulphides of the heavy metals, 
have been found to possess light-sensitive properties similar to 
those of selenium. The best known of these is thallium oxysul- 
phide, which is the active substance in the ^Hhalofide'^ cell 
described by Case.^ This substance, like most of the others, has 

^ Jour, Optical Soc. Amer, and Rev, Sd, Insiruments^ 6, 398 (1922). 
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its greatest sensitivity in the red and infrared. None of these 
substances is of much use in direct quantitative measurements of 
light intensity because of their time lag and because their resist¬ 
ance varies so greatly with temperature. They are useful in 
null methods of photometry, however, as will be seen later. 

97. The Photovoltaic Cell. —This cell utilizes an effect dis¬ 
covered in 1865 by BecquereL In the most common type of 
cell, the electrodes are copper plates coated with cuprous oxide 
and immersed in a solution of some copper salt. When one of the 
electrodes is illuminated, a potential difference is generated which, 
for low values of illumination, is approximately proportional to 
the int-ensity of the illumination. These potentials are always a 
small fraction of a volt. The photovoltaic cell is even more 
sluggish than selenium, and it therefore does not lend itself to 
use with rapidly varying light sources. 

A new type of cell which depends on the photosensitive proper¬ 
ties of cuprous oxide has recently been developed.^ This cell 
has no electrolyte and consists merely of a copper plate coated 
with cuprous oxide on which is superposed a metal grid or a 
transparent metallic film. When the cell is illuminated, elec¬ 
trons stream from the copper to the cuprous oxide without the 
application of an external electromotive force. The Weston 
^^Photronic^^ cell is of this general type. It has a dark resistance 
of about 1500 ohms, which decreases to about. 300 ohms under an 
illumination of 250 foot-candles. Its sensitivity is approxi¬ 
mately 80 microamperes per lumen when inserted in a circuit of 
negligible resistance. 

98. The Photoelectric Effect. —The first evidence of what is 
now known as the photoelectric effect was discovered quite 
accidentally in 1887 by Hertz,^ who observed that a spark jumps 
more readily between two electrodes when they are illuminated 
than when they are in the dark. He was quick to sense the 
importance of this discovery and to trace the cause to the 
ultraviolet component of the light. A year later, Hallwachs^ 
found that a zinc sphere attached to an electroscope acquires a 
small positive charge when illuminated by ultraviolet light. If 
the sphere is originally charged positively, the illumination has 
no appreciable effect; if it is originally charged negatively, the 

1 Physik, Zeits.y 31, 139 and 913 (1930). 

2 Wiedemann^s Ann. Physiky 31, 983 (1887). 

a Ihid.y 33, 301 (1888). 
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charge leaks off until the final potential is slightly positive> 
usually a matter of a volt or less. This phenomenon was 
explained by assuming that electrons are ejected from the metallic 
surface as a result of the action of light, and the extensive inves¬ 
tigations of Elster and Geitel confirmed this explanation. 

In 1890, Stoletow^ connected two electrodes in series with a 
battery and a galvanometer and observed a continuous current 
in the circuit when the negatively charged electrode (cathode) 
was illuminated. It was very quickly established that the 
number of electrons emitted per unit time is proportional to 



Fig. 117.—Kinetic ene^^z:y of a photoelectron from sodium as a function of 
the frequency of the exciting? radiation (from Millikan’s data). For convenience, 
the wave lengths in millimicrons are indicated along the axis of abscissae^. 


the amount of light flux incident on the photoelectric surface. 
This result seemed reasonable enough, and it was anticipated 
that the velocity of the ejected electrons would depend on the 
intensity of the illumination. But experiment proved the 
contrary; for, under comparable conditions, the distribution 
of electronic velocities was found to be quite independent of 
the illumination. The velocities were found to range from 
zero to a definite maximum, which was explained later by 
assuming that all the electrons are released from their atoms 
with the same velocity but that those originating in the lower 
layers lose a part of their velocity before they reach the surface. 

The kinetic energy corresponding to the maximum velocity 
of the photoelectrons was subsequently shown to be a linear 
function of the frequency of the exposing light. This is illus¬ 
trated by Fig. 117, which is plotted from data obtained by Milli- 

^Jour, Physique^ 9, 468 (1890). 
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kan^ for sodium. The slope of this curve is found to be the same 
for all elements but the limiting frequency vq is different. This 
result was interpreted by Einstein^ on the basis of the quantum 
theory. Pie reasoned that the absorption of light in the photo¬ 
electric process should take place by quanta of energy, just as 
Planck had found that thermal radiation is apparently emitted 
by quanta. Assuming that the ejection of a single photoelectron 
requires the absorption of an amount of energy hv^ the kinetic 
energy of the electron should be given by 

= h{v — vq) ^ hv — Wy ( 199 ) 

where h is Planck’s constant and W represents the amount of 
energy given up by the electron in escaping from t he photoelectric 
surface. This is Einstein’s famous 'photoelectric equation, and 
the evidence supporting this interpretation of the photoelectric 
effect is most, convincing. In fact, Millikan has stated that the 
photoelectric effect, provides the most accurate method for 
determining Planck’s constant. 

The value of the quantity W, which is known as the work 
functiofi, can be determined experimentally for a given substance 
from nu'asurements of contact potentials or thermionic emission. 
Since W — hvo, the limiting .frequency b(4ow which the photo¬ 
electric effect does not take place can be readily computed. The 
limiting frequencies of a few common metals are given in 
the first column of Table XVL The second column gives the 
corresponding values of wave length in millimicrons. These 
values arc greatly affected by impurities, and some of the limiting 
frequencies would almost certainly be higher if the metals could 
be made absolutely pure. 

99. Photoelectric Cells. —The photoelectric effect has been 
studied extensively almost from the moment of its discovery, 
but for many years few attempts were made to utilize it for 
practical purposes. This was largely because selenium cells 
were already available and gave more current for the same 
amount of light flux. It was only after vacuum-tube amplifiers 
were perfected that advantage could be taken of the superior 
properties of the photoelectric cell. 

^ Phys, Rev., 7, 365 (1916). Other investigators had previously obtained 
similar but less exact results. 

2 Ann. Physik, 17, 132 (1905). 
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Table XVI.— ^Limiting Fhequencies of Certain Metalb 


Element 

vibrations 
per second 

Xoi 

millimicrons 

Caesium. 

44.1 X 

681 

Sodium. . 

51.6 

583 

Lithium. . 

51.7 

580 

Aluminum. 

62.9 

477 

Potassium. 

68.8 

436 

Magnesium. 

78.5 

382 

Calcium. 

81.1 

370 

8ilv(‘r. 

92.3 

325 

Cadmium. 

95.5 ! 

314 

Iron. 

98.4 

305 

Zinc. 

99.3 

302 

C<]»|)per. 

100.0 

300 

Platinum. 

107 0 

280 

Tungst(‘n. 

130.5 

230 


One type of coll that is particularly usc^ful for j 2 ;enoral laboratory 
purposes is shown in Fi^. 118. This cell is approximately as 



large as a 100-watt lamp and has a 
window in. in diameter. The 



anode is a wire projecting through 
the base into the center of the bulb 
and connected to one of the prongs 
in the base. The cathode is a coat¬ 
ing deposited on the inside of the 
bulb, the connection being made 
through the side of the bulb by 
means of a flush seal. The active 
material in this cell is caesium, 
which is selected because of its 
spectral sensitivity. Since caesium 
melts at approximately room tem¬ 
perature, a special method of pre¬ 
paring the cathode is adopted. 


Fig. 118.—Caesium photoelec¬ 
tric cell for general laboratory 
use. (General Electric types 
PJ-14 and PJ-15.) 

Tl^e oxygen is then pumped 


The procedure is to silver the inside 
of the bulb and then oxidize the 
silver by filling the bulb with oxygen 
and causing a glow discharge to pass, 
out and the proper amount of caesiulii 
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is introduced. On being heated, this combines with silver oxide 
to form oxides of caesium and leaves a layer of metallic caesium 



Fig. 119. — Spectral sensitivity of typical caesium cells, (airve A, for General 
Electric types PJ-14 and lM-ir>; curve H, for types PJ-22 and PJ-23. 


approximately one atom deep. This layer does not distill off 
at any ordinary temperature and is as satisfactory as a thicker 
layer would be. The spectral sensitivity of this cell extends 
throughout the visible region, as shown 
by curve A in Fig. 119. Its response can 
then'fore be made similar to that of the 
eye by means of suitable filters, a neces¬ 
sary procedure when the cell is to l>e 
used for photometric purposes. This 
cell is either completely evacuated (type? 

PJ-14) or filled with argon (type PJ-lo), 
the function of the argon being to 
increase the sensitivity in a manner that 
will be described later. 

The small cell shown in Fig. 120 has 
b(?en developed for the reproduction 
of sound from motion-picture film. 

The vacuum type is known as the PJ-22 
and the gas-filled type as the PJ-23. 

The sensitivity of both types is somewhat 
greater than that of the corresponding photoelectric cell used 
type, iu,t dt,cribed. Their spoctral ” 

sensitivity is higher in the infrared, types PJ-22 and 
due to oxides of caesium, as is shown 
by curve B in Fig. 119. 



Fig. 120.—Caesium 
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Many other cells have been developed for various purposes,^ 
and a list of those made by one of the leading manufacturers 
is given in Table XVIl. This list is being constantly altered 
as new cells are developed and old ones are discontinued. Two 
cells in this list that deserve special mention are the FJ-76 and 
20 
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P’lQ. V21 .—Spectral Honsitivity of a sodium cell in a <iuartz bulb designed for 
experimental work in the ultraviolet. (General Electric types l‘M-7b and F,J-77.) 

the FJ-77, which are designed for experimental work in the ultra¬ 
violet. The active material of those cells is sodium and the bulbs 
are made of quartz. A representative spectral sensitivity curve 
is shown in Fig. 121. 

If a photoelectric cell of the vacuum type is connected in a 
circuit like that shown in Fig. 122, the relationship between the 
curnmt and the impressed voltage for 
various values of light flux is as shown 
in Fig 123. It is evident that, for a 
given value of light flux, the current 
approaches a limiting value as the volt¬ 
age is increased. This is to be expected 
because, when the voltage between the 
electrodes is sufficient to attract to the 
anode all the electrons that are released 
by the light, no further increase in current can be obtained. In 
other words, the vacuum cell has a definite saturation current 
for every value of light flux. This feature makes this type of 

^ The construction, operation, and characteristics of photoelectric cells have 
been described by Roller, Jour. Optical Soc. Amer. and Rev. Sci. Instruments. 
19> 136 (1929), and Jour. Western Soc, Eng.y 36, 16 (1931). 
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cell ideal for photometric use because, by impressing a sufficiently 
high voltage, the current becomes sensibly independent of the 
voltage and depends only on the total amount of light incident 
on the cathode. 

The variation in current with light flux for .50 volts on the cell 
is shown in Fig. 124, which is replotted from the curves in Fig. 



Fig. 12;^.—Current-voltage relationship of a typical photocleetric cell of the 
vacuum type (r.J-22). 

123. In a well-constructed cell, this relationship is very nearly 
linear. The most frequent cause for non-linearity is leakage 
within the cell, which becomes important when the current is 
small. Cells like the one shown in Fig. 120, in which the con¬ 
nection to the cathode is made through the base, have a relatively 



Fig. 124.—Variation of cell current with light flux in a (^ell of the vacuum type 
when 50 volts are applied to the coll. 

large leakage current. Even in a cell of the form shown in Fig. 
118, where the leakage is ordinarily small, the condensation of 
moisture on the outside of the bulb in damp weather may give 
rise to a leakage current as great as 10“^ amp. This current 
can be reduced materially by equipping the cell with a guard 
ring as shown in Fig. 127. The guard ring need only be a 
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piece of wire wrapped around the stern of the tube and attached 
to a constant source havinj;* approximately the same potential 
as the cathode. 

Cells of the gas-filled type are more sensitive than those of 
the vacuum type because the ionization of the gas by collision 
can be utilized to increase the number of electrons reaching the 
anode for a given amount of light. Each electron that is released 
from the cathode collides with many gas molecules on its way 
to the anode; and, if the potential difference across the cell is 
sufficiently high, the force of the collision will ionize these mole¬ 
cules. The sensitivity of a gas-filled cell depends, therefore, 
on the impressed voltage, [ind the limit is reached when the volt- 



ImpKesseol Voltage 


Fig. 125. - Currciit-voltaKe relationship of a typical photoclootrio cell of the gas- 

filled type (PJ-23). 


age is so high that the ionization becomes cumulative and a 
continuous glow discharge takes place. ^ For stability of opera¬ 
tion, the cell should be operated well below^ the glow voltage. 
The limit thus imposed on the amplification produced by the 
gas is about ten-fold. 

The characteristic current-voltage relationship for a typical 
gas-filled cell is shown by the curves in Fig. 125. The lower 
portions of these curves are similar to the corresponding portions 
of the curves in Fig. 123, but the increase in sensitivity due to 
the presence of the gas makes itself evident above about 15 volts. 
This increase in sensitivity is obtained at some sacrifice of 
linearity of response, however, especially at high values of 
impressed voltage or illumination. As the increase in sensitivity 

^ To prevent damage in case this accidentally occurs, a gas-filled cell should 
always be connected in series with a resistance of approximately one megohm 
to limit the current. 
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is the only point of superiority of the gas-filled type of cell, the 
vacuum type should always be used when possible. 

Photoelectric cells respond almost instantaneously to varia¬ 
tions in the exposing light. In fact, the response of a cell of the 
vacuum type is so rapid that, in practice, it is limited more by 
the electrostatic capacity of the cell and associated elements 
than by any inherent lag in the cell itself. The response of a cell 
of the gas-filled type is limited by the rate of decay of the ioniza¬ 
tion of the gas, but it is usually so rapid that- gas-filled cells can 
be used without appreciable attenuation throughout the entire 
range of audible frequencies. In this respect, photoelectric 
cells are distinctly superior to selenium or other photoconductive 
substances. They are also superior because of the almost linear 
nature of their response. This is so nearly linear that many 
investigators have attempted to use photoelectric cells as a 
substitute for radiometers in the direct measurement of the 
intensity of a beam of light. The results of such a procedure 
are likely to be disappointing unless the precision required is 
low, since all the cells that have thus far been produced exhibit 
marked changes in both their spectral sensitivity and their 
total sensitivity with time.^ One remedy is to calibrate the cell 
frequently. A more elegant procedure is to use a null method 
in which the unknown source and a standard source are com¬ 
pared in rapid succession, the two being adjudged equal when 
there is no variation in the cell current. This method will be 
described in more detail in the next chapter. 

100. The Amplification of Photoelectric Currents. —The most 
common use of photoelectric cells to-day is in connection with 
the reproduction of sound from motion-picture film. The 
amount of light flux incident on the cell in such apparatus is 
usually about 0.1 lumen, and the current that is obtainable with 
the best of photoelectric cells is only a few microamperes. Even 
this is a relatively large amount of current, and some photo¬ 
electric devices have been satisfactorily operated with currents 
as small as 10“^^ amp. Although currents of this order of 
magnitude can be measured with a good galvanometer, it is fair 
to say that photoelectric currents would ordinarily be of little 
use without amplification. 

^ The applicability of photoelectric cells to photometry and colorimetry 
has been discussed extensively by Ives and Kingsbury, Jour. Optical Soc. 
Amer., 21, 541 (1931). 
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If the output of a light-sensitive cell of the photoconductive 
type is to be amplified, its effective sensitivity may be very differ¬ 
ent from that indicated by the curves showing the variation 
of cell current with light flux. This is because these curves are 
determined with a current-measuring instrument, such as a 
galvanometer, whose resistance can be neglected in comparison 
with that of the cell itself. The thermionic lube, on the other 
hand, is essentially a voltage- 
operated device; and a high resist¬ 
ance must therefore be inserted 
in the cell circuit to transform 
the variations in current into 
variations in voltage. A tyj)ical 
circuit is shown in Fig. 126, where 
a cell having a resistance r is 
connected in series with an external 
resistance E and a source of elec¬ 
tromotive force E. The thermionic tube, assumed to draw 
no current from the circuit, is connected between the points A 
and B. When the resistance of the cell changes as a result of 
variations in the light flux, the voltage across AB varies in a 
manner that will now be investigated. 

Let the voltage across the cell be represented by e. Then 

e - ir, 

where i is the current in the circuit;. If now the resistance of 
the cell changes by an amount dr as a result of a change dF in 
the incident flux, the corresponding change in e is 

de = rdi + idr. (200) 

The change in voltage across AB is, of course, the same as that 
across the cell. Hence the effective sensitivity of a light-sensi¬ 
tive cell is measured by the ratio of de to dF when it is to be used 
in conjunction with an amplifier or other voltage-operated device. 

The value of de can be found in terms of the circuit constants 
by noting that 

E 

^ ~ R + r' 

Then, since E and R are constant, 

-Edr 

(R + ry' 



( 201 ) 
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By combining these equations, it is found that 

de = (202) 

r{R + r) 

In the limit, if R is very large, the ratio approaches unity. 

For this case, the change in voltage across AB produced by a 
change dr in the cell resistance is 

de = -^dr. (203) 

r 


Under these conditions, the voltage change across A Bis obviously 
a maximum; and it will be seen to depend only on the fractional 
change in the cell resistance and the highest voltage that can 
safely be applied to the cell. 

A numerical example will make the above relationships clear. 
Suppose that the selenium cell whose characteristics are shown 
in Fig. 115 receives 0.1 lumen of light flux. This flux is distrib¬ 
uted over an area of 7.0 cm^, so the illumination is 13.3 fool^ 
candles. By referring to the curve, it is easy to compute that, 
for this amount of illumination, the resistance of the cell is 
approximately 1.5 megohms. The slope of the curve at this 
point indicates that, if the illumination were reduced by 1 per 
cent, the resistance would be increased by 5500 ohms. Sub¬ 
stitution of these values in Eq. (203) indicates that, under the 
most favorable conditions, this change in illumination will 
produce a voltage change across AB of 0.35 volt. 

It is evident from Eq. (202) that the external resistance R 
should be as large as possible, but this condition is usually not 
attainable in practice because the voltage E of the battery would 
have to be unduly large to maintain the desired voltage drop e 
across the cell. It is easily shown that, if the voltage of the 
battery is less than twice the voltage that can safely be applied 
to the cell, the maximum signal voltage across AB occurs when 
R is equal to r. It can also be shown that the signal voltage under 
these conditions is directly proportional to E. There is little 
to be gained by using a value of E greater than twice the maxi¬ 
mum cell voltage because, even if E is infinite, the signal voltage 
is only doubled.^ 

^ It goes without saying that the value of R should be such that the 
potential across the cell will be the highest thait is safe. 
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The foregoing; considerations do not apply to a cell of the 
photoemissive type for the reason that the resistance is ordi¬ 
narily so high that it would be impracticable to attempt to 
match it with an external resistor. For example, when 50 volts 
are applied to the photoelectric cell whose characteristics are 
shown in Fig. 123, the current for an incident flux of 0.1 lumen 
is approximately 0.5 microampere. The resistance of the cell 
under these conditions is therefore 100 megohms, and the resist¬ 
ance is even greater when the amount of light flux is k>ss. A 
stable resistor of this size is difficult to obtain, and, furthermore, 
it is usually undesirable because it would make the circuit sluggish 
in responding to changes in light flux.^ For this reason, the 
practical limit to the value of R is frequently one megohm or 
less. This means that the resistance of the cell is ordinarily 
infinite in comparison, and, therefore, the change in voltage 
across AB in Fig. 126 is 

de - Rdi. 

The change in current corresponding to a giv(m change in light 
flux can in this case be read directly from a curve of the type 
shown in Fig. 124. 

It is of some interest to compare the signal voltage obtainable 
from a photoek^ctric cell with that computed above for the 
selenium cell. If 0.1 lumen is incident on the cell whose charac¬ 
teristics are shown in Fig. 124, the current is approximately 0.5 
microampere. A change of 1 per cent in the light flux would 
produce a change in current of 0.005 microampere and, hence, 
if R equals 1 megohm, the signal voltage is 0.005 volt. This 
is in contrast to the 0.35-volt signal obtained with the selenium 
cell; but it is only fair to add that, because of the sluggishness 
of the selenium cell, the conditions are not strictly comparable. 
If the photoelectric cell is used with such a large series resistance 
that its response is as slow as that of the selenium cell, the photo¬ 
electric cell is the more sensitive. 

One method of connecting a photoelectric coll to a vacuum-tube 
amplifier is shown in Fig. 127. The grid is given the proper 
negative bias by connecting the filament to a point of the battery 

1 This is because of the inevitable electrostatic capacity of the grid of 
the vacuum tube, the photoelectric cell itself, and the connecting wires. 
The time constant of the circuit is RC. Hence if R is 100 megohms and C 
is lO'^i farad, the voltage applied to the grid will require approximately 
one-thousandth of a second to rise to two-thirds of its final value. 
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that is slightly more positive than the low-potential end of the 
resistance. The guard ring, which should be used if the currents 
to be amplified are small, is so connected that its potential is 
approximately the same as that of the cathode when the normal 
cell current is flowing. It has already been mentioned that the 
resistance R must be low if the cell is to respond rapidly to varia¬ 
tions in the light flux. Quite often these variations are cyclical 
in character, and it is therefore desirable to express the limiting 
value for R in terms of the frequency of the signal. The grid- 
filament capacity of a tube of the screen-grid type’ is about 



6 X 10“’^ farad, and the capacity of the photoelectric cell and 
connecting wires is at least of the same order of magnitude. 
Taking the capacity of the entire grid circuit in round numbers 
as 10“^^ farad, the capacity reactance l/27r/C is given in the table 
below for various values of frequency: 


Frequency, 
Cycles pcT 
Second 


Capacity 

Reactance, 

Megohms 


1 

10 

60 

100 

1,000 

10,000 

100,000 

,000,000 


15,900 

1,590 

265 


159 

15.9 

1.59 

0.159 

0.0159 


^ Unless a tube is of the screen-grid type, the effective electrostatic 
capacity of the grid is increased approximately in proportion to the voltage 
amplification. Another important advantage of the screen-grid tube is 
that the connection with the grid is made through the top of the tube, so 
the leakage is much less than when the connection is made through the 
base, 
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It will be seen that the capacity reactance decreases with increas- > 
ing frequency. If the amplification is t,o be approximately 
constant over a range of frequencies, it is easily shown that R 
must be no greater than the capacity reactance at the highest 
frequency. For example, in using a photoelectric cell for the 
reproduction of sound, the highest frequency that must be 
amplified can be set at approximately 10,000 cycles/sec.; and 
referring to the table, it is clear that in this case R must not exceed 
about one megohm. 

The operating conditions of the vacuum tube into which 
the cell works must be quite different from those recommended 



Fig. 128,—Relation of grid and plate currents to the grid potential of a typical 
four-clement vacuum tube (UY-224) under normal operating conditions. 

for radio purposes. In radio circuits, although the voltages 
are small, the resistances of the circuits are small also, and 
consequently the currents are fairly large. Under these condi¬ 
tions, it is possible to neglect the grid current within the vacuum 
tube. When amplifying photoelectric currents, on the other 
hand, the grid current may become appreciable unless special 
precautions are taken. This will be clear from Fig. 128, which 
shows the plate- and grid-current curves for a typical tube of the 
UY-224 type operated under the following conditions, whidi are 
substantially the same as are recommended for radio purposes: 
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Filament voltage. 2.5 volts 

Plate voltage. 180 volts 

Screen-grid voltage. 60 volts 

Plate-circuit resistance. 250,000 ohms 

.When the grid is at a high negative potential, the grid current 
is due to electrons emitted by the grid itself resulting from its 
heating by the filament. The remedy is to operate the filament 
at a low temperature, a procedure that is quit(^ satisfactory 
because the plate current in the first stage of the amplifier need 
not be large. In the region from —14 to —4 volts in the case 
illustrated, the grid current is due primarily to positive ions 
formed by the bombardment of the residual gas molecules by 
the electrons constituting the plate current. These positive 
ions are attracted to the grid and produce a grid current nearly 
proportional to the plate current. The formation of these ions 
can be prevented by keeping the plate voltage below the ioniza¬ 
tion potential of the residual gas, usually about 12 volts. When 
the grid is more positive than —4 volts, it begins to attract elec¬ 
trons from the filament. This produces a current in a direction 
opposite to that of the currents just considered. The magnitude 
of this current increases rapidly as the grid becomes more 
positive; and, in the case illustrated, it neutralizes the other 
currents at about —0.4 volt. This point is therefore the free- 
grid potential. 

The difficulty of amplifying photoelectric currents with a 
tube having a grid current like that shown in Fig. 12<S is obvious 
when it is realized that the slope of the grid-current curve repre¬ 
sents the reciprocal of a virtual resistance in parallel with R. 
If the grid-current curve is steep, the resistance is low^ and the 
signal voltage is correspondingly reduced. The portion of the 
grid-current curve that causes the most difficulty can be elim¬ 
inated by decreasing the voltages applied to both the plate and 
the filament. For example, the above tube can be operated under 
the following conditions: 


Filament voltage. 1.5 volts 

Plate voltage. 15.0 volts 

Screen-grid voltage. 7.5 volts 

Plate-circuit resistance. 250,000 ohms 


Then the grid current is sensibly zero for all grid voltages more 
negative than —0.4 volt, as is shown in Fig. 129. The mutual 
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conductance of the tube when operated in this way is low and 
the amplification is therefore small. This feature, however, 
is of little moment because the first stage may be followed by 
others of orthodox design to build up the signal to the required 
strength. 

A new tube that is particularly well adapted to the amplifica¬ 
tion of small photoelectric currents has been recently placed 
on the market by the General Electric (’ompany. This tube is 



Fig, 120,—Relation of grid and plate currents to the grid potential of the UY-224 
tube with reduced filament and plate potentials, 

known as the rP-54 and has been described by Metcalf and 
Thompson.^ It is designed to have a relatively high mutual 
conductance even when operated at a plate voltage as low as 6 
volts. The insulation of the grid is unusually high, the grid 
current being less than amp.’-^ 

^ Phys. Rev,, 36, 1489 (1930). 

2 For details coneerninK some of the special precautions that must be 
taken in the amplification of photoelectric currents, the reader should 
consult the literature of the subject, notably a paper by Nottingham in 
Jovr, Franklin InsL, 209, 287 (1930). See also ‘'Photoelectric Phenomena” 
by Hughes and DuBridge and (Chapter X of ^‘Procedures in Experimental 
Physics” by Strong. 





CHAPTER XIII 


PHOTOMETRY 

The term ‘^photometryrelates broadly to the measurement 
of light. Visual measurements must always be made by some 
sort of comparison method for reasons that were made clear in 
CU)ap. X. These measurements are fairly simple if the sources 
to be compared are of the same color; but if their colors are 
different, a special procedure must be followed, as will be shown 
in the section on heterochrornatic photometry. Physical pho¬ 
tometry is the term used to designate photometric measurements 
in which the eye is replaced by some physical device such as a 
photoelectric cell or a photographic plate. Spectrophotometry 
is photometry in which the photometric apparatus is combined 
with a dispersing system so that measurements are made wave 
length by wave length. 

The technique of photometry^ has been developed largely 
at the instance of the illuminating engineer. The choice of 
concepts and units has therefore been made to expedite the 
problem of distributing light in bulk rather than to systematize 
the subject. This condition results in perplexity for the student 
of physics, who is accustomed to concepts that were rationalized 
long before they found an engineering application. The term 
“foot-candle^’ is a case in point. From the very nature of 
things, illumination must be evaluated in terms of flux per unit 
area; in the English system, the logical unit is the lumen per 
square foot. To call this unit a foot-candle is not in keeping with 
the exactitude that characterizes scientific nomenclature. 

There are really only four fundamental photometric quantities, 
and these are so related geometrically that only one is an inde¬ 
pendent entity. These quantities, which were discussed in Sec. 
11 (p. 18), are listed on the next page. It is a matter of indiffer¬ 
ence which is accepted as fundamental and which as derived, 
although it is most logical to consider the lumen as the funda- 

1 Walsh’s ^‘Photometry” is an excellent treatise on the subject. It 
contains an unusually extensive bibliography. 
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Quantity ^ 

Dimensions 

Unit 

Symbol 

Flux. 

Liirnens 

Lumen 

F 

Intensity (point source). 

Lumens per unit solid 
angh* 

Uandle 

1 

Brightness (extended source). 

Lumens per unit .solid 
angle per unit area 

Candle p(T 
unit area 

B 

Illumination. 

Taimcns per unit area 

Lumen per 
unit area 

E 


mental unit. The candle is an easier standard to maintain, 
however, because measurements of intensity are simpler than 
those of total flux. 

The present standard of luminous intensity is the international 
candle. This has been maintained since 1909, when it was 
established by agreement between the national standardizing 
laboratories of France, Great Britain, and the United States.^ 
In this country, the Bureau of Standards maintains the standard 
by means of 45 carbon filament lamps, which are operated at 
a temperature corresponding to 4 waits/candle. These lamps 
constitute the primary stand- 

T-^ 


h-e*i .- «*2 

j 


-t 


ard, and reference and work¬ 
ing standards are derived 
from them. X 

101. The Measurement of / 

Luminous Intensity.—Since 
the concept of luminous 
intensity applies only in the 
case of a point source, measurements of luminous intensity are 
generally based on the inverse-square law. The method is 
illustrated in Fig. 130. If li is the intensity of a standard source 
^ 1 , the illumination produced om the diffusely reflecting surface 
of the photometer head U will bl 


\ 

Fig. 130. 


E, 


h 

d? 


cos I . 


In similar fashion, the source of unknown intensity So will produce 
an illumination 

E 2 = T cos 2 . 

0 / 2 ^ 

* In Germany and some other (countries, the Hefner lamp is still the legal 
standard. Its intensity is 0.90 candle. 
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The procedure for determining the intensity of the unknown 
source is to move the photometer head along the line joining the 
two sources until the two halves of the photometric field appear 
to have the same brightness. If the head is properly constructed, 
El is then equal to i/ 2 , and the above equations can be combined 
to give \ 



Thus the intensity of the unknown source can be computed in 
terms of that of the standard source from a simple measurement 
of the two distances. 

In practice, no source can be a true point, but any source 
can be treated as a point if it is so small compared with the 
distances involved that, if it were smaller, the same result would 
be obtained within the limits of experimental error. The preci¬ 
sion of measurements of luminous intensity is such that, provided 
the greatest dimension of the source is l(\ss than one-twentieth 
of its distance from the photometer head, the assumption that 
it is a point is usually justified. This means that the length of 
the photometer bench should be made to suit the dimensions 
of the source to be nuaisured. 

The accuracy of visual photometric methods depends upon 
the ability of the eye to estimate the relative brightness of 
the two halves of the photometric field. This ability is related 
to the contrast sensitivity, which, as shown in Chap. X, is about 
1.8 per cent. Photometric measurements are more accurate than 
this value would indicate because the procedure is to adjust the 
photometer head until first one half of the field and then the other 
appears just noticeably too bright. This operation is repeated 
several times and a final setting is made at an estimated midpoint. 

The accuracy of photometric settings depends to some extent 
upon the brightness of the field and is a maximum for a field 
brightness of approximately 10 candles/meter^. To attain 
high precision, the dividing line between the two halves of the 
field must be as fine as possible. The form of photometer head 
shown in Fig. 130 is not used for serious work because it has a 
dark line down the center of the field that seriously affects the 
accuracy of the settings. Although photometer heads of many 
forms have been devised, the types in common use are based 
on one originated by Lummer and Brodhun. This is shown 
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schematically in Fig. 131. Light from the two sources Si and S 2 
falls on the opposite sides of the photometric surface P, which 
is made of some white diffusing substance, usually plaster of 
Paris. The essential feature of the Lurnmer-Brodhun head is 
the photometric ‘‘cube'’ C. This consists essentially of two 
right-angle prisms, the outer portion of the hypotenuse of one 
being ground away Ixifore they are cemented together. Where 
the two prisms are in optical contact., light reaches the eye from 
the side of P that is illuminated by Where they are not in 
contact, total reflection takes place and the side of the surface 
illuminat.ed by S\ is seen. The appearance of the field is shown 
at. A. When the field is balanced, the dividing line practically 
disappears. Like all subjective observations, the accuracy 





Fig. 181.— Sketch showing tlic principle of Liiinrner-Brodhun photometer head. 

A, the uf)pc‘arance of the field. 

depends to a great extent on the comfort and physiological 
condition of the observer, but, under the most favorable condi¬ 
tions, an experienced observer can attain an accuracy of 0.2 
per cent in the mean of a large number of settings. 

It should be noted that the eye compares the brightness 
of the two halves of the field, whereas the assumption underlying 
Eq. (204) was that the illumination produced by the two sources 
is the same. To avoid errors within the photometer head itself, 
such as might be due to a difference in reflectance between the 
two sides of the surface P, the customary procedure is to rotate 
the head on the trunnions T and to make half of the settings in 
the reversed position. This procedure is similar to double 
weighing on a balance whose arms are not of equal length. 
Averaging the two sets of readings very nearly eliminates the 
error caused by any dissimilarities in the photometer head. 
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Sometimes a substitution method is used, the unknown and the 
standard being compared successively with an auxiliary source. 
It need scarcely be mentioned that any stray light reaching the 
photometric surface P will affect the reading. This is avoided 
by means of baffles suitably located between the sources and the 
head. 

A very flight difference in the color of two source's is easily 
perceptible in a photometric field, and this circumstance makes 
it possible to match the color temperature of two sources with 
considerable precision. In incandescent-lamp practice, for 
example, the color temperature of one lamp can be made equal 
to that of a standard lamp by adjusting the applied voltage 
until there is no color difference in the photometric field, the 
photometer head being constantly moved to maintain a bright¬ 
ness match. Under favorable conditions, \ he error in matching 
the color temperature of two sources is about- at the of)erat- 
ing temperatures of incandescent lamps. 

102. The Measurement of Luminous Flux.—The fact that a 

© source may be small (mough to 

make the concept of intensity 
applicable does not imply that- the 
intensity is the same in all direc- 
^ tions. Since most hght sources 
nowadays are used in some sort 
of diffusing globe or its equivalent, 
the total flux emitted by the source 
is of more significance than the 
intensity in a single direction. The 
total flux can be found indirectly by 
measuring the intensity in a large number of directions and com¬ 
puting the amount of flux emanating in each. Because of the 
laborious nature of this procedure, it is seldom used, however.^ 
The apparatus in common use at the present time for the 
measurement of total flux depends on a principle first recognized 
by Sumpner in 1892. In connection with an investigation of 
the reflection factors of various materials, he showed that, if. a 
source of light is placed within a hollow sphere whose wall is 
perfectly diffusing, the brightness of every portion of the sphere 

^ Many methods of facilitating the computations have been devised. 
They are ^..escribed in the standard texts on photometry and illuminating 
engineering. 
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will! due to light reflected from the remainder of the wall is the 
same. The proposal to use the sphere in photometry was first 
made by Ulbricht in 1900, and the theory and technique of 
photometry by the use of the integrating sphere have been studied 
extensively since that tirne.^ 

The procedure most comriionly used to-day is illustrated in 
Fig. 132, The light source is introduced at L within a sphere 
whose wall is coated with a diffusely reflecting white paint.- 
The screen S prevents the direct light from striking the window 
IF, which is made of opal glass. Then, by Sumpner’s principle, a 
given amount of flux from the lamp produces the same illumina¬ 
tion on the window regardless of the direction in which it is 
emitted from the lamp. The illumination on the window is 
therefore proport ional to the total flux emitted by the lamp, which 
can be readily evaluated in terms of the intensity of an auxiliary 
source by means of an exUanal photometer bench. A standard 
lamp whose mean spherical candhqDower has been previously 
measured by the point-by-point method is then substituted at L 

^ S('(‘, for instiiii(*(', Bur, Standards Paper 417. 

2 It is important that tlu' paint with which tlic interior of the sphere is 
coated should be not only j)erfectly diffusing but also non-sdective, so 
that the repeated reflections within the sphere will not a])precia,bly alter 
the color of th(' light. The paint used at. tin' Bunsau of Standards contains 
zinc oxid(' for the pigment and is mad(‘ by first preparing a lacquer as follows: 

Parts by 
Weight 


Denatured alcohol . 100 

Camphor. 15 

Celluloid (colorles.s, sjuall pieces). 10 


The camphor is first dissohanl in tin' al(a)hol, after which the pieces of 
celluloid are added. The mixture is stirnal occasionally until the celluloid 
is dissolved, which usually requir(‘s about 10 hr. The alcohol lost by 
('vaporation is then replaced and the paint is made up as follows: 

Parts by 
Weight 


Cellulose lacquer. 4 

Alcohol. 1 

Zinc oxide. 4 


This mixture is stirred until a smooth, thick paste results, which may require 
an hour or more. Then approximately 2 parts of alcohol and 1 or 2 parts 
of water-white turpentine are added, the alcohol to thin the mliXture and 
the turpentine to retard the drying. 
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for the unknown lamp; and the total luminous output of the latter 
is computed from the ratio of the values of the intensity of the 
window in the two cases. 



Fig. 133.—The Macbeth illunhnometer. {By courtesy of Leeds and Northrup 
Instrument Company.) 

103. The Measurement of Brightness. —Brightness is the 
only one of the four fundamental photoirK^iric quantities that 

the eye is capable of comparing 
directly.^ To make a bright¬ 
ness photometer it is, therefore, 
only necessary to replace the 
surface comprising one half of 
the photometric field by the 
surface whose brightness is to 
ho measured. This could he 
done with the Lummer- 
Brodhun photometer head 
shown in Fig. 131 by placing a 
mirror over one surface of the 
plaster screen, the surface to be 
measured being so placed that 
its image is visible on looking 
through the cube. Where an 
accuracy of 2 to 3 per cent is 
sufficient, a portable photom¬ 
eter is more convenient. A 

of =ool> » toot™. 

ment is shown in Fig. 133 and a 
diagrammatic sketch of its construction in Fig. 134. Light from 
^ Although the intensity of a point source can be estimated roughly, 
precise measurements require a photometer head in which the eye estimates 
the brightness of an extended surface illuminated by the source. 
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the small lamp.L illuminates the photometric surface P, which is 
usually a piece of ground glass. This surface is seen through 
the outer portion of the photometric cube C, the center of (.he 
field being illuminated by light entering the front of the cube 
from the surface under test. The photometric setting is made 
by turning the knob K to vary the distance of the lamp from the 
ground glass, after wdiich the reading is taken from the scale S 
on the rod supporting the lamp. 

Objects that are very bright can be measured by means of an 
instrument in which one of the photometric surfaces is the fila¬ 
ment of a small lamp. This is tlie principk^ of the optical pyrom¬ 
eter, which is used to determine the t,emperature of incandescent 
liquids and solids. The optical system of this instrument is 
shown in Fig. 135. The surface being mc'asured is imaged by 


0 




A 

Fig. 135. 

the objective 0 in the plane of the lamp filament L. On looking 
through the instrument, the observer sees the filament outlined 
against this surface, the field appearing as shown at A. In 
making a setting, the current through the filament is adjusted 
until the downward-curving tip disappears against the back¬ 
ground. The instrument is calibrated to read temperature by 
noting the extinction point for a surface whose temperature is 
known, such as a metal at its melting point. To avoid any color 
difference between the filament and the surface under observa¬ 
tion, a red filter is introduced at F, 

The unit of brightness was stated in Sec. 11, Chap. I, to be 
the candle per unit of area, the area being projected on a plane 
normal to the direction in which the surface is observed,^ The 
brightness of a diffusely reflecting surface is the same for every 
angle of observation; and another unit, called the lamhert, is 
designed to take advantage of this circumstance. By definition, 
one lambert is the brightness of a perfectly diffusing surface 
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emitting or reflecting one lumen per square centimeter. The 
advantage of this unit is that the brightness of the surface in 
lamberts is simply the product of the illumination in lumens 
per square centimeter and the reflecting power of the surface. 
In other words, if a diffusing surface reflects all the light incident 
upon it, its brightness in lamberts is equal to its illumination 
in lumens per square centimeter. When the surface does not 
obey Lambert s law, its brightness depends upon the angle of 
observation, and the chief advantage of the lambert disappears. 
In fact, the meaning of the term is difficult to interpret in this 
case. One is compelled to represent the brightness of such a 
surface in a particular direction by the number of lumens per 
square centimeter that a perfectly diffusing 
surface of the same brightness would 
radiate. 

The relationship between a given bright¬ 
ness expressed in candles per square centi¬ 
meter and in lamberts is not immediately 
apparent. It might be assumed at first 
glance that, since there are 2t solid angles 
in a complete hemisphere, a given bright¬ 
ness measured in candles per square centi¬ 
meter should be 2'w times as great as when 
measured in lamberts. A more careful 
analysis shows that this is not the case. 
In Fig. 136, let the small source of area S 
radiate according to Lambert’s law. Let its brightness in candles 
per square centimeter be represented by B. The brightness 
is the same from every angle of observation, of course, but the 
intensity varies with the angle 6 in accordance with the equation 

I = BS cos 6 . 

The illumination at a point S' on the surface of a hemisphere 
of radius r is I/r^. The total flux radiated by the area S can 
be found by integrating the illumination over the area of the 
entire hemisphere. This is accomplished most conveniently by 
dividing the latter into zones generated by revolving the surface 
element at S' about an axis SO normal to S. The area of such 
a zone is 



27rr sin 6 ' rdd. 
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It is soon, therefore, that a source having an area of 1 cni^' 
will radiate ttB lumens; and conseciuently 1 candle/cm- is 
equivalent- to tt lam her ts. 

104. The Measurement of Illumination.—The illuminating 
engincH^r is more frequently concerned with the measurement of 
illumimition than any other j)hoto- 
metric (luantity. Since the precis¬ 
ion required in such measurements 
is not- high, they are usually made 
by means of a portable photom¬ 
eter like that illustrated in Fig. 

183. This instrument really meas¬ 
ures brightness, but it is calibrated 
to read directly in foot-candles 
when used with a standard test 
plate. The procedure is first to 
place an auxiliary unit, shown 
in Fig. 137, on the test plate P. This unit contains a small 
lamp that produces a known illumination on the plate for 
a given current. The photometer is sighted at the plate 
through the hole H and is set for the proper value of 
illumination. The current through its own lamp is then varied 
until a brightness match is produced. In this way, the photom¬ 
eter and test plate are calibrated together. The illumination 
at any given point can then be found by placing the test plate 
at the point in question and sighting on it with the photometer. 

The unit of illumination that is used most frequently in this 
country is the foot-candle, which is numerically equivalent to 




274 


THE PRINCIPLES OP OPTICS 


one lumen per square foot. An illumination of one lumen per 
square meter is sometimes called a lux, and one lumen per square 
centimeter has been called by Blondel a phot. The milliphotj 
which is about the size of a foot-candle, is also sometimes used. 
For convenience, a table of conversion factors is presented below. 


Table XVIll.— CoNrEitsio.v Factors 


Quantity 

To convert ni 

Into n 

Multiply m by 

Brightness 





Can d ] es / c('n t iin (‘ter- 

Candlos/rrn'ter- 

10,000. 


Candles/centimeter- 

Millilamberts 

3,142. 


Candl(‘s/c.en timet cr- 

Lamberts 

3.142 


Tjamberts 

C'andl(\s/meter- 

3,183. 


('andKs/foot^ 

C'andles/meter-^ 

10.764 


Candles/foot- 

Millilamberts 

3.382 


Midi lam herts 

Candles/iiK'ter- 

3 183 


Candles/meter- 

('andles/foot^ 

0.0929 

Illumination 





Lurnens/meter- 
(meter-candles, 1 ux) 

Lumens/foot- 

0.0929 


Milliphot 

Lumens/meter- 

10. 


Milliphot 

Lumens/fexjt- 

0.929 


Liimens/foot- 

(foot-candles) 

Lum(‘ns/meter- 

10.764 


Luirunis/ccnitimeter- 

(phot) 

Lumens/metnr- 

10,000. 


fl06. Special Methods.— When the intensity of a very weak 
or a very distant source is to be measured, the ordinary method 
of measuring the brightness of a diffusing surface illuminated 
by it is impractical. For example, in measuring stellar magni¬ 
tudes, one is forced to compare the intensity of the star under 
consideration with that of a star whose magnitude is known. To 
narrow the space between the two images, a prism that deviates 
one image is sometimes used. A more refined method is to use an 
artificial star for comparison, but this procedure takes no account 
of atmospheric absorption. The need of a comparison star is 
eliminated in the extinction method, in which an absorbing 
wedge is moved in the plane of the image until the star becomes 
invisible. None of these methods are very precise. 

A method devised by Maxwell is sometimes used in portable 
photometers for measuring the intensity of point sources that 
are very faint or very distant. An instrument on this principle 
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is shown diagrammatically in Fig. 138. An image of the source 
in question is formed on tlie pupil of the obs(irver’s eye by the 
lens Lj which consequently appears equally bright over its entire 
surface. The lens occupies one half of the photometric field 
and the othc^r half is occupied by a mirror li, which reflects light 
from a piece of opal glass f/. The comparison source S illuminates 
the opal glass, and the setting is made by adjusting the dist.ance 
between the two. In this type of instrument, a sharp dividing 
line between the two halves of the field is obtained without the 
great sacrifice of light that would result if the light were allowed 
to fall on a diffusely reflecting surface, as it, is in the conventional 
type of photometer head. 

Special instruments, known as exposure meters, have been 
developed for determining the proper time of exposure in photog¬ 
raphy. This can be done with 
a brightness photometer like 
that shown in Fig. 133. The 
procedure is to determine the 
brightness of the deepest shadow 
within the scene to be photo¬ 
graphed and then to calculate 
the illumination in the image 
on the plate from Fq. (223) of 
Chapter XIX. This equation 
indicates that the illumination for a relative aperture of f/8 is 
very nearly Koofh of the brightness of the surface toward which 
the camera is directed. Given the lens opening, it is a simple 
matter to compute the shutter speed that will produce an exposure 
in the deepest shadow that is just slightly greater than the inertia 
of the photographic material. The principal difficulty in the 
application of this method is that the deepest shadow is some¬ 
times hard to recognize. An alternative procedure is to measure 
the brightness of the high light of the scene. Then, since few 
subjects having a brightness range greater than 100 are encoun¬ 
tered, an exposure for the high light area equal to 100 times the 
inertia of the film is usually adequate. This method tends to 
make the density of the high light the same for all negative's and 
thus keeps the printing time approximately constant. Of course, 
the readings of the photometer must be corrected to take account 
of the difference between the spectral sensitivity of the eye and 
that of the photographic material. 
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Unfortunately, there is no compact instrument that measures 
brightness directly. A close approach to the ideal is realized 
in one developed by F. H. Norton,^ which is shown schematically 
in Fig. 139. A glass plate G reflects light from the comparison 
lamp S into the field of view. This plate is made of a light smoke 
glass so that the two reflected images of the filament are not of 
equal brightness. These images are placed at infinity by the 
lens L and are seen superposed on the scene being examined. 
In making a measurement, the current through the lamp is 

reducf^i by a rheostat until on(^ 
of the reflected images can be 
just seen against the field while 
the other is just invisible. The 
calibration of the instrument 
is in terms of the lamp current, 
as in an optical pyrometer, but 
in this case the current is 
indicated by the setting of the 
rheostat. It should be noted 
that the instrument is neither 
a photometer nor an optical 
pyrometer, but that the quantity measur(‘d is really the adapta¬ 
tion level of the observer. C'arc should be taken, therefore, to 
exclude all stray light from the eye. 

A rather extensive class of exposure meters depends upon the 
variation of visual acuity with the level of illumination. This 
variation is great enough to lead to results that are sufficiently 
precise for photographic purposes. In most of these instruments, 
however, the field seen by the observer is illuminated by light 
from the entire subject rather than from a selected portion of it. 
Such exposure meters, therefore, measure the average brightness 
of the entire scene. They are reliable when the brightness 
distribution in the subject is normal, but they should be used with 
caution for subjects of an unusual character. 

A quite different class of exposure meters depends upon the 
action of light on sensitized paper. Usually the procedure is 
to find the time required for the paper to darken to a predeter¬ 
mined tint. These instruments, while sufficiently accurate for 
determining the proper exposure, are subject to large errors 
owing to the failure of the reciprocity law and the difference 
^ Jour. Optical Soc. Amer. and Rev. Sd. Instrumentsj 14, 435 (1927).* 
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in color sensitivity between the sensitized paper and the material 
used in the camera. They can be calibrated to determine the 
exposure by measuring cither the light falling on the subject or 
the light reflected from it. 

106. Reflectometry.—In general, when light falls on a sub¬ 
stance, part of it is transmitted, part is reflected, and the remain¬ 
der is absorbed. Most substances of ordinary thickness arc so 
opaque that the proportion of the light transmitted can be 
neglected. The proportion of light absorbed cannot be measured 



directly, but it can be inferred from measurements of the propor¬ 
tion reflected. The ratio of the luminous flux that is reflected 
to the flux that is incident is known as the reflectance^ of the 
substance, but the terra is meaningless unless the conditions of 
illumination and observation are specified. This will be clear 
from Fig. 140. if the beam of light contained within the small 
solid angle doj is incident on the surface at an angle 6 with the 
normal, the amount of light reflected within another small solid 
angle do)' at an angle d' with the normal and an azimuth angle <i> 
depends upon the character of the surface. When the surface 

1 In lien of any general agreement on the use of the terms reflectivity’ 
and ‘Toflectance,” the former is used in Chap. VIII in connection with the 
total amount of energy reflected by a surface, and the latter in the present 
chapter to indicate the amount of visible light that is reflected. 
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is smooth like a mirror, the reflected flux is zero except when 
O' — d and ^ = 180°. To measure the reflectance in such 
a case, therefore, one has only to compare the intensity of a 
point source viewed -directly with that of its reflected image. 

When the surface is rough in comparison with the wave 
length of light, the phase relationship between the elementary 
wavelets that is necessary for specular reflection is destroyed. 
In the limiting case, every element of the surface acts as an 
independent source, and the reflection is said to be completely 
diffuse. This is the case represented by Lambert’s law of 
reflection discussed in Sec. 67, Chap. VUl. According to this 
law, the amount of flux reflected per unit solid angle is propor¬ 
tional to the cosine of 0' and is independent of 6 and <l\ No 
substance obeys Lambert’s law exactly, and the consequence is 
that, in general, the proportion of the flux reflected in any given 
direction is a function of By 6', and 4>. It usually depends also 
upon the wave length of the light, but this is ignored for the 
present. 

It is impossible, of course, to find a single constant that will 
give complete information about the reflection characteristics of 
a material. For this reason, certain standard methods of 
illumination and observation have been adopted in the deter¬ 
mination of reflectance. The results obtained by these methods 
are significant if the conditions are representative of the usual 
modes of illuminating and observing the materials. For example, 
in measuring the reflectance of photographic papers,^ the 
standard method is to illuminate the sample by a small solid 
angle of incident flux at 45° from the normal, and to observe it 
through a small solid angle along the normal. This method is 
chosen because it corresponds closely to the conditions under 
which photographic prints are ordinarily viewed. Such a method 
is not applicable to very rough surfaces, like textile fabrics, 
because the reflectance depends to such a marked extent on the 
azimuth angle. An average value can be obtained in such 
cases, however, by rotating the specimen in its own plane while 
the measurements are being made. A still greater averaging 
effect may be produced without rotating the sample by using 
diffuse illumination, which can be provided by means of an 
integrating sphere, such as is shown diagrammatically in Fig. 141. 
Light enters the sphere through the hole X and strikes the inner 
1 See Sec. 95, Chap. XL 
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wall at Y. This wall is coated with a whiter, diffusely reflecting 
material havilig as high a reflectance as possible. ^ Because of 
this high reflectance, the multiple reflections within the sphere 
produce an almost perfectly diffuse illumination on the sample. 
There is, of course, a slight excess of illumination from the direc¬ 
tion of the bright spot Y and a deficiency from the directions of 
the holes at X and Z, but this is ordinarily of slight, importance. 
An incidental advantage of using a paint of high reflectance for 


Y 



coating the inside of the sphere is the very great increase in 
illumination on the sample. Suppose that an amount of flux 
F enters the sphere. If the reflectance of the sphere wall is R, 
an amount of flux FR is diffusely reflected from the bright spot. 
This flux is finally absorbed on the area A of the sphere wall 
after a series of multiple reflections. Assuming that the area of 
the sample and the holes together is negligible, 

^ A procedure that has been recommended is to paint the wall white and 
then smoko it with magnesium oxide. The smoking is done by placing 
a small pile of magnesium shavings on a refractory plate and igniting them 
with a blow torch, the surface to be coated being held a few centimeters 
above the pile. This operation should be repeated until the entire surface 
is well coated. The pile of shavings should not be too large because of the 
danger of forming magnesium nitride, which is yellow. The work should 
be done under a ventilated hood, and the operator should protect his eyes 
from the large amount of ultraviohd, light emitted during the combustion. 
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FR = EA{1 - R ), 


where E is the illumination of the sphere wall. By Sumpner’s 
principle, E is the same everywhere except at the bright spot F, 
and its value is 


FR 

V — - 

^ ~ A(\ - R) 


(206) 


from the equation above. If a material could be found having a 
reflectance of unity, it is clear that the illumination on the sample 
would be infinite. Even when the wall is coated with a material 
like magnesium oxide, having a reflectance cif 0.97, the illumina¬ 
tion is more than thirty times as great as it would be if there 
were no multiple reflections within the sphere. 

One method of using an integrating spliere for reflcHfiance 
measurements is, first, to measure the normal brightness of the 
sample by means of an external photometer through the hole at Z. 
The sample is then replaced by a standard whose reflectance^ 
is known and the measurement, of brightness is repeated. If b 
represents the observed brightness of the sample and B the 
brightness of the standard, the reflectance of the sample relative' 
to that of the standard is given by the ratio h/B.^ This substitu¬ 
tion method is open to a serious objection, as has been shown by 
Hardy and Pineo;’ because, if the window at >8 is of appreciable 
size, the illumination within the sphere whem the sample is being 
measured is very .different from what it is when the standard 
is being measured. Even if the error from this source is negli¬ 
gible, there remains the difficult}^ of finding a suitable standard. 
The most satisfactory one known at present is magnesium caj- 
bonate in the form of a block. It is readily available, and a fresh 
surface is easily prepared by scraping with a straightedge. For 
diffuse illumination, its normal unidirectional reflectance is 
about 98 per cent. 

The need of a reference standard is avoided in the so-called 
absolute methods of reflectometry. Such a method is illustrated 
diagrammatically in Fig. 142. The bright spot Y is again the 
source of illumination but a small screen K is placed between 
it and the sample. This screen should be so constructed that 
its brightness, as seen from the sample, is the same as that of 
the remainder of the sphere wall. The reflectance of the sample 
is determined in this case by comparing its brightness with that 

^Jour. Optical Sac. Amer., 21, 502 (1931). 
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of an unscreened portion of the sphere wall such as W, Let the 
absolute reflectance of the sample be r. Its brightness h is given 
by 

b ^ re j 

where e is the illumination on the sample. Similarly, the bright¬ 
ness B of the sphere wall at W is given by 

B = RE, 


Y 



where E is its illumination. A photometer situated outside the 
sphere measures the ratio b/B, which is 

b _ re 
B'~ RE' 


The illumination E at TT is given by Eq. (206). The illumination 
e “of the sample is less than this by an amount corresponding 
to the illumination produced by light that is once reflected from 
the bright spot, whence 


FR FR 
A{1 - R) A 


(207) 


From Eqs. (206) and (207), the ratio e/E = R, Therefore, 
hJB — r. In other words, this method of comparing the bright¬ 
ness of the screened sample with that of the unscreened sphere 
wall gives the absolute reflectance of the sample for diffuse illumina¬ 
tion and normal observation. By the principle of reversibility 
of the light path, this quantity also represents the proportion 
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of light diffusely reflected when the incident light is a unidirec¬ 
tional beam normal to the surface. 

The method here described is only one of a number that have 
been used, and the reader should consult a paper by McNicholas^ 
for a comprehensive treatment of the subject of reflectance 
measurements. It may be worth while to mention, however, 
that the above method is often modified by substituting one or 
more small lamps for the bright spot. The results are sub¬ 
stantially the same if the direct light from the lamps is screened 
from the sample. 

A single value of the reflectance of a surface gives no indication 
of its gloss.There is probably no other term in common use 
that conveys such a concrete idea and yet is so difficult to define. 
The reason is that a definition which is satisfactory for one type of 
material may be quite misleading when applied to some other. 
Thus the definition of gloss used in connection with photographic 
papers is inadequate to express what the painter means by the 
gloss of a painted surface. In the painter’s mind, gloss is an 
intrinsic property of the paint and it should therefore be inde¬ 
pendent of the pigment, which is added rru'rely to produce the 
desired color. Since the pigment affects the diffusely reflected 
component to a pronounced degree and the specularly reflected 
component but slightly, it is clear that any definition that 
involves the diffuse reflectance is unsatisfactory. Possibly 
the best procedure in specifying the gloss of a painted surface 
is to measure merely the intensity of the specular component. 
An instrument devised by Pfund'^ that operates on this principle 
has been found to yield results in keeping with the common 
conception of gloss in this connection. 

When a complete specification of the gloss of a surface is 
desired, one is compelled to use a gonio-photometer. In prin¬ 
ciple, this instrument consists simply of a photometer arranged 
to measure the brightness of the surface for any angle of incidence 
and observation. A simple apparatus was used by Jones'* 
in the measurement of the reflection characteristics of photo¬ 
graphic papers and motion-picture projection screens. It 

1 Bur. Standards Jour. Research, 1, 29 (1928) {Research Paper 3). 

2 The subject of gloss was discussed briefly in Sec. 12, Chap. 1, and again 
in connection with photographic papers in Chap. XL 

^ Jour. Optical Soc. Amer., 20, 23 (1930). 

^ Jour. Optical Soc. Amer. and Rev. Set. Instruments, 6, 140 (1922). 
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will be obvious that, if the unidirectional reflectance is known 
for all angles of illumination and observation, the reflectance 
under any set of assigned conditions can be computed.. 

107. The Measurement of Transmission. —The general prin¬ 
ciples discussed in connection with reflectometry hold also 
in the measurement of transmission.^ An optically homogeneous 
material, such as a piece of glass or a solution of copper sulphate, 
corresponds to a plane mirror; and its transmission can be meas¬ 
ured by comparing the intensity of any convenient source of 
light with the apparent Intensity as seen through the material 
in question. The procedure can be carried out on an ordinary 
bar photometer, but this instrument has the disadvantage of 
requiring two sources that must be maintained at a constant, 
intensity. Instruments designed primarily for transmission 
measurements therefore usually contain a single source. Two 



beams are derived from this source, one passing through the 
specimen and tlie other around it, so that fluctuations in the 
intensity of the sourc(‘ do not affect the results. 

Since the proportion of light transmitted by an absorbing 
material depends upon its thickness, the beam should ordinarily 
be collimated at the point where the specimen is introduced, as 
shown in Fig. 14,3. For the same reason, the dimensions of the 
source should be small compared with the distance from the 
collimator. It is clear that the value of the transmission obtained 
in this way is a maximum because the light path within the speci¬ 
men is a minimum. In the case represented, the material is a 
liquid contained in a cell having plane-parallel faces. A solid 
material is prepared for measurement by grinding the opposite 
faces plane and parallel. 

1 The ratio of the amount of light transmitted by a material to the amount 
incident upon it was defined in Chap. I as “transparency.’’ Although this 
term is used as a measure of the blackening of photographic materials, the 
term “transmission” is more common in other connections. 
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A material that is non-homogeneous, such as a piece of ground 
glass or a photographic plate, corresponds to a diffuse reflector, 
and its transmission obviously depends to a great extent upon the 
conditions of illumination and observation. The most generally 
useful single value for the transmission of such a material is that 
obtained by illuminating the sample by completely diffuse 
light and measuring the transmission in a direction normal to 
the surface. This is equivalent, of course, to allowing a colli¬ 
mated beam of light to strike the material normally and meas¬ 
uring all the flux transmitted. An integrating sphere can be 
used to obtain the diffuse light, but a simpler procedure is to 
place a piece of opal glass in contact with the specimen on the 
side toward the source. A simple test for the completeness 
of the diffusion is to determine whether adding a second piece of 
opal glass alters the results. It cannot be emphasized too 
strongly that the transmission of a non-homogeneous material 
that is to be part of an optical system should always be measured 
in situ or in some manner that is optically equivalent. 

The advantage of expressing the absorption of a material in 
terms of density rather than transmission is obvious in the case 
of photographic deposits. This procedure is also advantageous 
with other materials because of the nature of the laws governing 
the variation of transmission with thickness (Bouguer’s law) 
and with concentration (Beer^s law). It will be seen that the 
density of absorbing materials is directly proportional to both 
the thickness and the concentration of the absorbing substance. 
Furthermore, if two absorbing substances are inserted in the same 
beam, the resultant density is simply the sum of the individual 
densities, whereas the resultant transmission is the product of 
the individual transmissions.^ 

The problem of measuring the density of photographic deposits 
occurs so frequently that special instruments have been developed 
for the purpose. As a class they are known as densitometers, 
but it is clear that there is no essential difference between them 
and other types of photometers. Since compactness is desirable, 
these instruments rarely operate on the inverse-square principle. 
Instead, diaphragms or wedges are sometimes used for varying 
the intensity of the comparison beam; but most of the commercial 

' This statement is subject to the qualification that, when two substances 
are inserted together, the inter-reflections between their faces may slightly 
modify the results. 
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instruments operate on a polarization principle devised by 
Martens. He developed his original instrument for determining 
the polarization of sky light, but it has proved to be extremely 
useful as a photometer. A photograph of a modern type is 
shown in Fig. 144. The essential elements of the optical system 
are a Wollaston prism and a Nicol prism, the rotation of one with 
respect to the other producing a known variation in the relative 
intensities of the two beams. The transmission can be computed 
from the azimuth of the Nicol prism before and after the specimen 
is introduced.^ 

108. Spectrophotometry. —It has been assumed up to this 
point that the two beams of light involved in th(' photometric 



Fig. 144.-~Tlie Murteiis photometer as made by Franz Schmidt and Haensch. 

comparison have the same color. The comparison of two beams 
of different color is called heterochnmatic 'photometry. This 
particular branch of photometry will be treated in the next sec¬ 
tion, and it will suffice to state here that the difficulties involved 
are formidable. They are avoided, however, in spectropho¬ 
tometry,^’ wherein the two beams are dispersed into spectra and 
compared wave length by wave length, the photometric field 
being hornochrornatic, of course. Spectrophotometry may 
nevertheless be considered as a type of hoterochromatic pho¬ 
tometry in the sense that it accomplishes the same result. 

Spectrophotometry bears the same relationship to photometry 
that spectroradiometry bears to radiornetry; it is distinguished 
from spectroradiometry by giving results that are relative instead 

^ This instrument is described more fidly in Sec. 215, Chap. XXIX. 

2 The subject of spectrophotometry is treated at length in a report 
of the Committee on Spectrophotometry of the Optical Society of America, 
Jour. Optical Soc. Arner. and Rev. Sci. Instrumentsj 10 , 169 (1926). See 
also a paper by Gibson, Jour. OpticalSoc. Arner., 21 , 664 (1931). 
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of absolute. Thus a spectrophotometric comparison of two light 
sources gives the energy distribution of one source relative to 
that of the other, whereas a spectroradiometric analysis can be 
made of either source without reference to the other. A spectro¬ 
photometer is therefore more useful in connection with the 
measurement of transmission or reflection characteristics of 
materials than in the examination of light sources. The first 
spectrophotometers were visual instruments, but nowadays they 



Fig. 145. —Ttie KoniK-Miirteiis spectrophotometer as made by Franz Schmidt 

and Haensch. 

are more likely to depend upon some physical detector of radia¬ 
tion, such as the photoelectric cell or the photographic plate. 
Inasmuch as the observations are always made with light of a 
single wave length, it is clear that this method gives results that 
are independent of the spectral sensitivity of the particular 
detector of radiation that is employed. 

A typical spectrophotometer for visual use is shown in Fig, 145. 
This instrument was devised by Konig, who combined a prismatic 
dispersing system with the Martens polarizing photometer. The 
dispersing prism forms two adjacent spectra at the eye point, 
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one from the source under investigation and the other from the 
comparison source. The instrument is so constructed that the 
observer views a homochromatic field in monochromatic light 
of the wave length to which the instrument is adjusted. The 
field is balanced by rotating the Nicol prism, as with the Martens 
photometer.^ When the Konig-Martens spectrophotometer is 
used for the examination of opaque materials, it is customary to 
mount the sample and the standard side by side and illuminate 
lliem by means of an integrating sphere. Light reflected from 
the sample enters one end of the slit and fills one half of the photo¬ 
metric field; light from the standard fills the other half of the 
field. In the case of liquid specimens, such as dye solutions, a 
dummy cell containing the solvent is often placed in the compari¬ 
son beam.“ 

The difficulties in visual spectrophotometry are many. In 
the first place, the optical system contains a large number of 
air-glass surfaces that are likely to cause the field of view to be 
filled with stray light. In the Konig-Martens instrument, thin 
prisms are cemented to the collimator and telescope lenses to 
deflect the stray light originating at these surfaces. An unavoid¬ 
able difiiculty in visual spectrophotometry results from the low 
visibility of radiation near the ends of the spectrum. This 
difficulty is especially pronounced in the violet because the 
incandescent lamps that are commonly used as a source of 
illumination emit so feebly in this region. Visual spectropho¬ 
tometers have not been widely used, partly because of the 
difficulty just mentioned but more because of the time required 
for the complete analysis of a single specimen. Ordinarily, 
observations should be made at no fewer than 30 points through¬ 
out the spectrum, and at least four settings should be made at 
each point. Even an experienced observer requires upwards of 
half an hour to make all these settings. 

A photoelectric spectrophotometer that aims to expedite 
the determination of spectrophotometric data has been described 
by one of the present authors.^ The instrument is designed 


^ A more extensive description of tin; instrument is to be found in Chap. 
XXIX. 

For an extensive description of th(; use of the Konig-Martens spectropho¬ 
tometer, the reader should consult a paper by Me Nicholas, Bur. Standards 
Jour. Research, 1 , 793 (1928) (Research Paver 30). 

3 Jour. Optical Soc. Amer. and Rev. Sci. Instruments, 18 , 96 (1929). 
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primarily for use with opaque materials, but transparent homoge¬ 
neous materials can also be accommodated, and a modified 
form of the instrument could be used for light sources. The 
optical system is shown in Fig. 146. The sample to be measured 
and a standard surface of magnesium carbonate are illuminated 
normally from opposite sides of a ribbon-filament tungsten 
lamp. Beams of light reflected at 45° from the sample and the 
standard are admitted alternately to the entrance slit of a pris- 



Fio. 146. — The principle of operation of a photoelectric spectrophotometer 
' employing the null method. 

matic dispersing system by means of a glass flicker disk, the 
alternate sectors of which arc silvered. The exit slit isolates a 
lO-m/i band of the spectrum formed by the prism, and this band is 
allowed to fall on the photoelectric cell. When the amount of 
light reflected from the sample is different from that reflected 
by the standard, a pulsating photoelectric current is produced. 
This current is amplified, and the alternating component is 
applied to the field coils of a small motor. The frequency of the 
pulsation is 60 cycles/sec., and, hence, when the armature is 
supplied also from a 60-cycle source, the motor is caused to 
rotate. This motor operates a shutter placed between the lamp 
and the standard, and the direction of rotation is always such 
as to balance the two beams. When the balance point is reached, 
the pulsations in the light cease and the motor stops. A pen 
moving on a rotating drum records the position of the shutter, 
while the rotation of the drum changes the wave length. In 
this way, a complete spectrophotometric curve for the entire 
visible spectrum is traced in about two minutes. Figure 147 
is a photograph of the commercial model of this instrument. 
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A photographic method of spectrophotometry is generally 
used in the ultraviolet or whenever the light is weak. The laws 
connecting the density of the photographic deposit with the 
intensity of the exposing light depend on so many factors that, 
unless a null method is used, the precautions to be observed are 
very formidable. The assumption underlying the null method 
of photographic photometry is that, if two small contiguous 
areas of an emulsion ar(^ (exposed for the same length of time to 
light of the same wave length from two different light sources, 
the sources may be judged equal if the resulting densities are 
equal. If these conditions gre fulfilled, errors due to the failure 



Fig. 147.—A commercial photoelectric color analyzer employing the null 
method. {By courtesy of General Electric Company.) 


of the reciprocity law, variations of gamma with wave length, or 
variations in sensitivity from point to point in the emulsion are 
avoided. An instrument that fulfills these conditions has been 
proposed by L. A. Jones.^ ^ 

A rough but simple method of photographic spectrophotometry 
consists in placing an optical wedge over the slit of an ordinary 
spectrograph in such a manner that the intensity of the light 
transmitted by the slit varies according to a known law from top 
to bottom. The wedge can be made of gelatin dyed with a 
neutral dye or it can be a piece of black glass ground into the 
form of a prism.^ The method will be obvious from the wedge 
spectrograms shown in Fig. 148. The upper spectrogram was 

1 Jour. Optical Soc. Amer. and Rev. Sci. Instrumentsy 10, 561 (1925). 

2 Neither type of wedge is ever truly non-selective in its absorption, and 
to overcome this fault, O. E Miller has devised an instrument in which a 
template is used instead. See Rev. Sci. Instruments, 3, 30 (1932). 
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made with a panchromatic plate without a filter, and the lower 
was made with a Wratten K-2 filter in the beam, the time of 
exposure being the same in both cases. The steepness of the 
wedge can be measured optically and an intensity scale can be 
placed on the spectrograms to indicate the approximate value 
of the absorption characteristics of the filter. Such an instru¬ 
ment is known as a wedge spectrograph. 

It was tacitly assumed in the two preceding sections on the 
measurement of reflectance and transmission that the specimens 



Fig. 148. —W^edge spectrograms of Eastncin supersensitive panchromatic 
cine film showing its spectral sensitivity witliout .‘i filter and with a Wratten 
K-2 filter. 


were non-selective as to wave length. Now it is clear that the 
results of a spectrophotometric analysis are expressible in terms 
of the reflectance at each wav(^ length in the case of an opaque 
material, or in terms of the transmission at each wave length in 
the case of a transparent material. Whether the sample is 
selective or non-selective is obviously of no consequence. Some 
consideration must be given, however, to the method of com¬ 
puting the total reflectance or total transmission frpm spectro¬ 
photometric data. For convenience, the case of a transparent 
material will be selected for illustration, but the same procedure 
is applicable in the case of an opaque material. Let the function 
expressing the variation of the transmission of the specimen 
through the spectrum be Tx- Then if Ex represents the energy 
distribution of the source, and Sx the spectral sensitivity of the 
radiation detector, the total transmission of the specimen in 
the language of the integral calculus is 
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Ordinarily the radiation det;ect.or is the human eye, and the 
quantity /S\ is then the visibility function. It cannot be empha¬ 
sized too strongly that a mere statement of the transmission of a 
material is meaningless unless both functions Ex and Sx are 
specified. This probably causes the most confusion in connection 
with the so-called “filter factors'' of the filters used in photog¬ 
raphy. The factor of a filter depends, of course, on the type 
of photographic material, the spectral quality of the illuminant, 
and even the color of the object. 

109. Heterochromatic Photometry. —Although the meaning 
of this term refers broadly to the comparison of two beams of 
light of different color, it is generally used in a somewhat restricted 
sense to mean the direct comparison of the two beams without, 
resorting to the wave-length-by-wave-length comparisons that 
are characteristic of spectrophotometry. If the two halves of a 
photometric field are illuminated by light of different color, the 
eye is serious)}^ embarrassed in making an equality-of-brightness 
match. For e.xample, if one half of the field is red and the other 
green, there is no point at, wdiich the two halves can definitely be 
said to have the same brightness. Settings can be made which- 
appear to be fairly reproducible when judged by the average 
deviation from the mean; but if the experiment is repeated by 
another observer, or even by the same observer at a subsequent 
time, a very different result may be obtained. In other words, 
during the course of a single experiment an observer adopts an 
artificial criterion for equality of brightness. 

One method of avoiding the difficulties of making a hetero¬ 
chromatic setting is to employ a color filter to produce a color 
match in the photometer. Gelatin filters for this purpose are 
available from the Eastman Kodak Company for use in the 
inter-comparison of light sources, but glass and liquid filters have 
also been used advantageously.^ In every case, the transmission 
of the filter must of course be known. It can be computed from 
the spectrophotometric curve of the filter by the method outlined 
in the preceding section, or it can be found experimentally by 


1 A series of liquid filters especially designed for this purpose is described in 
Bur, Standards Misc. Pub. 114, 
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measuring the intensity of a source both with and without the 
filter in the beam. The latter method involves all the diflSculties 
of comparing the two sources directly, but it has the advantage 
that the transmission of the filter can be determined once and for 
all by several observers. Subsequent comparisons of the two 
light sources by a single observer are, therefore, nearly as precise 
as though many observers had cooperated. 

A procedure that is sometimes used in the photometry of 
incandescent lamps operating at different color temperatures 
is to divide the color difference into small steps by means of 
auxiliary sources. This is the so-called step-by-step or cascade 
method. For a single observer, the end result of this procedure 
is no more accurate than a direct comparison in the presence 
of the whole color difference, but the day-to-day consistency is 
found to be better. The ideal procedure, of course, is to cali¬ 
brate a series of standard sources operating at various color 
temperatures, so that an unknown source can be compared 
directly with one approximating it in color; but this method is 
applicable in general onty to incand(\sc(‘nt sources. 

The flicker met hod of heterochromatic photometry is ordinarily 
used when the color difference is large, the procedure being to 
expose the eye to light from the two sources in rapid succession. 
This method depends upon the experimental fact that a. fre¬ 
quency can be found at which the color difference disappears, 
but the flicker due to the brightness difference remains. The 
photometer head is then adjusted until the brightness flicker 
disappears altogether or is a minimum. There is no a priori 
justification for this method, and at first the experimental results 
obtained by it did not agree with those found by the direct- 
comparison methods. The discrepancies led Ives^ to study the 
flicker photometer extensively, and he formulated certain 
conditions for its use. Chief among these is that the photometric 
field should subtend an angle of not more than 2° to insure that 
its image will lie entirely on the macula. When the flicker 
photometer is used under the prescribed conditions, the repro¬ 
ducibility of the readings is high and the results are in good agree¬ 
ment with those obtained by other methods. In addition, it is 
found that inexperienced observers have considerably less 
difficulty with the flicker method than with direct-comparison 
methods when a large color difference is involved. 

1 Phil Mag., 24 , 149, 352, 744,' 845, 853 (1912). 



PHOTOMETRY 


293 


110. Physical Photometry. —Since most photometric measure¬ 
ments are designed to evaluate the effect of light on the human 
retina, it follows that the light-sensitive detector in a physical 
photometer should have the same effective sensitivity as the 
human eye. Ives and Kingsbury^ attacked the problem by 
using a thermopile and a galvanometer in conjunction with a 
suitable filter. This filter consisted of a 2-cm thickness of a 
solution made up according to the following formula: 


Cupric chloride (C^i(Is). (>().0 grams 

Cobalt ammonium sul]diate [Co(N 114)2 (‘SO 4 ) 2 ]. . . 14.5 grams 

Potassium chromate (K2CVO4). 1.9 grams 

Water, to make. 1.0 liter 


In addition, at least 4 cm of water should be used to absorb the 
infrared. Instead of using a filter, the light to be measured could 
have been dispersed into a spectrum and then passed through a 
template so fashioned that the amount transmitted at any wave 
length is proportional to the visibility of the eye at that wave 
length. 

The chief difficulty with the thermopile and similar instru¬ 
ments is the necessity of measuring very small electric currents. 
A galvanometer of suitable sensitivity is subject to mechanical 
distuii:)ances, drift of the zero, and lack of proportionality 
between the deflection and the current producing it. These 
difficulties make it seem unlikely that the thermopile can ever 
replace the eye in photometric determinations. 

The selenium cell has been used in photometry, but it suffers 
from a disadvantage common to all selective detectors of radia¬ 
tion—namely, that the spectral sensitivity varies so much from 
one cell to another that the amount of labor necessary to find a 
suitable filter is unjustified. Furthermore, the sensitivity of 
even a single cell is far from constant. Although the photo¬ 
electric cell is vastly superior to the selenium cell for photometric 
purposes, it suffers to a considerable exteni- from the same faults. 
If devices of this character are to compete successfully with the 
trained human eye, it appears that a null method must be 
adopted.'^ The conditions that must be fulfilled by the optical 
system of a photometer based on the null method are as follows: 

^Phys. Rev,, 6, 319 (1915). 

2 A null method for the photometry of incandescent lamps has been 
described by Sharp, Trans. Ilium. Eng. Soc., 23 , 428 (1928). A null method 
for spectrophotometry is described in Sec. 108. 
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1 . The two beams under coiiiparison must tuive tlie same speid-ral quality 
and state of polarization. 

2 . The same area of thi*. active surfaec^ of the cell must bf^ illuminated at 
the same angle by both beams in rapid succession. 

3. The transition from one beam to the other must take phn^e without an 
intervening dark period. 

If these conditions are satisfied, the beams are obviously of 

equal intensity when there is no variation in the cell current. 

The null method is simple of 
application because of the 
ease with which rapid varia¬ 
tions in the cell current can 
be amphfied. Furthermore, 
there is no limit to the preci¬ 
sion of the method that corre¬ 
sponds to the limit set for 
visual methods by the con¬ 
trast sensitivity of the eye. 
The ultimate limit to the precision is set only by the ‘‘shot” effect 
in the cell and the associated cir¬ 
cuit, but this limit is far beyond 
the most exacting requirements of 
present-day photometry. 

A special method of connecting 
a photoelectric cell to a vacuum 
tube has been found useful in con¬ 
nection with the null method of 
photoelectric photoiffetry. This is 
shown in Fig. 149, where the cath¬ 
ode of the cell is connected directly 
to the grid of the vacuum tube. If 
precautions are taken in operating 
the tube so that the reverse grid 
current is negligible,^ a given frac¬ 
tional change in the cell current 
produces the same change in grid potential regardless of the 
magnitude of the cell current. This is shown in Fig. 150, which 
is plotted from the same data as Fig. 129. When this method of 
connection is used, the precision of a setting is almost independent 
of the level of illumination within wide limits, a characteristic 
also possessed by the human eye (Fechner’s law). 

1 See Sec. 100 of the preceding chapter. 



0 + 0.5 + 1.0 

Grid Po+enfioil(Vol+3) 

Fig. 150.-“-Grid current of tlui 
UY-224 tube as a function of the 
grid potential. The data are the 
same as for Fig. 129. 





PHOTOMETRY 


295 


The chemical action of light has been suggested many times as 
a basis of physical photometry. The only practical methods of 
this type involve the use of a photographic plate, which suffers 
from faults analogous to those of light-sensitive cells and from 
many others in addition, as shown in Chap. XL The only merit 
of photographic methods is that they can be used in some cases 
where others cannot. In the photometry of weakly fluorescent 
materials, for example, the ability of a photographic plate to 
accurnulaie exposure over long periods of time makes it decidedly 
superior to other types of photometers. 



CHAPTER XIV 


COLOR 

The term color'’ is used in three different senses. To the 
chemist, a color is simply a material such as a dyestuff. To the 
physicist, color" is practically synonymous with "light," and 
both are described in objective terms by the spectral distribution 
of energy in the radiation in question. To the psychologist, on 
the other hand, the term "color" denotes the subjective sensation 
produced in the brain of a human observer, generally the result 
of a physical stimulus. This triple meaning of the term may 
easily be the cause of confusion because it may be used in all 
three senses in even a single sentence. One might properly say, 
for example, that the semation of color is generally the result of 
the color stimulus produced when white light is reflected from 
a colored object. Such an ambiguous use of a term is inconsistent 
with the exactitude that characterizes science, but it is typical 
of the whole body of color terminology Most of the terms used 
by color technologists are household words which, for want of 
suitable substitutes, have been given a restricted technical 
significance. This has happened so recently that even technical 
workers in the field do not always agree among themselves; and it 
will probably take some time to evolve a systematic nomenclature 
that will win universal recognition. For a striking illustration 
of the chaotic condition of color nomenclature, the reader should 
examine the replies to a questionnaire that was distributed by the 
Optical Society of America to a large number of workers in the 
field of color. ^ 

During the past decade, the problem of measuring and specify¬ 
ing color has become one of extraordinary importance. This has 
been due in part to the more liberal use of color that has come 
into vogue since the war. A more cogent reason, however, 
is the rapid spread of methods of quantity production, which 
require a uniformity in the product that would otherwise be 
unnecessary. Hence the subject of color, instead of being of 

^ Jour. Optical Soc. Amer. and Rev. Sci, ImlrumentSf 13 , 43 (1926). 
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interest only to those who manufacture or use dyes, paints, inks, 
and other coloring materials, is of great significance in connection 
with practically every article of commerce. Indeed, there is 
every indication that the subject of color will become one of the 
most important branches of applied optics. 

The measurement of a color in ihe objective sense is accom¬ 
plished by means of (iither a sped,roradiometer or a spectro¬ 
photometer. The former is more convenient for measuring the 
color of light sources, and the latter for measuring the color of 
transparent and opaque materials. Some typical spectrophoto- 
metric curves for objects whose colors are well known are shown 
in Fig. 151. If these curves, or the data from which they are 



Fici. 151. Spectrophotometric curves of certain well-known objects when 
illuininateci at 45*^ and \dewed normally. 

plotted, are determined with sufficient precision, the color of the 
object in question is adequately specified in the objective sense. 
Of course, unless the rnat-erial reflects diffusely, the color depends 
to a great extent upon the angle of illumination and observation. 
In other words, a glossy surface exhibits, in general, an infinite 
number of colors. This means that a single spectrophotometric 
curve can represent the color of a surface only under a single set of 
specified conditions. 

111. The Sensation of Color.^ —It is a fact of common experi¬ 
ence that the eye is incapable of analyzing a complex stimulus into 
its spectral components.^ Those whose business it is to mix 

* In this respect there is a fundamental difference between the response 
of the eye and that of the ear, because the latter can, with proper training, 
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colors sometimes believe they can see in the resulting mixture 
the components which they have added, but this effect is due 
simply to judgment based on experience and not to any analytical 
powers possessed by the eye. Jiecauvse of this lack of ability to 
analyze radiation, there are in general an infinite number of color 
stimuli that will evoke the same sensation, llius the objective 
method of specifying colors by means of spectrophotometric 
curves may be misleading in the sense that it fails to indicate 
whether two colors having different curves will appear alike or to 
what extent they will appear unlike. It is necessary, therefore, 
to investigate the effect produced by a complex color stimulus 
on the visual apparatus of a normal human observer. 

The mechanism of color vision is but partially understood at 
the present time; and, although many theories have been pro¬ 
posed, none accounts for all the known phenomena. P>om the 
standpoint of applied optics, the most important problem is the 
interpretation of spectrophotometric data, and, for this purpose, 
the Young-Helmholtz theory provides a satisfactory solution. 
This theory is founded upon the experimental fact that any color 
stimulus can be matched visually by a mixture of the proper 
amounts of three arbitrarily chosen stimuli, which are called 
primaries. Let it be assumed that one half of a photometric field 
is illuminated by a stimulus which may have any desired 
energy distribution. This stimulus produces a sensation that, 
can be exactly matched in the other half of the field by the 
proper amounts of the three primaries, which may likewise be of 
any arbitrary spectral quality or may even be monochromatic. 
I^t the amount of each primary required for a color match 
be represented by ri, J5, and C respectively. Then, regard¬ 
less of the manner of choosing the primaries, a unique set of 
values for A, B, and C can always be found to satisfy the relation^ 

These quantities may have negative values, in which case the 
primary in question must be added to the half of the field that 
is illuminated by the unknown stimulus instead of the com¬ 
parison field. 

analyze as complex a stimulus as the music of a symphony orchestra into 
the components produced by the various instruments, 

^ The sign of equality is used here to indicate that the sensations are equal 
rather than that the stimuli are equal. 
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All the basic facts of color mixture can be determined from one 
simple experiment. Such an experiment will now be described, 
not in the form in which it is usually conducted, but in a slight 
modification that is more easily comprehended. One half of a 
photometric field is illuminated by monochromatic light, the 
energy of which is held constant as the wave length is varied. 
The other half of the field is illuminated by measurabk^ amounts 



Fig. 152.—Color mixture data for nionocliromatie i>rimarie8 of wave leujj;th 
450 mix, 550 mix, and 020 mix, 

of three monochromatic primaries, which, for the sake of con¬ 
creteness, will be assumed to be at 450 m/x, 550 m/i, and 620 m/x. 
The apparatus is assumed to be so designed that these primaries 
can be transferred when necessary to the opposite side of the 
photometric field. The first step in the experiment is to make 
the wave length of the monochromatic stimulus the same as that 
of one of the primaries, say the one at 450 m/x. To match this 
stimulus, only the 450-m/x primary is required, and the scale on 
which this one is measured can be set arbitrarily at 100 as a 
matter of convenience. By repeating this operation with the 




300 


THE PRINCIPLES OF OPTICS 


monochromatic field set at 550 and 620 ixi/jl in turn, the scales 
on which the other primaries are read can be arbitrarily set at 100 
likewise. With these preliminary adjustments made, the 
monochromatic field is set at other wave lengths throughout the 
spectrum in turn, and the values of a, 13, and y required to pro¬ 
duce a color match are determined. The values that would be 
obtained if such an experiment were performed by a normal 
observer are shown in Fig. 152. 

The Young-Helmholtz theory of color vision interprets these 
curves by assuming that the eye contains three independent 
selectively-responsive detectors of radiation. On this assump¬ 
tion, the curves can be regarded as representing the individual 
spectral sensitivities of the thn^e receptor mechanisms. The 
negative values are explained by assuming that th(‘ sensation is 
inhibited at certain wave lengths instead of being stimulated. 
Although this interpretation suggests a visual nu'cliaiiism whose 
behavior is easily comprehended, thi^re are several serious objec¬ 
tions to it. In the first place, there is no anatomical evidence 
for the existence of three sets of receptors. A more serious 
objection is apparent when it is renainibered tliat t he choice of the 
primaries on which lln^se curves are based was entirely arbitrary; 
thus, if different primaries had been chosen, a different set of 
curves would have Tesiilt(*d. In fact, it is easily shown that the 
three functions a, and y can be transform (id algebraically into 
a new set of functions a', /?', and 7 ' by means of the linear 
transformation: 


a' — Kia + K 2 fi + K^y , 

(209ffl) 

/3' = K4a + + /v67, 

{209b) 

y' = K^oc T" T" f^[iy • 

(209r) 


The quantities, Ki, are constants whose values may 

be chosen quite at random.^ By substituting the values of a, /?, 
and 7 at each wave length in the above equations, the new set 
of functions thus derived is as adequate an expression of the facts 
of color mixture as any other. If the eye does contain three 
sets of receptor mechanisms, it is clear that color-mixture data 

{k,k,kA 

1 Subject only to the restriction that the determinant KiK^Ka > must 

[K^KhK,] 

not equal zero. 
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alone are insufficient to determine explicitly the form of their 
sensitivity curves. 

Konig and Dieterici experimented with dichromats—that is, 
observers with abnormal color vision whose mixture data can be 
interpreted on the basis of two excitation functions instead of 
three. It seemed natural to assume that such observers lacked 
one of the three receptor mechanisms possessed by normal 
trichromats and that the missing function should represent the 
sensitivity of one of the normal receptor mechanisms. Although 



400 4 50 500 550 600 650 700 

Wave Leng+h (m/x) 


Fiu. 153. The excitation functions recommended by the 1920 Optical Society 
of America Committee on Colorimetry. The values arc for an equal-energy 
spectrum, but the relative magnitudcvS of the three functions have been chosen 
so that the areas under the curves are equal for mean noon sunlight. The data 
for the curves are given in Table XIX. 

these experiments are of interest in the understanding of the 
mechanism of vision, the present tendency in colorimetry is to 
regard the mixture curves for no more than they are worth and to 
select them purely with reference to their convenience in reducing 
spectrophotometric data. 

One set of excitation functions that has been used more widely 
than any other was given in a report of the Colorimetry Commit¬ 
tee of the Optical Society of America. ^ These curves are repro- 

1 Jour. Optical Soc. Amer. and Rev. Sci. Instruments, 6, 527 (1922). 
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duced in Fig. 153 and the data from which they are plotted are 
given in Table XIX. The curves are for an equal-energy 
spectrum, but the relative magnitudes of the functions have been 
chosen so that a stimulus having the quality of average noon 
sunlight excites the three receptor mechanisms equally. This 


Table XIX.— Excitation Functions Recommended by the 1920 Com¬ 
mittee ON C'OLOniMETRY OF THE OPTICAL SoClETY OP AmEBICA 
The values, which are in arbitrary units, arc for an equal-energy spectrum. 
The relative magnitudes of the three functions have ])een chosen so that for 
mean noon sunlight tlu' areas under the curves an* equal.* 


Wave 

length, 

niju 

Excitations 

Wave 

length, 

nifx 

Excitations 

a. 

a 

7 

(y 


7 

400 

253 



550 

,8 

612 

424 

41Q 

433 



560 

11 

578 

466 

420 

614 



570 

7 

517 

505 

430 

915 



580 

4 

415 

520 

440 

1019 

7 


590 


296 

535 

450 

950 

16 


600 


196 

510 

460 

842 

38 


610 


113 

462 

470 

697 

81 


620 


59 

375 

480 

473 

122 

14 1 

630 


29 

285 

490 

220 

169 

41 

640 


10 

195 

500 

123 

260 

83 

650 


3 

118 

510 

87 

391 

151 

660 



68 

520 

61 

510 

233 

670 



40 

530 

43 

572 

307 

680 



22 

540 

29 

^ 603 

373 

2:690-750 



27 


*Jour. Optical Soc. Amer. and Rev. Sci. Instruments^ 6 , 549 ( 1922 ). 

Note.— 2a = 6799; 23 = 5597; 27 = 5754. 


choice is merely a matter of convenience because it places sun¬ 
light in the center of the color triangle, which will be discussed 
presently. Unfortunately these curves are based on old data, 
obtained by Konig and Abney, and recent investigations by 
W. D. Wright’ and J. Guild’* with more refined apparatus indicate 
that some of the values may have to be revised. In view of the 
importance that this subject has assumed, it is desirable that 

‘ Trans. Optical Soc. (London), 30, 141 (1928-1929); idem, 31, 201 (1929- 
1930). 

^PhiL Trans. Roy. Soc. London, 230, 149 (1931). 
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an international agreement be reached on a specific form of the 
excitation functions.^ 

For the interpretation of spectrophotornetric data, it is unneces¬ 
sary to make any speculations whatever concerning the mecha¬ 
nism of the visual process. Curves like those of Fig. 153 indicate 
directly the amount of each of the three arbitrarily selected 
primaries that must be added together to match a given mono¬ 
chromatic stimulus of any wave length. If the unknown stimu¬ 
lus is not monochromatic, the computations can still be made 
on the basis of these curves. By representing the energy 
distribution in the stimulus by it is clear that the amount of 
each primary required for a color match can be found by multiply¬ 
ing the value of at each wave length by the corresponding 
values of a, and 7 , and summing the results. In mathematical 
symbols, these operations are represented by 



-'i = f, aE),d\, 

(210a) 


li = l^E.dX, 

(210^) 

and 

a = l\E,dx. 

(210c) 

Any other stimulus Ex' will obviously evoke the same sensation 

as Ex if 

aEx'dX = A = aE^dX, 



jj^Ey!dX = B = jj^E^dX, 


and 

f^^E^’dX = C = fjyE^dX. 



It is evident, therefore, that the quantities d, and C, although 
not necessarily a measure of the visual sensation, are sufficient to 
indicate the conditions under which two stimuli that are different 
in the objective sense will evoke the same sensation. 

The stimuli Ex and Ex may represent the direct radiation from 
primary sources of light, but more frequently they represent 
radiation that is reflected or transmitted by a material whose 

1 Since this chapter was written, the International Commission on 
Illumination, meeting at Cambridge, England, has adopted a standard 
set of excitation functions, A comprehensive treatment of this 8ul)ject will 
be found in an article by Judd in Jour. Optical Soc. Amer.y 23 , 359 (1933). 
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color is to be measured. Taking the case of reflected light as an 
example because it is more common, let represent the reflect¬ 
ance of the material as a function of wave length, and the 
energy distribution of the source by which the material is illu¬ 
minated. The excitation values in this case are evidently 


A = 

a Ii\ExdX, 

(211a) 

B = 


(2116) 

C = 

^ yR^E\dX. 

(21 Ir) 


It appears from this that a material whose color is specified 
objectively by A\ = /(X) (that is, in terms of spectrophotornetric 
data) evokes a sensation that is adequately sj)ecified by A , A, and 
C. The values of these quantities obviously depend upon the 
quality of the illumination Two materials specified objec¬ 
tively by different functions Ax niay therefore appear of the same 
color under one particular kind of illumination. If the quality of 
the illumination is changed, the colors will, in general, no longer 
match. This fact hardly requires comment for it is well known 
that many materials that match well under daylight fail to match 
at all under artificial light, although the difference in spectral 
quality is relatively small. I'his may be summarized by stating 
that if two materials are to match in the objective sense, their 
spectrophotornetric curves must be identical; and, in this case, 
they will always match regardless of the spectral quality of the 
source by which they are illuminated or the peculiarities of the 
observer’s visual apparatus. Two materials having different 
spectrophotornetric curves may match in the subjective sense 
for one observer and one type of source, but they will, in general, 
fail to match for an observer with a different color sense or a 
source of different spectral quality. 

112. The Representation of Colorimetric Data. —One of the 
commonest complaints among the industrial users of color 
is the difficulty of keeping color records in a systematic manner. 
For example, a paint manufacturer may easily have fifty thou¬ 
sand or more formulae in his file. If this file is to be useful, the 
colors must be arranged by some sort of system, preferably with 
a number assigned to each. One obvious method of assigning 
such a number is to decide arbitrarily that the color of a white 
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standard, such as magnesium carbonate, when illuminated by a 
source having an equal-energy spectrum shall be represented by 
A — 100, B = 100, and C — 100. On this basis, a light neutral 
gray under the same illumination might be represented by 
40-40-40, and a light green by 13.1-51.4-35.3. By arranging the 
file according to these numbers, it is evident that all colors that 
look alike will be filed together. When a new sample is to be 
match(Hl, its color can be measured with a spectrophotometer and 
the values Ay By and C computed. With this information, one 
can quickly turn to the formula producing the closest approxima¬ 
tion to a color match. That such a practice has not been already 
universally adopted is due simply to the lack of suitable color¬ 
measuring instruments. 

A graphical representation of colors is obtained by plotting 
the values of Ay By and C in some three-dimensional system of 
coordinates. This procedure is not very convenient, and it is 
tlKU'efore desirable to find a method of representing the maximum 
amount of information about a color on a two-dimensional plot. 
Suppose that, instead of taking A, By and C as the parameters, 
the following ratios are used: 

A 

A + 7r+c' 

B 

A~+B+ C 

and 

C 

A + B + C' 

Only two of these quantities are independent since the sum of 
the three is always equal to unity. By plotting these three 
fractions in trilinear coordinates—that is, as distances from the 
three sides of some arbitrary triangle—one obtains what is known 
as a color triangle. It is usually more convenient to select a right- 

A 

angle triangle and to plot two of the ratios, such as ^ 

C 

and . in ordinary Cartesian coordinates. A color 

A + B + C 

triangle of this type is shown in Fig. 154, and the usefulness of 
^uch a triangle will be discussed later. 

It is clear that the above procedure of dividing each of the 
excitation values by the sum of the three eliminates as a para- 
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meter the total amount of light present in the stimulus. In 
other words, if the stimulus is a primary source of light, the above 
ratios give no indication of its intensity but merely indicate what 
we may call its chrornaticity. To specify the color of a material 
completely, it is necessary to give not only the chrornaticity but 
also the luminosity. As was shown in Sec. 11, C'hap. I, the 
luminosity of a primary source is obtained by determining the 



Fig. 164.—The color triangle recommended by the 1920 Optical Society of 
America Committee on Colorimetry. The white point at the center represents 
mean noon sunlight. 


integral of the product of its energy distribution and the visibility 
function. The luminosity of a transparent material is generally 
expressed in relative terms by its transmission, which can be 
computed by means of Eq. (208) in the preceding chapter. In 
the same way, the luminosity of an opaque material relative to 
that of a perfectly white material is expressed by a similar 
equation in which is substituted for T^. 

In general, the specification of a color sensation requires four 
integrations—three for the determination of the excitation 
values and one for the determination of luminosity. The chro- 
maticity can be obtained directly from the excitation values. 
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If the primaries are monochromatic, their luminosities are given 
by the ordinates of the visibility function at the wave lengths 
of the primaries. If the primaries are not rnonochrolnatic, their 
relative luminosities can be obtained by integrating the energy- 
distribution curve of each primary by the visibility function. 
In this way, it is possible to find coefficients by which each excita¬ 
tion value can be multiplied to yield its contribution to the 
luminosity of the stimulus. For the O.S.A. curves given in 
Fig. 153, Judd^ has found the values to be respectively 0.01,^ 
0.54, and 0.45. The luminosity of a given stimulus is therefore 

L - 0.01 A + 0.54 B + 0.45 C. (212) 

Judd*^ has also shown that the excitation functions can be so 
transformed that the luminosity coefficients of A and C are zero. 
The /^-function then has the form of the visibility function, and 
the value of B indicates th(‘ luminosity directly. 

One shortcoming of the method of representing colors by their 
excitation values is that the parameters do not correspond to 
the fundamental psychological attributes of a color— 
saturation^ and brilliance. The meaning of these terms will be 
made clear by attempting to arrange a collection of colored 
obje^cts- -cards, for example—in wsome sort of orderly classifica¬ 
tion. The first step, after segregating the gray cards, is naturally 
to arrange the remaindcT in groups according to hue, in terms of 
which they may be described as being red, orange, yellow, green, 
blue, violet, or the non-spectral hue, purple. These hues can 
be arranged most conveniently in a circle, purple being placed 
between the red and the violet. The gray cards can be arranged 
on a brilliance scale headed by white at one end and black at the 
other. The cards of any one hue can also be arranged according 

^ Jovr. Optical ^oc. A rner. arid Rev. Sci. Instruments^ 10, 6S5 (1925). 

2 It is worth while to note that, although ra<liation in the violent region 
(*ontributes very little to the luminous stmsation, Fig. 153 shows that it 
contributes greatly to the color s(^nsation. Tins paradox is the cause of a 
fundainental difficully in visual spectrophotorn(dry. The visibility of 
radiation below 440 ni/u is so low that one is tempted to assume that spectro- 
photometric observations at short(‘r wave lengths ani of little importance. 
The point is that an amount of violent radiation that would be almost 
invisible alone has a pronounced effect on the color of a stimulus to which it 
is added. One of the chief advantages of photoelectric spectrophotometry 
is that readings can be continued as far as maj’^ be necessary into the violet 
end of the spectrum. 

* Bur. Standards Jour. Eesearchy 4, 540 (1930) (Research Paper 163). 
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to brilliance, in respect to which they may be classed as equivalent 
to some member of the gray scale. When this is accomplished, 
it will be seen that cards having the same hue and brilliance vary 
in the degree of their difference from gray. This attribute is 
called saturation, the cards having a pronounced hue being called 
saturated and those approaching gray, unsaturated. 

It is impossible, of course, to identify radiant energy with 
the sensation that it produces, and hence there arc no objective 
parameters that truly correspond to these psychological attributes 


tVfy/fe 



Black 
Fiu. 155. 


of color. For example, it will be recalled that the parameters 
A, By and C previously discussed represent merely the amounts 
of three arbitrarily selected physical primaries that produce the 
same sensation as the stimulus in question and do not furnish any 
information about the sensation. Nevertheless, there are three 
objective parameters that correspond in a general sort of way 
to the psychological attributes. These are known as dominant 
wave lengthy colorimetric purityy and luminosity (or brightness). 
The meaning of these terms will be clear from a consideration of 
rthe so-called monochromatic method of colorimetry. In the 
instruments that measure color by this method, one half of the 
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photometric field is illuminated by the color to be matched and 
the other half by a mixture of controllable amounts of mono¬ 
chromatic light of adjustable wave length and white light of some 
definite spectral quality. The three adjustments—namely, 
the wave length of the monochromatic light, its intensity, and 
the intensity of the white light—provide the means for matching 
every color except purple.^ The dominant wave length is, of 
course, read directly from the instrument in terms of the wave 
length of the monochromatic radiation. The luminosity is 
simply the sum of the luminosities of the monochromatic radia¬ 
tion and the white radiation. The colorimetric purity is the 
ratio of the luminosity of the monochromatic radiation to the 
total luminosity. 

A color specification in terms of three excitation values, A, 
Bj and C, can be converted into terms of dominant wave length, 
purity, and luminosity. The most obvious method is to con¬ 
struct a color triangle, which has been done in Fig. 154 from the 
data of Table XIX. Some of the details of this procedure would 
be out of place here, but it will be apparent at once that the line 
representing spectral colors can be constructed by simply 
assuming monochromatic light of various wave lengths and dcter- 

A C 

mining the values of g q ^. from Table 

XIX. Likewise, the whitfC point corresponding to radiation 
of some assumed quality can be located. In this particular case, 
the excitation functions were so chosen that equal amounts 
of the primaries produce the same sensiition as mean noon sun¬ 
light, and hence the white point occupies the position where 


A 

A + B + C 


B 

A+B + C 


A + B + C 


= 33.3. 


Between the line representing the spectral colors and the white 
point at the center lie all the colors whose purity is between 
zero (white) and 100 per cent. The purples are represented on 
the opposite side of the white point from the spectral colors 
in accordance with the artifice previously described. It is 


* Since purple cannot be matched by a mixUire of any single monochro¬ 
matic radiation and white light, the converse procedure is adopted, mono¬ 
chromatic green of the proper wave length being added to the purple to be 
matiCihed. The intensity and wave length of the green are adjusted until the 
green-purple mixture matches the white in the comparison field. In other 
words, the purple is specified in terms of its complementary. 
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clear that once the triangle has been constructed, the dominant 
wave length and the colorimetric purity of any stimulus can be 
determined from the values of A, B, and C by locating the points 


A C 

A + B + C A + B + C' 


The color triangle is, of course. 


incapable of showing the luminosity, but this can be found 
readily by means of Eq. (212). 

The monochromatic method of colorimetry can be further 
elucidated by an examination of the Munsell system of color 
specification. This system is based upon ten hues and nine 
degrees of brilliance {value in the Munsell notation). Each 
of the hues is represented by as many different degrees of satura¬ 
tion {chroma in the Munsell notation) as is feasible. These 
quantities are represented in cylindrical coordinates as shown in 
Fig. 155. The vertical axis is taken to represent brilliance. The 
hue is then represented by the azimuth of a radius vector normal 
to the vertical axis, and the saturation is represented by the 
length of the vector. 

113. Colorimeters.—The difficulties associated with the use 
of spectrophotometers and the interpretation'of their results 
have led to many attempts to devise instruments, called colorim¬ 
eters,^ for measuring colors subjectively. Various instruments 
have been described from time to time in which the color to Ix' 
measured is matched by a mixture of three arbitrarily chosen 
primaries. One early form was the ^‘color-patch^’ apparatus 
used by Abney^ in his researches on color vision. In this instru¬ 
ment, the primaries were spectral colors isolated by means of 
three slits in the plane of the spectrum, the relative proportions 
in the mixture being varied by altering the width of the slits. 
Other instruments have made use of primaries obtained with 
color filters, a well-known instrument of this type being due to 
Frederick E. Ives.® 

An instrument of the monochromatic type has been described 
by Nutting^ and an improved model of it has been described by 


^ Instruments called colorimeters are us(h1 by chemists to determine when 
two solutions have the same color. As these instruiiK^nt s usually liave only 
a single adjustment, generally the depth of one of the liquids, they are not 
properly termed ^‘colorimeters” but should be called color comparators 
instead. 

2 “Color Measurement and Mixture,” London, 1891. 

Trans. Ilium. Eng. Soc.^ 3, 627 (1908). 

* Bur. Standards Bull., 9 , 1 (1913) {Sd. Paper 187), 
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Priest.^ This instrument matches the color under test by a 
mixture of white light with monochromatic light produced by a 
dispersing system. 

An instrument operating on the so-called subtractive principle 
has been described by L. A. Jones.^ This instrument contains 
red, yellow, and blue filters in the form of long wedges whose 
density increases uniformly from one end to the other. By 
inserting different thicknesses of the various wedges in the {)ath 
of the comparison light, the color of the latter can be made to 
match the color under test. Obviously, colors of high satura¬ 
tion cannot be matched on such an instrument, and it suffers 
from a further drawback because of the doubtful reproducibility 
of the wedges and the complexity of the process of converting 
the arbitrary scale of the instrument to any fundamental basis. 

The inherent disadvant ages of all colorimeters are not apparent 
until one actually proceeds to use them. It must be remembert^d 
that in all these instruments, the quality of the light used as a 
source must be carefully maintained. If the source is a tungsten 
lamp, not only must careful control be applied to the voltage 
at which it is operated but frequent tests must be made to insure 
that it, has not aged perceptibly. This difliculty is perhaps not so 
serious as that of obtaining an observer having what, may be 
called normal color vision. In fact, even if an observer has nor¬ 
mal vision in the sense that his mixture data are normal, it does 
not follow that his visibility curve is normal. Since both 
conditions are necessary, a truly normal observer is well-nigh non¬ 
existent. In view of these facts, it seems likely that the measure¬ 
ment of color will be effected not by means of these colorimeters, 
simple as they are in theory, but by the more indirect method of 
spectrophotornetric analysis and the subsequent computation 
of the sensation values based upon data to be universally agreed 
upon as representing a normal observer. It has been proposed 
by one of the present authors*’* to combine an integrating attach¬ 
ment, shown in Fig. 156, with the recording spectrophotometer 
shown in Fig. 147. By means of this attachment, the sensation 
values are computed while the spectrophotornetric curve is being 
traced, the cams that operate the attachment being so fashioned 
as to represent the excitation functions of a normal observer for 
light of a given quality. 

' Jour. Optical Soc. Amer. and Rev. Set. InstrumentSy 8, 173 (1924). 

^ Jour. Optical Soc. Amer.y 4, 420 (1920). 

^ Jour. Optical Soc. Amer. and Rev. Sci. Instruments, 18, 116 (1929). 



312 


THE PRINCIPLES OF OPTICS 


A vast amount of work remains to be done in the field of color, 
even apart from establishing an adequate theory of color vision. 
Assuming that spectrophotometers of sufficient precision and 
ease of use can be constructed and that adequate mixture data 
are available so that the dominant wave length, colorimetric 
purity, and luminosity of a color can be computed, there still 
remains the problem of determining the precision requirements 
of these quantities. For example, a given change in dominant 
wave length is more readily perceptible in some portions of the 
spectrum than in others. The method of determining the least 



Fio. 150. IntoKratirig attachment for the photoelectric spectrophotometer 
shown in 140. The engraved drums F, G, and H indicate the values of 
A, B, and C for the sample whose spectrophotometric curve is being drawn. The 
cams are shaped in accordance with the color sense of the observer and the 
spectral quality of the light by which the sample is assumed to be illuminated. 

perceptible change is to illuminate the two halves of a photometric 
field by light from neighboring regions of the spectrum and to 
increase the difference in wave length between the two regions 
until a hue difference becomes perceptible. The results can be 
plotted as a hue-sensitivity curve, in which the ordinates give 
the difference limen for spectral colors at each wave length. 
The curve obtained by Jones^ is shown in Fig. 157. From this 
curve it can be found that there are about 130 steps of just 
distinguishable hue difference • in the spectrum. The high 
sensitivity (small difference limen) in the yellow region (585 
mju) and in the blue-green (490 m^) is very apparent when one 
merely looks at a spectrum. 

1 Jour, Optical Soc. Anier., 1, 63 (1917). 
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The least perceptible variation in colorimetric purity has 
been investigated by Jones and Lowry,^ and curves representing 
their results are given in Fig. 158. In this figure, the ordinates 



FiCi. 157.—The curve of a normal observer a(u;ordiiig to Jones. 

This curve indicates the least perceptible difference in wave length as a function 
of wave length. 

represent purity and the abscissae, wave length. Each curve 
is the locus of points representing a certain value of the least 
perceptible variation in purity. Although it is clear that the 



Flu. 158.—Curve.s showing the colorimetric purity for which the least perceptible 
variation has certain values. The data are from Jones and Lowry. 

observational errors are considerable, as might be expected 
in the determination of such a quantity, the more pronounced 
trends are unmistakable. When more data are collected, the 

^ Jour, Optical Soc. Amer. and Rev. Sci. Instruments^ 13 , 25 (1926). 
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details of the curves may be expected to become more systematic 
in nature. The difference in sensitivity between one part of 
the spectrum and another is noticeable. Jones and Lowry found, 
for example, that at 575 m/x only 16 purity steps between zero 
and 100 per cent are distinguishable, whereas at the ends of the 
spectrum the number is 23. 

The least perceptible change in luminosity was discussed in 
Sec. 82, Chap. X, and the curve was given in Fig. 91. It will 
be remembered that the ratio of the least perceptible change to 
the absolute value of the luminosity (Fechner’s fraction) is 
sensibly constant over the entire range within which the eye is 
usually called upon to function. 

114. The Practical Applications of Color Science.—Color 
has been used for decorative purposes since th(^ Magdalenian 
period, but it is only within the last century that its scientific 
basis has been investigated and still inoie recently that color¬ 
measuring instruments have become available. As would b(^ 
expected, the information possesvsed by those who deal with th(^ 
practical applications of color consists largely of empirical 
^Taws” conct'rning the behavior of mixtures of coloring materials. 
For example, the artist’s dictum that ^‘blue and yellow produce 
green” is true for pigments and dyes, although the color triangle 
(Fig. 154) indicates that mixing a blue stimulus with a yellow 
stimulus produces a combination^ that approximates white. The 
color of a mixture of pigments is evidently determined by a 
different set of principles from those that apply to a mixture of 
stimuli. This fact is emphasized even more forcibly by coloring 
the two halves of a disk with a blue and a yellow pigment and 
spinning the disk at such a speiid that the colors fuse. The 
disk then appears to be approximately white, showing that colors 
combined in this manner obey the laws governing the addition 
of stimuli. This is therefore called the additive method of 
combining colors, while the ordinary procedure of mixing pig¬ 
ments produces colors by the subtractive method, as will be clear 
presently. 

The simplest example of the production of color by the sub¬ 
tractive method is represented in Fig. 159. These curves indi¬ 
cate the transmission of a dye solution as a function of the wave 
length, each curve being for a different concentration of the dye. 

’ The point in the color triangle indicating the resultant stimulus obviously 
lies on the line joining the points representing the individual stimuli. 
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This particular dye has marked absorption bands at about 400 
niju and 655 rn/x. With increasing concentration, the transmission 
in these regions decreases more in proportion than it does in 
regions where the transmission is higher. As a consequence, the 
dye appears a pale blue-green in dilute solution and becomes 
darker and more saturated in color as the concentration is 
increased. The variation in the chromaticity of the solution 
can be determined quantitatively by computing the values of 
Aj By and C and then finding the dominant wave length and 
colorimetric purity as described in Sec. 112. The luminosity 



Fig. 159.—Spectrophotometric. ciirvey of a Krecu dye showing the effect of 
increasing the concentration. 

factor is best represented in this case by the transmission, which 
can be computed by means of Kq. (212), with a clear solution 
as the standard. These data specify the color of the solution 
under the conditions assumed in establishing the excitation curves 
—namely, that the observer has normal color sense and that the 
source of light is an equal-energy spectrum.^ Under these condi¬ 
tions, the color of the dye in the various concentrations is as 
shown on the next page. 

The behavior of this dye is typical in that the transmission 
decreases with increasing concentration. At the same time, there 
is a decided increase in the purity and a slight shift in the domi¬ 
nant wave length. However, there are some dyes whose charac- 

^ The values for any other type of source can be obtained by multiplying 
the excitation curves by the spectral-distribution curve of the source before 
computing A, B, and C. 
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teristics are such that, chanp^ing the concentration produces 
a pronounced change in the dominant wave length. For 
example, a dilute solution of cyanine appears blue and a con¬ 
centrated solution, red. This effect is known as dichroism. 


Concentration 
of dye, per cent 

Dominant wave 
length, ni/i 

C'olorimetric 
purity, per cent 

Transmission 

0.25 

503 

33 

0.90 

0.50 

510 

48 

0.79 

1.00 

514 

65 

0.64 

2.00 

,520 

85 

0.44 


If two or more dyes that do not react chemically are present 
in the same solution, each has the same absorption characteristics 
as before. The case is analogous, therefore, to placing two pieces 
of colored glass in the same beam of light. The transmission of 



F'ig. 160.- -'Spectrophotomotric curves showing how a blue dye (^4) and a yellow 
dye (B) produce a green dye (C) when mixed together. 

the combination is found by multiplying together the values 
of the transmission^ of each of the components, wave length 
by wave length. By following this procedure, we can readily 
understand why the mixture of a blue and a yellow dye usually 
produces green. In Fig. 160, curve A represents the spectral 

^ The absorption curves for light filters are usually represented in terms of 
optical density instead of transmission. The advantage of this procedure 
is that the curve for a combination of filters can be determined by simply 
adding the ordinates of the curves of the components instead of multiplying 
them. 
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transmission of a typical blue dye and curve B that of a typical 
yellow dye. The mixture of the two dyes, represented by curve 
C, is obviously green, the rise at the red end of the curve lying 
in a region of the spectrum where the eye is relatively insensitive. 

The behavior of mixed coloring materials when applied to 
opaque objects is more complex, and one must first form a mental 
picture of the behavior of light when it is 
reflected by an aggregate of transparent 
particles. To do so, consider what hap¬ 
pens when light falls upon a layer of 
freshly fallen snow. From the fact that 
large ice crystals are almost perfectly 
transparent, one can assume that this is 
also true of the small crystals of which 
snow is composed. When light strikes 

these crystals, some is reflected, some is refracted, and some 
is totally reflected within the crystals. It would, of course, 
be quite impossible to determine precisely what takes place 
at each individual crystal, but it is fairly simple to deter¬ 
mine the combined effect produced by a very large number 
of crystals. In Fig. 161, let, a beam of light containing Fi 
lumens be incident on the upper surface of the snow, and let the 
snow be divided into n imaginary layers of arbitrary thickness 
as shown. In a similar manner, let F 2 represent the flux entering 
the second lay(U', F .3 that (‘iitering the third, etc. Without mak¬ 
ing any assumption regarding the cause of the reflection, let 
Rx, 7 ^ 2 , R-aj etc., represent the amount of flux reflected by the 
layers I, II, III, etc. If no light is absorbed by the crystals, 
the amount of light entering the first layer from both directions 
is equal to the amount that leaves, or 

7^1 + 7i^2 = F 2 + 7^1 • 

For the second layer 

7^2 "f" Tia == 7^3 -f- R 2 • 

Now Ri clearly represents the amount of flux reflected by the 
entire thickness of the material. From the first equation, 
R\ = Fi + 7?2 7^2, 

but from the second, 

R 2 — F 2 ~ lis — 7^3. 

Setting up similar equations for all n layers and adding them, 
one finds that 
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Rl — F] + Rn Fn. 

But Rn and Fn approach zero as a limit for large values of n, and 
hence it follows that, if the material is thick enough, all the 
incident flux is eventually reflected back into the original 
medium. 

The same argument applies to all white materials because 
they consist of an aggregate of minute transparent^ particles 
surrounded by a medium having a diffen-ent refractive index. 
In the case of a white cloth, the white color is due to the reflection 
from the transparent fibers. A white paint behaves similarly 
because it consists of minute transparent particles of pigment 
suspended in some sort of vehicle having a diffenmt index. If 
the index of the vehicle were the same as that^ of the particles, 
the paint w^ould be transparent like ice instead r>f white like snow. 

Similar considerations apply to a colored jiaint, since the pig¬ 
ment in this case is merely a finely divided substance that 
absorbs selectively in the visible region. As a conscc|uenco, 
the only part of the incident light than is not altered in spectral 
composition is the relatively small fraction that is reflected 
at the first surface. The strength of the color depends upon the 
depth to which the light penetrates before being reflected, and 
thus the color can be enhanced either by using a vehicle having an 
index similar to that of the pigment or by using a coarse pigment. 
In any case, the greatest proportion of light is reflected from below 
the surface of the paint, and it is therefore evident that a mixture 
of pigments should act upon the light like a serums of filters. 
The fact that a mixture of blue and yellow pignients appears 
green shows that this conclusion is warranted qualitatively, and 
a quantitative investigation by F. F. Rupert^ shows that mixed 
pigments do indeed obey the laws governing the subtractive 
process. The same is true, of course, for fabrics colored with 
mixed dyes, provided the dyeing process is properly conducted. 

The utilization of color-measuring instruments by industry 
is in its infancy. With the present tendency of industrial leaders 
to discard rule-of-thumb methods, it seems inevitable that the 
control of color processes will eventually be taken over by men 
possessed of an accurate knowledge of the subject of color and 
equipped with suitable instruments. Most of the practical 
applications of color involve the mixing of pigments or dyes, 

^ Jour. Optical Soc. Arner.y 20, 661 (1930). 
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and consequently the spectrophotometer is the fundamental 
instrument. The interpridution of the behavior of coloring 
materials on any basis except that provided by the spectropho¬ 
tometer is so complex that, as soon as one becomes familiar 
with the spectrophotometric method, he finds it well-nigh impos¬ 
sible to think in any other terms. 



CHAPTER XV 


OPTICAL GLASS 

The materials used for lenses, prisms, and other optical parts 
must possess five characteristics—transparency, homogeneity, 
reproducibility, durabiUty, and workability—and this combina¬ 
tion is possessed by a remarkably small number of substances. 
Most of them are natural crystals like quartz, but an artificial 
mixture, called glass, is the one most commonly used. Many 
kinds of glass are manufactured but almost all of them are 
essentially mixtures of silicates in supercooled solution. Optical 
glass differs from ordinary window glass both in its composition 
and in its freedom from small amounts of inipurities that would 
impart undesirable characteristics. It also requires a very 
different treatment throughout its manufacture—from the mixing 
of the batch to the preparation of the final blank that is put on 
the grinding machine. 

The demand for glass of optical quality was created by the 
invention of the achromatic lens in the middle of the eighteenth 
century. The father of the optical glass industry was Guinand, 
a Swiss. It was he who first overcame the chief defect of ordinary 
glass—namely, streaks of varying index produced by improper 
mixing. He later moved to Germany and became associated 
with Fraunhofer, with whom he made lenses as large as 11 in. 
in diameter. His sons established the industry in France, whence 
it was introduced into England in 1848. 

All the optical glass used in the United States was imported 
until about 1912, when certain firms made desultory attempts to 
manufacture some of their own. No earnest endeavor to estab¬ 
lish the industry was made until 1917, when the entry of the 
country into the war made a domestic supply of glass imperative. 
Then the problem was attacked so vigorously that, despite the 
secrecy that had traditionally surrounded the process of gla^^s 
making, over 300 tons of usable glass had been produced by tJie 
time the armistice was signed, 19 months later. This achieve¬ 
ment was made possible by a systematic investigation, as a 
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result of which the manufacture of optical glass has become a 
matter of factory routine instead of a jealously guarded art ^ 
116. The Manufacture of Optical Glass.—The basic com¬ 
ponent of the mixture or batch that is melted together to make 
optical glass is almost always silica in the form of sand. To 
this is added either sodium or potassium carbonate and nitrate, 
or a mixture of the two. Salts of other elements, such as calcium, 
barium, lead, and boron, are often added to impart sf)ecial 
properties. These raw materials must be exceedingly pure, 
because a trace of impurity often has a pronounced effect on the 
transparency. Ferrous iron is the commonest impurity and 
imparts a green coloration to the glass, l^he best optical glass 
contains less than 0.02 per cent of Fe^Os,* as little as 0.05 per 
cent produces a noticeable color in layers of moderate thickness.^ 
The first step in manufacture is to weigh out the proper 
amounts of the raw materials of a previously tested degree of 
purity. These are thoroughly mixed, either by hand or by 
machine, and are then ready for the melting pot. 

The quality of the finished product depends quite as much on 
the excellence of the pot as on the care taken in preparing the 
glass itself. Since an appreciable amount of the pot goes into 
solution at the high temperatures to which it is subjected, it is 
made of a clay that is as nearly pure kaolin as can be found. 
Pots are commonly made to hold either half a ton or a ton of the 
raw materials. A half-ton pot is about 36 in. in outside diameter 
and 36 in. high, the inside diameter and depth being about 27 in. 
each. The wall of the pot is thus about in. thick and, 
although the pot looks strong, it is extremely fragile and must 
be handled with care. Formerly, pots were laboriously built 
up by hand, but methods of casting them have been developed 
within recent years. After a pot is made, it must be dried very 
slowly to avoid forming cracks. From two to six months are 
required for this process. 

^ The information gathered during this investigation has been published 
in a comprehensive monograph, ^‘The Manufacture of Optical Glass and 
Optical Systems,’’ Ordnance Dept. Doc. 2037. See also papers by J. W. 
French, Trans. Optical Soc. {London), 17 (1915-1916), 18 (1917-1918). 

2 For cheap glasses, manganese salts are sometimes added to oxidize the 
ferrous iron to the ferric state. The ferric iron alone imparts a pale yellow 
color, which is largely neutralized by the purple color produced by the mam 
ganese. Tliis procedure reduces the transparency, however, and therefore 
is not permissible in the manufacture of optical glass. 
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When a pot is to be used, it is placed in a small furnace called 
a pot arch in which it is preheated for three to five days. At the 
end of this time, it attains a temperature of about 1000°C. It 
is then removed by means of a pot wagon, which consists of a 
mammoth pair of tongs mounted on wheels, and is placed in 
the furnace. 

The type of furnace commonly used is large enough for but 
a single pot, which is heated by the hot gases passing up from 
the furnace chamber below. The floor, or si(‘ge, on which the pot 
is to be placed is made as smooth as possible and then covered 
with sand to form a level base. The pot is inserted and heated 
slowly until it attains a temperature of approximately 145()®C., 
which causes the clay to sinter together. The pot is then allowed 
to cool to 1300°C. before it is charged. 

The first step in charging a pot is to add waste glass from 
previous melts in oO-lb. lots at intervals of half an hour. It will 
be seen shortly that only about 20 per cent of the contents of a 
pot is of usable quality, but the waste glass, called cullet, can be 
salvaged in this manner. In addition, this cullet serves to protect 
the walls of the pot from the action of the fused alkali. Some¬ 
times as much as 50 per cent of a melt may consist of cullet 
although good glass can be made without any. 

As soon as the pot is charged, the temperature is raised to 
140()°C. This causes chemical reactions to take place in which 
carbon dioxide and nitrogen pentoxide are expelled, leaving a 
solution of silicates. The bubbles of gas given off at this stage 
must be entirely removed, a procedure known as fining. It 
is accomplished by stirring the melt with a clay rod fastened to 
the end of a long iron bar. This stirring rod is always kept at 
least 2 in. from the wall of the pot because the melt adjacent to 
the wall dissolves material from the pot which would introduce 
streaks of varying refractive index if stirred into the melt. The 
pot is stirred rapidly while being charged and more slowly after 
all the material is melted. Sometimes the removal of bubbles is 
accelerated by blocking, which consists of introducing into the 
melt either water, arsenious oxide, or ammonium nitrate. These 
materials evolve large quantities of gases which rise through the 
melt and carry the bubbles with them. 

At the end of the fining operation, which may require from 
24 to 48 hr., the impurities floating on the melt are skimmed off 
and the furnace is allowed to cool to abou^l000°C. The pot 
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is then pried loose from the siege and is removed from the furnace 
with the pot wagon. Any material that has slopped over the 
outside of the pot is blown off with a blast of air. 

The ensuing operations depend upon the quality of the glass 
required. The best optical glass is obtained by allowing it to 
solidify within the pot. This procedure is expensive and 
requires much care, but it must be adopted when the glass is to 
be used in instruments of the highest (piality. The pot is first 
allowed to cool in the open for about half an hour since there is 
no danger of introducing strains while the melt is still liquid. 



Fig. 1()2.—A pot of optical glass partly broken up. (By courtesy of Bausch 
and Lomb Ojdical Company.) 


Infusorial earth is thrown on the surface of the melt and a blast 
of air is played on the bottom of the pot during this period to 
make the rate of cooling uniform. The bottom of the pot is 
much hotter than the top when the pot is removed from the 
furnace, and, if this temperature difference were allowed to 
continue, the convection currents within the melt would produce 
streaks of varying index. The pot is then placed in a pot arch 
and cooled to about 600°C. in a period of approximately 24 hr. 
From this temperature, it is gradually cooled to room temperature 
in about a week. This is the crucial period because the tempera¬ 
ture differences within the pot are greatest and, since the glass 
is on the point of becoming solid, strains are readily produced. 
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Nevertheless, it has been found possible to dispense with the 
pot arch by placing a large heat-insulating cover over the pot 
until it attains room temperature. 

When the pot is cool, it is broken open as shown in Fig. 162. 
As can be seen in this figure, the glass is found in chunks of 
assorted sizes having approximately plane faces. These chunks 
are broken up further if necessary and are then either sawed into 
pieces of the right size for the grinding and polishing operations 
or molded into plates about 1 in. thick to facilitate inspection 
and handling. 



Fia. 163.—Rolling optical glass. {By courtesy of Bausch and Lomh Optical 

Company.) 

For many purposes, glass prepared by a process of rolling is 
satisfactory. This process consists in pouring the melt on a 
metal plate as soon as it comes from the furnace and flattening 
it with a roller as shown in Fig. 163. The sheet is rolled to about 

6 thick for spectacle lenses and about j i in. for photographic 
lenses. After being rolled, the shecit is passed through an oven, 
called a lehr, which is hot at the entrance .and at room tempera¬ 
ture at the exit. The glass is annealed for about two days in 
this lehr, and is then cut into pieces of the proper size. 

Rolled glass is much cheaper than pot glass because the pot 
can be used over and over, as many as twenty times, and also 
because most of the melt is usable. However, as rolled glass is 
composed of material from all parts of the melt, it is not of 
uniform index of refraction. The streaks of different index are 
called striae, and the rolling flattens these striae so that they are 
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parallel to the surface, in which shape they are known as ream. 
This defect makes rolled glass unsuitable for lenses having steep 
curves and lenses of which sharp definition is required. Rolled 
glass is perfectly satisfactory for spectacle lenses, however, and 
is often used for photographic objectives. It is entirely unsuit¬ 
able for prisms because, in this case, the light does not traverse 
the layers of ream in a direction even approximately normal and 
hence the injury to the definition of the image is pronounced. 

Lenses and prisms are commonly ground from blanks that 
are made by pressing the glass into approximately the finished 
form. If the glass has been rolled, a sheet of suitable thickness 
is cut into squares of the proper weight; if the glass has been 
allowed to cool in the pot, the pieces are cracked or sawed out 
of the large chunks. In either case, the pieces are softened in a 
small furnace and then placed one at a time in a hot mold into 
which they are squeezed by means of a die. The surface pro¬ 
duced in this way is fairly smooth but is pitted with the clay 
blown up from the floor of the furnace by the hot gases. Never¬ 
theless, the amount of material to be ground away after this 
operation is much less than it would be otherwise. The press¬ 
ings, as the blanks thus prepared are called, are annealed for a 
length of time depending upon the size--condenser blanks, for 
example, requiring about a week. The subsequent operations 
of grinding and polishing will be described in the next chapter. 

116. Types of Optical Glass.—Since the time of Fraunhofer, 
optical glass has been specified according to its index for the 
sodium line and the value of the ratio 


Ui) — 1 

V =-- — j 

nr — flc 


(213) 


which is a restatement of h]q. (154) in Chap. VI. It is the 
custom nowadays to furnish also the partial dispersions np — 

etc., and the partial dispersion ratios etc., to allow 

the amount of secondary spectrum to be estimated. 

Prior to 1886, only two types of glass were known—ordinary 
crown and ordinary flint. The basis of both is a mixture of 
sodium and potassium silicates, but the former contains calcium 
in addition and the latter contains lead. With so little variety 
in the choice of optical glass, it was impossible to satisfy all 
the conditions of achromatism discussed in Sec. 56, Chap. Vl. 
The need for new optical materials was recognized by Abbe in 
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1880. In that year he and Schott,^ aided financially by the 
Prussian government, began experimenting at Jena. They tried 
the effect of adding compounds of boron, barium, fluorine, 
phosphorus, and other elements. Some elements did not impart 
new properties and others made the glass soft or cloudy, but a 
few were found to impart, d(\sirablc optical properties to the glass 
without injuring it. After six years of niseiirch, they placed 
on the market optical glasses in which the r-values did not go 
hand in hand with the index and in which the dispersion varied 
with wave length in such a manner that something ai)proximating 
complete achromatism could be achieved. 

The designer has now a wide choice in the selection of optical 
glasses, which can be conveniently divided into series named from 
their characteristic constituent. Other constituents having 
little effect on the index or dispersion may, of course, also be 
present. F'or example, arsenic may be used to clear the glass 
from bubbles and make it ti'ansparent, while aluminum and zinc 
are sometimes added to reduce the likelihood of crystallization. 
Aluminum also makes the glass tough, and zinc makes it easier 
to work in the furnace. The important series of opt ical glass are: 
(1) ordinary crown; (2) borosilicate crown; (3) fluor crown; (4) 
barium crown; (5) ordinaiy flint; (6) baryta flint; (7) borate 
glass; and (8) phosphate glass. These will be described in order. 

1. Ordinary Crotons. —Calcium is the characteristic constitu¬ 
ent of these glasses. They all have an index for the il-line of 
about 1.52 and a r-value of about 60. 

2. Borosilicate Crowns. —These resemble the ordinary crowns 
with the exception that some or all of the calcium is replaced by 
boron. The index varies from about 1.50 {v = 65) to about 

I. 52 {v = 60), and the z^-value varies from about 54 (ny^ = 1.52) 
to 65 {uu — 1.50). Hence they are not very different optically 
from the ordinary crowns, the greatest difference being that the 
dispersion in the red end of the spectrum is relatively greater for 
the same total dispersion. 

3. Fluor Crowns. —These glasses are characterized optically 
by very low indices and j^-values. They are but little used. 

4. Barium Crowns. —This scries contains relatively large 
amounts of barium and a little boron at the expense of the silica. 

^ The significance of the work of these men can understood bettor from 
HovestadCs *‘Jena Glass,which has been translated into English by 

J. D. and A. Everett. 
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The indices are slightly higher and the ^/-values slightly lower 
than for ordinary crowns, although the rate of change of disper¬ 
sion through the spectrum is about the same. The indices 
range from about 1.54 (v = 60) to 1.61 (v = 59), and the i^-values 
range from about 54 (/i^ = 1.58) to about 61 (rijj — 1.59). 

5. Ordinany Flints. —The cliaract/eristic constituent of this 
series is lead, which raises the index and lowers the value. 
The dispersion in the blue end of tlie spectrum relative to that 
at the red end is much greater for this series than for crowns. 
It will be recalled from Kq. (150) in Chap. VI that to achieve 
complete achromatism in a thin cemented doublet, the ratio 
of the disp(Tsions of the two elements must be constant through¬ 
out the spectrum. The variation in the ratio is the reason 
for the imperfect achromatism of an ordinary crown with an 
ordinary flint. The optical properties of the ordinary flints 
range from about fin = 1.52 {u = 57) to = 1.96 {v = 20). 

6 . Baryta Flints. —In this series, barium is added at, the expense 
of the lead. These glasses ha,ve a higher indc^x for the same 
A'-value than the ordinary flints and a relatively greater disper¬ 
sion in the red. They range from = 1.55 {v = 53) to rii, = 
1.63 (r = 39). 

7. Borate Glasses.- Iw these glasses, the silica is replaced by 
boric acid. Aluminum and vsometirnes lead may also be added. 
They range from rij) ~ 1.51 (r = 60) to = 1.67 (r = 39). 

8 . Phosphate Glasses. —In these glasses, the silica is replaced 
by a phosphate, and some barium and a little boron are added. 
They range from nu — 1.52 {v = 70) to 71d = 1.59 (r = 64). 
In spite of their desirable dispersion relations, they have been 
almost entirely discarded because of their instability. 

The numerical values given above for the index and r-values 
furnish merely an idea of the range covered by the various 
glasses of the respective series. Glass makers are constantly 
changing their lists of glasses, adding new ones for special 
purposes and dropping others because of their instability, the 
small demand, or the difficulty of reproducing them. European 
makers offer a greater variety of optical glass than American 
makers because the conditions in this country are such that only 
the types that are widely used can be produced economically. 
The list of the Bausch and Lomb Optical Company, the largest 
American maker, is reproduced by permission in Table XX. 
One type of crown, which is made for condensers, is not listed 



Table XX. —Stock Types of Optical Glass Made by the Bau^ch & Lome Optical Company 
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Note.— The Fraunhofer lines for which the indices of glass are usually specified in glass catalogues are as follows: A' (A'), 768.2 m/i; C (H), 656.3 
mi*; D (Na), 589.3 mu; d (Ds) (He), 587.6 m/*; c (Hg), 546.1 ra^; F (H), 486.1 ra^x; .7 (Hg), 435.8 G' (H), 434.1 m^; and h (Hg), 404.7 m/x- (If this 
list is compared with Table VII on p. 162, it will be noticed that some of these lines are different from the lines in the solar spectrum designated by the 
same symbols.) In this condensed table, the values for d, e, and g have been omitted. 
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because it is not used when critical definition is required. Its 
index for the D-line is approximately 1.513 and its i^-value, 59. 

117. Reproducibility.- Manufacturers of opt ical glass usually 
give indices in their catalogues to five decimal places and occa¬ 
sionally to six. Although the partial dispersions may remain 
constant from one melt to anot her to within a few units in the fifth 
place, the indices themselves vary in the fourth place or occa¬ 
sionally in the third place. From the standpoint of the purchaser 
of optical glass, the best procedure is to spc'cify the value of 
n to ±0.001 and p to ±0.2. Under these circumstances, the 
optical system cannot be finally computed until the particular 
lot of glass destined for it has been measunnl, but to specify 
closer tolerances may increase the cost or cause delay. If pot 
glass is required, pieces of the right size may not be in stock in 
sufficient quantity, or the manufacturer may refuse to reduce 
his stock of large pieces by breaking them into smaller ones. 
Optical glass is sold by the pound, the price ranging upwards 
from about SI.50 per pound for spectacle crown to S7.50 for 
types that are especially difficult to manufacture. For obvious 
reasons, unusually large pieces may commttnd a higher pric(\ 

It is often desirable to have a stock of glass of identical optical 
characteristics so that a lot of instruments can be constructed 
with identical mechanical parts and scales. For example, in 
manufacturing spectroscopes having a wave-length scale, the 
amount of labor involved in preparing the wave-h^ngth scale 
makes it undesirable to calibrate each instrument separately. 
In such cases, an entire melt is often set aside' for use in the con¬ 
struction of a particular kind of instrument. 

118. Dispersion,-—The variation of index with wave length is 
best represented by an empirical formula proposed by Hartmann. 
This formula^ is 

(214) 

where no, c, and Xo are constants for a given glass. It is to be 
regretted that the catalogues of the glass manufacturers do not 
list the values of the constants in Hartmann’s formula, as 
undoubtedly this would lead to the discovery of simple relations 
that are more easily understood than the partial dispersion ratios 
that are commonly given. 

^ An approximate form of this relation was given by Eq. (151) in Chap. 
VL For another dispersion fornmla, Eq. (218) in Chap. XVHI. 
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119. Defects.—The possible defects of optical glass are many. 
Even though its index and dispersion may be correct, it may 
contain st.riae, bubbles, ^‘seeds^’ (minute bubbles), or stones 
(undissolved material). It, may also be milky, colored, or 
in a state of strain due to improper annealing. The harmful 
effect of these defects cannot be estimated without knowing 
th(^ function that the completed part is to perform in the optical 
system. For example, a few bubbles in the elements of a photo¬ 
graphic objective merely reduce the transmission by a negligible 
amount. On the other hand, the field lens of a Ramsden ocular 
must be free from both bubbles and seeds because it lies in the 
plane of the image which is seen magnified by the eye lens. 
For obvious reasons, glass that is cloudy (a fault that sometimes 
appears when chlorine or sulphur is present in the batch materials) 
is of little use in image-forming instruments. Mechanical stresses 
produced in the glass by improper annealing are especially serious 
in instruments employing polarized light because of the bire¬ 
fringence they produce. Pronounced stresses may be indirectly 
important also in systems requiring the formation of critically 
sharp images, because they may deform the piece while it is 
being woi’ked, or even afterward. Stones, which are due to 
solid material from either the melt or the pot, are objectionable 
because of the stresses and the striae they introduce in the sur¬ 
rounding glass. 

Optical glass is inspected frequently during the process of 
manufacture, the object being to do the minimum amount of 
work on pieces that must ultimately be rejected. Pot glass is 
inspected for bubbles, stones, and striae as soon as the pot 
has been broken by simply looking through the separate pieces 
at a diffusing glass covered with dark bands or spots. The 
defects can be more easily detected against the half-shadow 
formed by the dark areas than against a clear illuminated 
area. Striae are easily observed by immersing the piece in a 
liquid of the same refractive index, such as a mixture of carbon 
disulphide and benzol, but this test is not used in commercial 
plants because the fumes from the liquid are harmful to the 
workers. 

After the opposite faces of a piece have been polished, striae 
are readily detected by a modification of Topler’s shadow method. 
In Fig. 164, 5 is a source of light; Z>,.a diffusing screen of fine- 
ground glass or flashed opal; and //, a pinhole in the first focal 
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plane of the achromatic collimator Lj, whoso focal length is 
300 mm to 750 mm and whose diameter is 50 mm to 130 mm. 



Fig. 164.—Sketch of apparatus for detecting striae in jjlass. 


The plate to be inspected is placed at Ixhind it is the achro¬ 
matic field lens which should have a focr'il l('n^i;th of about 
300 mm to 400 mm. A pinhole aperture, or, btdter, a cross-slit. 

as shown at A is placed at H 
in the second focal plane of this 
lens. The aperture is h(‘ld in 
clips so that it can be shifted at 
will. The eye E is moved until 
the plate to be examined appears 
in half-shadow; in this position, 
the striae are readily seen on 



Fig. 165.— Sketch of apparatus h'r 
detecting stones, bubides, and seeds in 
glass. 


tilting and moving the plate across the field. 

Bubbles, seeds, and stones are most readily detected in a piece 
having polished faces by using indirect illumination in an arrange¬ 
ment like that shown in Fig. 165. Foreign particles in the glass 
reflect and deflect the impinging light rays so that they reach the 
eye of the observer; thus each particle appears as a bright source 
of light that is readily visible. To make the contrast as 
great as possible, the plate under examination should rest on a 
dull black sheet and should be shielded from light at the side. 
The background is then dark and the illuminated points stand 
out brightly. 

Stresses are detected by observing the birefringence they cause. 
As will be described in Chap. XXIX, birefringence is the property 
of splitting light into an ordinary and an extraordinary ray, one 
traveling in the birefringent medium faster than the other. 
The amount of stress can be measured b^^ ’ +ermining 





OPTICAL CLASH 


333 


the path difference between the two rays. This can be accom¬ 
plished by placing the glass in a beam of polarized light and 
studying the dark patterns seen in the analyzer as the latter is 
rotated. The dark lines of each pattern correspond to positions 
of equal path difference. Specimens that are noticeably bire- 
fringent are returned to the glass plant for reannealing. 

120. Transparency.—Optical glass is generally so transparent 
to visible l|ght that the absorption can be neglected except when 
the pieces are very thick, Even in optical instruments con¬ 
taining a large amount of glass, such as range-finders and peri¬ 
scopes, the lossc^s due to reflection at the air-glass surfaces 
generally exceed those due to absorption. Of course, all glasses 
absorb in the ultraviolet, the position of the cut-off depending 
upon the composition of the glass. In general, the position 
of file cut-off moves toward longer wave lengths as the index of 
th(^ glass increases. Most dense flints are yellow for this reason, 
the violet and some of the blue being completely absorbed, even 
by relatively thin ])ieces. 

The transmission of a slab of glass with plane-parallel faces is 
easily determined by the method discussed in Sec. 107, Chap. 
XIIL This method measures the losses due to both absorption 
and surface reflection. Although the latter can be calculated 
by means of FresneFs formula, Eq. (16), a somewhat better 
method is to measure the transmission of two pieces of the same 
material having different thicknesses, since from these data the 
reflection losses can be eliminated by computation. The absorp¬ 
tion of visible light by optical glass varies from about 0.5 per 
cent per centimeter in light crowns to about 3 per cent in flints. 

121. Stability.^—Some glasses have very desirable optical 
properties but are affected by air, water, and gases. For 
example, glasses high in alkali content are hygroscopic, and the 
phosphate glasses are notoriously unstable. Others, like dense 
barium crowns and the borate glasses, are fairly stable but 
tarnish if exposed. They are used, however, by cementing them 
between more stable glasses. 

To determine the stability of a glass in the laboratory is very 
difficult. In use, the glass may be exposed to any one or more 
of such injurious agents as water vapor, carbon dioxide, finger 
perspiration, bacteria, and minute plant organisms; and labora¬ 
tory tests of the resistance to all these agencies are impracticable. 
About the best that can be done is to determine the effect of the 
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most common agent, water, and even for this one agent a suitable 
test must be conducted over a long period of time. Means for 
accelerating the reaction may be adopted, of course, but it is 
doubtful thad this procedure really simulates the effect of pro¬ 
tracted use. 

Perhaps the best quantitative test for stability is the iodoeosin 
test of Mylius.^ A freshly fractured piece of the glass under 
examination is immersed for 1 min. in a test solution at 18°C. 
consisting of a saturated solution of water in ether to which 0.5 
gram of pure iodoeosin ((^oHsUOs) is added for each liter of solu¬ 
tion. This attacks the glass, and the small quantity of alkali 
that is set free enters into combination with the iodoeosin to 
form a red alkaline salt. Since this salt is insoluble in ether, 
it is precipitated on the glass surface. After the specimen has 
been removed from the solution, it is plunged quickly into ether 
ti) wash off the excess. It is then allowed to dry, and the surfaces, 
('xcept the freshly broken one, are wiped clean with a cloth. 
The iodoeosin salt is then dissolved in a small amount of water 
and its quantity is determined colbrimetrically by matching it 
against a standard iodoeosin salt solution. The alkalinity of the 
fresh surface in terms of milligrams of iodoeosin thus absorbed 
per square meter of area is called by Mylius the weather alkalinity. 

Mylius divides glasses into five gn ups on tiie basis of their 
weather alkalinity as follows: 


Tabt.e XXT 



^Fypo of gla.ss 

W(\ath(‘r 
alkalinity, 
ing/nietcr‘^ i 

Ex.Minplc' 

I 

Practically insoluble 

0-5 

Silica glass 

11 

R(‘sistant 

5-10 

J(’na CJ(‘rate, Pyrex 

III 

Hard 

10-20 

Flints, best crowns 

IV 

Soft 

20-40 

Ordinary' (;rowns 

V 

Poor 

Over 40 



Optical glasses should have a weather alkalinity of less than 40 
rng/meter^. 

122. The Care of Glass Parts. —Lenses and prisms are beauti¬ 
fully clear and polished when they leave the optician^s shop, 
but they seldom remain so after being in the hands of the user 

^ Ordnance Dept. Doc. 2037, p. 220. 
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for any length of time. Since in most cases the function of the 
optical part—namely, the transmission of light—does not injure 
it in any way, we must conclude that its useful life depends 
entirely on the sort of care it receives. It is needless to state 
that a cemented lens may be ruined by heat because, even if it is 
mounted so that it will not fail apart when the cement softens, 
bubl)les may form in the cement and ruin the definition of the 
image. But there are more insidious caustis of damage. If 
Ihe part is not protected, dust containing deleterious chemical 
agents may collect uf)on it, or fumes in tlie atmosphere may 
attack it. In the tropics, bacteria may collect and grow, thus 
covering the surface with a scum. The simplest (but all too 
uncommon) method of probicting glass parts when not in use is 
by a closely fitting cap. This does not entirely prevent damage 
because fumes from the lacquer and grease within the instru¬ 
ment may stall have access to the part, but it. does very greatly 
retard the deterioration of the polished surfaces in addit.ion to 
protecting the part against mechanical injury. Unmounted 
parts should be wrapped in tissue paper and placed in small 
boxes stuffed with cot ton battiing. 

If a polished surface is touched with the fingers, the grease 
that is deposited should be carefully wip(‘d off immediatel}^ 
or a permanent marking may result. Dampness should also 
bo removed as soon as possible because it accelerates crystalliza¬ 
tion and tarnishing. A clean piece of linen or lens paper is 
suitable for the purpose. If dust^ has been allowed to collect 
on the surface, it should be removed gently with a carners-hair 
brush before the surface is wiped. The glass should never be 
rubbed vigorously because, if it is one of the soft varieties, it will 
certainly be scratched. If a surface has begun to crystallize, 
it may be wiped under water. The water will usually dissolve 
the crystals whereas, if they were removed by hard rubbing, they 
would surely produce scratches. A polishing agent, such as 
rouge, should not be used, not only because it might alter the 
figure of the surfaces but also because, unless very pure, it is 
likely to contain coarse particles that would scratch the glass. 
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THE MANUFACTURE OF OPTICAL PARTS 

The art of working optical glass is unique. In the first place, 
glass is so brittle that the ordinary methods of fabricating wood 
or metal objects cannot be used and a special technique has, of 
necessity, been developed. In addition, the precision required 
of optical parts transcends that required of any other manu¬ 
factured article. This is an inevitable consequence of the short 
wave length of light because, as shown in Chap. VII, the forma¬ 
tion of images of the highest quality requires that the optical 
path along every ray be the same within one-fourth of a wave 
length. 

The art of working optical glass can be acquired only by long 
experience. Nevertheless, some knowledge of the procedure is 
essential, even for those who intend to have their optical work 
done by others. Optical firms constantly receive orders which 
they are unable to fill because the specifications are eit her ridic¬ 
ulously strict, hopelessly vague, or oven contradictory. The 
literature of the subject is meager, but much valuable information 
can be found in the Ordnance Department Document mentioned 
in the preceding chapter. 

123. Preparing the Blank. “--The first operation in the con¬ 
struction of any optical part is the preparation of a blank having 
roughly the shape of the finished part. The most economical 
procedure is to make a pressing as described in Sec. 115. The 
pressing molds are so designed that the blank is a trifle larger in 
every dimension than the finished part. In lenses, from 2 mm 
to 5 mm are added to the diameter, and about 1 mm is allowed 
for grinding on each surface. For prisms, from 3 mm to 8 mm 
are added to each dimension. 

Pot glass must be used for work of the finest quality. It 
can be pressed as described, but a better procedure is to select 
a chunk of the proper size and saw a blank from it by means of 
a glass saw. A typical saw is illustrated in Fig. 166. It con¬ 
sists of a circular disk of brass, copper, or soft iron, which is* 
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charged with diamond dust mixed with thick oil. A saw 5 
in. in diameter is usually about He thick. The chunk of 
glass is pressed against the edge of the disk, which is rotated at 
a speed of about 1000 r.p.m. At this speed, a 5-in. saw will 
cut about } 2 in. per minute. Kerosene or some other light oil 
is squirted into the cut to keep the glass cool. Glass can also 
be milled by using as a tool a cylinder of brass, copper, or soft 
iron charged with diamond dust. Such a tool may be from 2 in. 
to 4 in. in diameter and 3 in. to 6 in. long. 

In preparing lens blanks from pot glass, plates having approxi¬ 
mately parallel faces are first sawed out. The corners are then 
nipped off the plaices, which 
are stacked in a column, one 
on top of the other, with oil 
between. The column is then 
clamped together in a lathe and 
rotated against a revolving 
carborundum wheel. This 
operation grinds the plates into 
circular disks of the proper 
diameter. When only one lens 
is required, an alternative pro¬ 
cedure is to fast(m the plate 
on the bed of a drill press and 
cut out a disk of the required 
diameter by means of a hollow 
cylindrical tool of copper or brass charged with diamond dust or 
carborundum.^ A more primitive way is to chip the corners 
off the plate, mount it in a lathe, and turn the edge down with 
either a diamond point or a hardened-steel tool. In every case, 
a stream of kerosene or turpentine is constantly played on the 
glass. 

124. Grinding and Polishing.— From a manufacturing stand¬ 
point, there are two general classes of optical goods. The first 
class, which includes ophthalmic lenses, goggles, and condensers, 
is characterized by low precision and large volume of production. 
To meet price competition, optical goods of this class are usually 
made by machines tended by unskilled workmen. The other 
class of goods includes such precision instruments as telescopes, 

^ This method is also used to drill a hole in glass. If the hole is very small, 
a. solid drill may be used. 



Ftt,. 166.—A glass saw in operation. 
The i>late of glass above the saw is 
to protect the workman from the flying 
abrasive. {By courtesy of Spencer Lens 
Company.) 
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microscopes, photographic objectives, and projection objectives. 
These are usually manufactured in relatively small quantities 
to high standards of precision. The essential operations are the 
same for both classes, the principal distinction being in the 
method of polishing. We shall identify these classes by the terms 
spectacle quality and precision quality respectively. 

The procedure in preparing surfaces of spectacle quality is 
best illustrated by describing the method of manufacturing 
ophthalmic lenses. When these are made individually to the 
customer’s prescription in the shop of the local optician, the 
starting point is a pressed blank of rolled glass. This blank is 
cemented with hot pitch to what is known as a blocking tool or 
block, which is usually made of cast iron. The exposed surface 
of the blank is then ground by holding it against another tool, 
called a lap, which has previously been given the proper radius 
of curvature. The lap is rotated at a moderate speed on a 
vertical shaft and is fed with a mixture of coarse emery and 
water. The block is secured to a lever arm and is held against 
the lap by the optician, who moves it constantly over the lap 
to equalize the wear on the latter. When the surface irregu¬ 
larities have been removed and the blank has acquired the same 
curvature as the lap, it is removed and carefully washed free 
from the emery. A finer grade of emery is then substituted 
and the grinding is continued, several changes to successively 
finer grades being made from time to time. Fre(]uently the fine 
grinding is done on a different lap because the lap used for rough 
grinding becomes deformed and therefore incapable of producing 
a satisfactory finished surface. The surface left by the fine- 
grinding operation has a velvety finish and is smooth by all 
ordinary criteria, but it is still rough in comparison with the 
wave length of light. The final operation—polishing—is not 
required to remove any substantial amount of material but 
rather to cause a flow of the glass that fills up the scratches 
left by the fine grinding. For ophthalmic lense^s, the polishing 
is done against a felt surface charged with wet rouge (usually 
a very fine grade of red ferric oxide). This completes the work 
on the first surface, which has required perhaps half an hour. 

The first surface having been finished, the blank is removed 
from the blocking tool. This is accomplished by directing a 
stream of cold water against the pitch, the sudden cooling causing 
it to crack away from the blank. The blank is then turned 
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over and mounted on another tool, and then the second surface 
is worked in a manner similar to the first. Some little care is 
required in mounting the blank this time because it must be 
finished to a definite thickness. Consequently the film of pitch 
holding it to the block must be thin to enable the lens to be gauged 
for thickness without being removed. After the second surface 
is polished, the lens is cut to the proper shape and fitted to the 
spectacle frame. The method of cutting will be described in the 
next section. 

It is a widespread custom among small opticians to keep in 
stock blanks with one surface finished, and to work only the 



Fid. 1()7.—A view in the Iciis-griiHhug room of the Bniisch and Lomb Optical 

Company. 

second surface according to the customer’s prescription.^ At 
the factory, where lenses are made in quantity, the procedure is 
the same as has just been described except that many lenses 
are worked at once. This is done by mounting them on large 
blocking tools, called shells. The grinding and polishing opera¬ 
tions are performed by automatic machines. These rotate the 
grinding or polishing tool about a vertical axis while the shell is 
moved over the surface of the tool in a random manner. In 
this way, the spherical form of the tool is maintained although 
wear does cause a slight change in the radius of curvature. The 

^ Sometime^s the lens is obtained from the factory with both surfaces 
finished and ready to be (Jut to fit the frame. 
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operation is well shown in Fig. 167, which is a photograph of the 
lens-grinding room of a large factory. 

The abrasives most commonly used for lens grinding are 
emery and carborundum, although crushed steel is sometimes 
used for the preliminary roughing. The coarse grinding is done 
with 90-mesh abrasive; then the surface is smoothed successively 
with 150-mesh, 200-mesh, and 600-mesh abrasives. Each grade 
is used until the scratches produced by the preceding have been 
entirely eliminated. As each change is made, the preceding 
abrasive is washed from the block very thoroughly so that no 
coarse grains will remain to cause grooves during the succeeding 
operation. For smoothing—the last fine-grinding operation— 
the abrasives are selected according to the length of time required 
for them to settle from a tank of water. For the final finishing, 
emery that remains in suspension for 10 min. but settles at the 
end of 60 min. is commonly used. This emery is selected from 
the emery worn down during the grinding operations. No 
small part of the worker’s art is to keep the abrasive properly 
wet. If the abrasive is too wet, all the air is excluded from the 
working surfaces and the load is increased so much that particles 
of the abrasive may become embedded in th(^ glass. If the 
abrasive is too dry, lumps may form that behave in the same way. 

The tools used for ordinary ophthalmic lenses are known as 
diopter tools because they impart a certain power in diopters^ 
to a lens that is plane on one side. Most ophthalmic lenses are so 
thin that they can be considered equivalent to two plane lenses 
in contact. Thus a lens made with a — 6.()0-diopter and a +9.00- 
diopter tool is considered to have a total power of +3.00 diopters. 
One curious feature to be remembered when curves are orden^d 
in diopters is that the tools are named according to the power 
they would impart if the index of the glass were 1.530 instead 
of 1.523, which is the standard nowadays. Thus a + 5.00-diopter 
tool has a radius of curvature of 106.0 mm and imparts a power 
of +4.94 diopters to an infinitely thin plano-convex lens made of 
modern spectacle crown glass. It must also be noted that diopter 
tools are limited in number. Below 10 diopters, the tools vary 
by one-eighth of a diopter; beyond that, they vary by one-quarter 
and finally one-half of a diopter. The 20.00-diopter tool is the 
strongest that is made regularly; its radius is 26.5 ram. 

^ It will be recalled that, by definition, one diopter is the power of a lens 
whose focal length is one meter. 
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While a lens is in work, its power is tested by checking the 
radius of curvature with a gauge, which is simply a piece of metal 
having a curved edge of the proper radius. When the lens is 
finished, its power is tested optically by means of instruments 
that will be described in the next chapter. The usual tolerance 
in power for ophthalmic lenses is one-sixteenth of a diopter except 
for very strong lenses. The usual tolerance in thickness is 
±0.2 mm. For condenser lenses, which are manufactured like 
ophthalmic lenses, the usual tolerance in thickness is ±1 mm. 

Although lenses of spectacle quality have a beautiful polish, 
their figure is far from perfect. This is due to a number of causes. 
In the first place, they are usually allowed to run hot during the 
grinding and polishing operations and their figure changes slightly 
when they become cool. Moreover, polishing on felt tends to 
destroy the figure. For lenses of precision quality, therefore, 
the operations are performed with more care, although they are 
the same in principle. The lapping and blocking tools are worked 
together with abrasive to attain exactly the correct curvature 
instead of being merely milled to shape. Also, the change in 
curvature during grinding, which is negligible for an ophthalmic 
lens, must be taken into account by the precision optician. 
In general, the upper surface tends to become more concave and 
the lower surface, more convex. This tendency is so pronounced 
that it is allowed for in preparing the tools. It can be overcome 
and even reversed by suitably adjusting the stroke of the blocking 
tool on the lap while the lens is being worked, but it demands 
constant attention from the operator. However, as was men¬ 
tioned previously, the chief feature that distinguishes precision 
optical goods is the method of polishing. This operation is done 
on a tool coated with pitch that is charged with rouge. The pitch 
surface, being hard, does not tend to deform the figure of the lens 
as felt does. The preparation of the polishing tool is clearly 
described in the Ordnance Department Document mentioned 
previously: 

The polishing tool is prepared by melting clean strained Norwegian 
pitch to which a little rosin has been added, and pouring the viscous 
liquid on a horizontal iron tool to a depth of one-fourth of an inch. 
Strips of wet paper are placed around the edge of the tool to prevent 
the pitch from overflowing. In cold weather, a little pine tar is added 
to the pitch to soften it slightly. After the layer of pitch has become 
cold, two series of parallel grooves, mutually perpendicular, about 
one-eighth of an inch wide and one inch apart, are cut into the surface. 
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The pitch is then reheated sufficiently to soften this surface, upon which 
is pressed a cold tool of the opposite curvature. This tool is moistened 
with a creamy mixture of water and rouge or dilute glycerin to prevent 
its sticking to the pitch. This imparts to the pitch surface the exact 
negative of the surface of the iron tool. The iron plate may be pressed 
against the pitch surface directly after the first heating if desired, and 
the grooves cut afterwards. 

The amount of labor involved in producing an optical part 
depends upon the permissible variations in its dimensions and 
the perfection demanded of its various surfaces. There is almost 
no limit to the accuracy with which a part could be constructed 
by a skillful workman if he w’^ero allowed sufficient, time. How- 



Fio. 168.—Testing the surfaces of prisma with an optical flat. The prisms 
are mounted in plaster of Paris cast in a metal ring. {By courteny of Bautich and 
Lomb Optical Company,) 

ever, the cost of production rises entirely out of proportion 
as the tolerances are narrowed. In ordering optical. parts, 
therefore, the tolerances should be made as liberal as the required 
performance of the completed instrument permits. Thus a 
reasonable tolerance for radius of curvature is 1 part in 10,OCX) 
if the radius is less than 200 mm, and 1 part in 3000 if the radius 
is greater. One method of specifying the tolerance in radius 
and surface quality results from the method used to test the sur¬ 
faces. During the grinding, the surfaces are checked for curva¬ 
ture with a gauge, but, after a surface has been polished, an 
interference method can be used. This consists in comparing 
the surface with a test glass of known curvature, as shown in 
Pig. 168, and noting the resulting interference fringes. The 
method of formation of these fringes will be described more in 
detail in Chap. XXVIII. It must suffice here to state that, 
of the light passing through the test glass, some will be reflected 
at the lower surface of the test glass and some at the upper sur- 
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face of the object being tested. Whether these two beams 
reinforce or annul depends upon the separation of the surfaces. 
If the surfaces are in contact at only one point, the familiar 
Newton's ring system of alternate bright and dark rings will 
be formed around the point of contact.^ If the surface of the 
test glass is known to be accurately flat or spherical, the deforma¬ 
tion of the rings indicates a deformation of the surface being 
tested. The quality of surface desired can be specified by the 
number of rings exhibited. The best quality is, of course, an 
exact fit so that no rings appear. A surface exhibiting only one 
or two wide rings is of high quality, and, for most purposes, a 
three- or four-ring surface is satisfactory. If a surface is to be 
cemented, as many as eight or ten rings are often permissible. 

The tolerance in thickness also affects the cost to a marked 
extent, as might be surmised from the description of the method 
of grinding and polishing. A reasonable tolerance for a lens 
upwards of 3 in. in diameter is ±0.1 mm. For small lenses, it 
is sometimes necessary to reduce this to ±0.05 mm, and a 
tolerance of only ±0.01 mm may be required in a lens for a high- 
power microscope objective. Occasionally a tolerance as small as 
±0.005 mm may be necessary, as in a standard filter for a photom¬ 
eter, although it is very expensive to work to such close limits. 

126. Edging and Centering.—After the surfaces of a lens 
are finished, the next operation is to cut the lens to size and 
finish the edge. On lenses of spectacle quality, this operation is 
known as centering to dot or edging. The lens is placed in a 
rotatable holder, and the operator observes through an ocular 
an image of a target formed by the lens. The lens is moved 
in the holder until tlie image remains stationary, whereupon an 
arm is brought against the lens to make a dot on its surface 
at the exact center. This dot serves as a guide for placing the 
lens on the edging machine, which may be of either of two types. 
In one type, the lens is cut to size with a diamond, after which 
the rough edge is smoothed against a grinding wheel. In the 
other type, the lens is held firmly between two rotating rubber- 
capped spindles so that its edge is brought against a grinding 
wheel. A template of .the size and shapes—circular, oval, 
octagonal, or what not—to which the lens is to be edged is 
mounted on one of the spindles to stop the grinding when the lens 
has reached the proper shape. A reasonable tolerance in diam¬ 
eter for an edged lens is ±0.2 mm. 

1 See pp. 574ff. 
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If the lens is to fit loosely in a cell, or if it is not to be mounted 
at all, it can be left with the edge that results from the pressing 
operation. In this case, it is clear that the lens may be markedly 
wedge shaped, one side being thinner than the other. Condensers 
for stereopticons are commonly left this way, a difference of 
thickness of 1 mm between one side and the other being per¬ 
mitted. The variation in diameter to be expected in small 
lenses with pressed edges is about ±0.2 mm, and in condensers 
about ±0.5 mm. 

In precision optics, the operat ion analogous t»o edging is termed 
centering. A spindle slightly smaller than the kms and with a 


Si 



Fia. 1G9. 

depression in the end is mounted in a lathe, and the lens is 
cemented to it with shellac. The shellac is then softened by 
heating the spindle with a sn^ll flame while it is in rotation, and 
the lens is manipulated by means of a soft wooden stick until 
the image of a distant lamp reflected in the lens surface remains 
stationary. Figure 169 illustrates the principle of this operation. 
When the lens is in the position shown by the solid lines, the image 
of the source S appears at When the spindle has made half 
a revolution, the image appears at S 2 , and thus the image seems 
to rotate in a circle of diameter aSi>S 2 . When the lens is centered, 
the image remains stationary at some mean position. For the 
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very finest work the image should be truly stationary, but usually 
there is sufficient play in the lens cell to make a slight shift of 
the image permissible. After the lens is centered, it is turned 
to the proper diameter, either with a hand tool or with a diamond- 
charged milling tool or grinding wheel. If there are many lenses 
in the lot, a template is fitted to the spindle so that the grinding 
is stopped automatically when the lenses are reduced to the 
specified diameter. A precision of ±0.1 mm in diameter can 
* easily be attained. 

126. Working Prisms and Flats.—Prisms and flat plates, 
frequently called simply flats, are treated much like lenses except 
for the obvious modifications required by the difference in shape. 
Flats are cemented to a plane block and worked against a plane 
lap. Prisms are either cemented to a block having grooves of 
the proper shape or embedded in plaster of Paris, as shown in 
Fig. 168. The chief difficulty is to maintain a true surface 
figure. In addition, prisms must be constantly checked to 
insure the accuracy of their angles, and flats must be checked to 
prc'.vent them from becoming wedge shaped. 

A flat worked to spectacle quality is likely to be disappointing. 
It will doubtless be polished well enough, but more often than 
not it will be found to taper toward the edges. This can be 
detected by examining the image of a window formed by reflec¬ 
tion at nearly grazing incidence. A piece of polished plate, or 
even selected window glass, usually has a flatter surface. If 
spectacle quality is required by reason of expense, it is well to 
have a large blank prepared and then to trim off the outer por¬ 
tions. Even then the piece may be wedge shaped, varying in 
thickness by as much as 0.2 mm in a hundred. 

Round flats are edged exactly like lenses but rectangular 
ones are edged somewhat differently. If the glass is thin, the 
edge left by the glazier’s diamond may be untouched. Such 
an edge is not satisfactory if the plate is more than about 4 mm 
or 5 mm thick because it is likely to be too irregular. It is 
almost certain to be unsatisfactory also in any pot opal, which 
cracks very erratically. A cheap way to edge the plate is to lay 
each edge in turn on the flat face of a grinding wheel. The 
tolerance demanded in a cut edge or an edge ground in this 
manner should not be closer than ±0.2 mm for a plate 2 mm 
thick. By the more refined methods of the precision-lens shop, 
a flat can be edged to ±0.1 mm without difficulty, and ±0.05 
mm may reasonably be demanded. 
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The angle between the two faces of a flat or prism made to 
precision quality can be held within ±2" for the most exacting 
purposes, but this is very expensive. A common tolerance is 
±1'. Ophthalmic prisms are specified in prum diopters, 1 prism 
diopter being the power of a prism that deviates a ray by 1 cm 
at a distance of 1 meter. The customary tolerance is Ke 
diopter. 

127. Cementing.—Two optical parts can be brought into 
optical contact most conveniently by cementing them together* 
with some substance of approximately the same refractive index. 
The cement that is most commonly used is Canada balsam, which 
is a mixture of turpentine and resins. For cementing glass, 
the balsam is freed from its turpentine by heat and cast into 
sticks. The removal of turpentine should be especially thorough 
if the cemented parts are to be subjected to heat in use. 

The cementing should be done in a room as free from dust as 
possible, and cardboard covers should be used as a further 
protection. After the parts to be cemented have been thoroughly 
cleaned with alcohol and dusted with a earners-hair brush, they 
are placed on a sheet of clean paper on an electric plate and heated 
slowly. A stick of balsam is then rubbed over the surfaces to 
be cemented, which should be in a horizontal position so that the 
molten balsam will spread evenly. It is important that the parts 
be brought to the right temperature to avoid discoloring the 
balsam. Ordinarily the balsam is light yellow, but it darkens 
if it is allowed to become too hot. In addition, a high tempera¬ 
ture may cause bubbles to form that are not easily pressed out. 
Indeed, the greatest difficulty in cementing is to squeeze out all 
the bubbles and to prevent others from forming. If the proper 
temperature is maintained, the small bubbles that always form 
will usually migrate to the edges and disappear. 

When the two surfaces have been covered with liquid balsam, 
one part is lifted from the plate and placed upon the other. In 
the case of lenses, the convex surface is placed upon the concave. 
The two are then pressed and rubbed together to squeeze out 
as much of the excess balsam as possible. Finally, the combina¬ 
tion is set aside to cool, after which it is cleaned with kerosene or 
alcohol and ether. 

If the combination is a lens, it must be trued. This can be 
done by heating it slightly and pressing it against an angle block. 
A better method is to mount the concave element in a chuck and 
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center it, the convex element being then moved about until the 
image of a distant source remains stationary. 

For cementing gelatin filters between glass plates, the balsam 
is used in its natural condition because the gelatin film would be 
ruined if heated sufficiently to melt the hard balsam. Cemented 
filters are baked for a long time, a matter of weeks, in a very cool 
oven to evaporate the turpentine. The edges of cemented filters 
should bo painted with enamel to prevent the entry of liquids 
that would injure the balsam. This is a wise precaution in all cases. 

Canada balsam and similar cements are not suitable for joints 
that become hot in use. Fusing the parts together in the ordi¬ 
nary manner would destroy the figure of the surfaces. However, 
it is possible to join two surfaces that have been worked to a 
close fit by holding them in contact for some time at a tempera¬ 
ture slightly under the annealing temperature. In fact, if two 
surfaces that exactly match each other are brought into contact 
at ordinary temperatures in such a manner as to exclude the 
air, they will adhere firmly. The chief difl[iculty in performing 
this operation is in removing the dust from the surfaces. Moffitt 
has described a technique in which distilled water is sprayed 
against the surfaces during the operation. The thin film of 
water that remains between the surfaces after they are slid into 
contact is adsorbed by the glass within a few hours. 

128. Aspheric Surfaces. Dropping.—Any surface having 
other than a plane or spherical form is said to be aspheric, but, 
in practice, such surfaces are usually either paraboloidal or 
ellipsoidal.^ Aspheric surfaces are used to reduce the spherical 
aberration and thus increase the permissible relative aperture. 
They are seldom used except in instruments designed to cover a 
small field, which, curiously enough, represent the opposite 
extremes of image-forming requirements. On the one hand, 
relatively crude aspheric surfaces are used for searchlight mirrors 
and motion-picture condensers, where the image-forming require¬ 
ments are not very severe. On the other hand, they are also 
used for the mirrors in the great astronomical telescopes, which 
represent the highest type of image-forming system. 

Searchlight mirrors and mirrors used in motion-picture pro¬ 
jectors are made by what is known as a dropping process. The 
stock is plate glass of the proper thickness and diameter, which is 

^ Usually they are known by the incorrect terms ‘‘.parabolic’^ and “ellip¬ 
tical.'' 
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laid on the top of a hollow mold curved on the inside to the figure 
of the desired reflector. The mold and glass are placed in a 
furnace and heated until the glass becomes soft, whereupon it is 
sucked into the mold by pumping out the air. The pumping is 
stopped just as the glass touches the mold because a firm contact 
would cause pits on the surface. The dropping, as it is now 
called, is cooled, annealed, and edged to the required diameter. 
It is always made considerably larger in diameter than the 
finished reflector because the outer portions are not true to figure. 
The surfaces are cleaned on a buffing wheel and then the outside 
surface is silvered, coppered, and backed. The versatility of 
the dropping process can be inferred from the fact that it is used 
alike for stereopticon reflectors 3 in. in diameter and 3 mm thick 
and for searchlight mirrors 5 ft. in diameter and 1 in. thick. 
The chief importance of the process is in the manufacture of 
aspheric mirrors, of course, but it is also used for spherical mirrors 
because of the economy of time and material that it effects. 

The surfaces of dropped mirrors are somewhat uneven, as 
might be expected. Spherical mirrors can be improved by grind¬ 
ing and polishing in the orthodox manner. Paraboloidal mirrors 
can be ground with a template by a special process. This process 
is based on the property of a paraboloid that its intersection with 
a plane parallel to its axis is a parabola whose form is independent 
of the distance of the plane from the axis. The template is an 
extremely hard metal blade about in. thick, one edge of which 
is cut into a parabolic outline. The dropping is rotated on a 
vertical spindle while the template, fed with abrasive and held 
in a vertical plane, is moved sidewise in a direction perpendicular 
to its own plane. The same process can be used for figuring a 
lens, such as a motion-picture condenser, except that the sur¬ 
face is previously rough ground with ordinary spherical tools. 
Another method is to grind by hand, testing constantly with a 
parabolic gauge. The demand for aspheric surfaces is so limited 
and the art of producing them so specialized that only a few firms 
are equipped to do this kind of work. 

The figuring of mirrors for reflecting telescopes is very different 
from any other branch of the optician^s art,^ not only because the 

^ A detailed description of the method will be found in a monograph, On 
the Modern Reflecting Telescope, and the Making and Testing of Optical 
Mirrors, by G. W. Ritchey, published in the ‘SSmithsonian Contributions 
to Knowledge,” Vol. 34 (1904) and reprinted in Sd. Amer. Supp.j 58 and 
69 (Dec. 24 and 31, 1904; and Jan. 7, 14, and 21, 1905). 
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mirrors are so large but also because an almost perfect surface 
is required. If a mirror is to be more than two feet in diameter, 
the difficulty of casting a disk of glass that is well annealed, suffi¬ 
ciently homogeneous to retain its figure, and free from defects 
near at least one face is considerable. Most, of the large disks, 
including the lOO-in. disk at Mount Wilson,^ have been cast by 
the celebrated firm of St. Gobain in France. After the disk has 
been cast, the first operation is to grind and polish the two sides to 
permit inspection. One side is selected to be the face of the 
mirror, and the grinding of this side proceeds in the orthodox 
manner with metal tools mounted on counterbalanced arms, 
the disk lying on a platform under the tools. Frequently the 
center is ground almost to the finished depth with a small tool 
first and the working of the outer zones deferred until later. The 
fine grinding is done with a full-sized tool unless the mirror is 
more than two or three feet in diameter, in which case tools 
smaller than the disk arc used. The polishing is done with a 
wooden tool covered with soft rosin cut into squares as described 
previously. This tool is shaped by pressing it on the mirror 
itself. It is operated by hand, two men grasping knobs on its 
back and giving it a peculiar motion over the rotating mirror. 
When the polishing is completed, the mirror is tested by means 
of the Foucault knife-edge test to be described in Sec. 135 of the 
next chapter. The last operation—parabolizing—consists in 
removing material from t he center of the disk so as to shorten the 
radius of curvature at that point. It can be accomplished either 
by cutting away rosin from the outer portions of the polishing 
tool or by using a small tool and working harder at the center 
of the disk than at the edges. An idea of the delicacy of the 
operation can be gained by noting that the amount of glass 
removed at the center of the 60-in. mirror at Mount Wilson, 
which has a focal length of 25 ft., was only 0.015 mm. 

The early makers of reflecting telescopes did not realize the 
necessity for parabolizing, klven Newton figured mirrors blindly 
until he obtained one that was satisfactory. Not the least 
of the difficulties of the operation is to prevent the disk from 

^ An extensive description of this instrument, which is the largest in the 
world, is not. available, but a brief description will be found in the Sci. 
Amer,y Aug. 11, 1917. A detailed description of the 72-in. reflector at the 
Dominion Astrophysical Observatory, Victoria, B. C., has been given by 
the direct/or, J. S. Plaskett, in Dom. Astrophya Ohs, Puh.^ 1 , 7, (1922). 
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heating because it changes its shape when it becomes cool. 
Changes in temperature affect its figure when it is in use also, and, 
to prevent this effect, fused quartz is proposed for future reflectors. 

Although the preparation of large mirrors is exceedingly 
difficult, a reflecting telescope can be constructed quite easily 
by an amateur provided he limits himself to a 6-in. or a 10-in. 
mirror.^ The procedure for such mirrors is somewhat different. 
Two disks of heavy plate glass are used, one for the mirror and 
one for the tool. They are worked together with abrasive until 
the upper disk, which is to be the mirror, has become concave 
to the requisite extent. The lower disk is then covered with rosin 
cut into squares as usual and the mirror is polished and parab¬ 
olized on it as described above. In this case, the paraboloidal 
figure is readily attained by lengthening the stroke of the mirror 
on the tool to grind the center more than the edges. 

129. Marking Glass.—Inhere are three ways of marking 
glass—stamping, engraving,, and etching. Stamping consists 
in applying an ink by means of an ordinary rubber stamp and 
then baking the stamped article. The base of the ink is albumin, 
which is coagulated by the heat and so binds the pigment to the 
glass. This method is rapid and fairly permanent, but it cannot 
be used for such things as scales, where accuracy is essential. 
Engraving consists in scratching ihe article with a diamond 
point. As compared with etching, it will make a finer line but 
the width of the line cannot be controlled readily. Etching 
consists in coating the article with a thin layer of wax, inscribing 
the design in the wax, and then subjecting the article to the action 
of hydrofluoric acid. The etched characters are usually filled 
with black or colored pigment. A surface that is to be etched 
should be polished on beeswax rather than on pitch because the 
acid acts more uniformly on a wax-polished surface. The tools 
for inscribing the etched and engraved characters are controlled 
mechanically. Scales are made in a dividing engine; letters and 
figures are made in a pantograph by tracing a large stencil of the 
character desired. ‘ 

For writing on glass by hand, a diamond set in a metal handle 
to form a pencil can be used. Such a diamond pencil should be 

W. Porter has published very explicit directions in Sd, Amer., 
134 , February and March, 1926, for those who wish to embark upon this 
most fascinating pastime. See also “Amateur Telescope Making,” edited 
by Ingalls and published by the Scientific American Publishing Company. 
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held vertically in use. It will be found to work best if one 
particular side, is held away from the operator; this side should 
be found by trial and marked on the handle. The pencils made 
of a new alloy are also very satisfactory. For making temporary 
marks, a wax crayon can be used. 

130. Chemical Silvering.—Many methods for silvering glass 
have been invented, but the following, which is a modification 
of one due to Brashear, gives excellent results. It can be 
described only briefly here, but a more extensive description^ 
is available. The most important step in the process is cleaning 
the glass. If the surface is greasy, it should be washed first with 
some solvent such as alcohol or ether. It is then washed with 
pure nitric acid, being swabbed very thoroughly with as much 
pressure as its optical perfection will permit, after which it is 
rinsed with distilled water. Sometimes it is cleaned again with 
a strong solution of caustic followed l>y an application of French 
chalk. Commercial operators frequently use a saturated solu¬ 
tion of stannous chloride. After the surface is cleaned, it must 
not be allowed to become dry but must be kept covered with 
distilled water until it is silvered. 

The silvering should be done, if possible, on a freshly polished 
surface. If the surface is old, it can be treated with a 2 per cent 
solution of hydrofluoric acid for 2 or 3 min. before being cleaned. 
This is the most effective method of cleaning surfaces that are 
inaccessible to a swab, but it tends to spoil the polish and should 
not be used for surfaces of high quality. 

A good silvering job requires much care. The materials must 
be chemically pure and the water must not contain harmful 
impurities. If the water turns a light blue or pink when silver 
nitrate is dissolved in it, it is probably too impure and either 
distilled or rain water must be used. A trial on a small mirror 
will definitely settle the question. The merest trace of chlorine, 
either free or in combination, will cause failure, and care must 
therefore be taken that the fingers do not contaminate the solu¬ 
tions. For Brashear\s process, the four following solutions are 
required : 


A. Granulated sugar. 90 grams 

Nitric acid (sp. gr. 1.22). 4 cc 

Alcohol (ethyl or rubbing). 176 cc 

Distilled water, to make. 1000 cc 


' Bur, Standards Circ, 389. 
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This reducing solution should be made up in advance and’kept in stock 
because it improves with age. If it must be used at once, it can be 
improved by boiling, the addition of the alcohol being delayed until it is 


cool. 

B, Distilled water. 300 cc 

Silver nitrate. 20 grams 

C, Distilled water. 100 cc 

Potassium hydroxide. 10 grams 

D, Distilh'd water. 30 cc 

Silver nitrate, approximately. 2 grams 


To prepare the silvering solution, add strong ammonia gradu¬ 
ally to solution B until the precipitate first formed just disap¬ 
pears; avoid an excess of ammonia. Then pour in solution C, 
whereupon the mixture will turn dark brown or black. Again 
add ammonia, stirring constantly until the solution just clears 
a second time. It should now be a light brown or straw color 
but transparent. Next add solution D slowly, stirring con¬ 
stantly, until there is quite a little suspended matter that the 
solution refuses to take up. Finally filter the solution through 
absorbent cotton. 

When ready to silver, add about 130 cc of solution A and pour 
the resulting mixture at once upon the mirror without pouring 
off the water that was left to cover it after it was cleaned. At 
all times during the operations the solutions should be kept 
below 18°C. (64°F.), preferably about 15°C. (60°F.). While the 
silver is being deposited, keep the solution in motion so that 
the sediment will not settle on the silver coat. Very light swab¬ 
bing with loose absorbent cotton will be found advantageous for 
large mirrors. 

The silvering process requires from 3 to 8 min., and during 
this period the surface should not be exposed to the air for more 
than a second or two at a time. When the process is completed, 
the solution should be poured off and the surface rinsed thor¬ 
oughly, being swabbed lightly with absorbent cotton if there is 
much bloom on it. 

The volume of solution required in the silvering operation 
depends both upon the size of the mirror and the thickness 
of the coat desired. For most work, 1 gram of silver nitrate 
for each 40 cm^ (or 6 sq. in.) of surface is ample; for thickei: 
coats, such as are put on astronomical mirrors, 1 gram to each 
27 cm^ (or 4 sq. in.) may be used. In,every case, the amount 
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of solution A to be used should be in the ratio of 6 cc per gram of 
silver nitrate. 

Second-surface mirrors are backed with some sort of protective 
coating. Cheap mirrors are backed with a gray paint, but most 
of those made in optical factories are backed with a tough black 
enamel. Mirrors that are to be subjected to extreme heat, 
such as the reflectors in stereopticons and motion-picture 
projectors, are backed with a heat-resisting material that is 
baked on. The composition of this backing is a trade secret. 
Several coats are applied, the result being a thick, rough, white 
coating. Another kind of backing, used where mechanical 
strength is required, consists of a thick layer of paint in which is 
embedded a sheet of wire mesh. Mirrors are frequently plated 
electrolytically with copper before the backing is applied. 

First-surface mirrors are more difhcult to protect because the 
light must traverse the protective coating. Lastina and Zapon 
lacquers are used for the purpose, as also is collodion. The diffi¬ 
culty in using such a coating is that, if it is too thick, it will dry 
in streaks and waves, and thus bring to naught all the care 
expended on figuring the surface; whereas, if it is too thin, it will 
exhibit interference patterns. If the mirror is so located in the 
optical system that these patterns are of no consequence, a 
commercial lacquer thinned six to one and carefully applied 
in the ordinary manner is satisfactory. If the mirror is located 
where these interference patterns would be visible, the lacquer 
can be thinned two to one and the mirror rotated while it is 
drying. Mirrors that are used only occasionally, like those in 
radiometric instruments, can be kept in a desiccator containing 
vessels of phosphorus pentoxide and potassium hydroxide. 
Coblentz states that a mirror preserved in this manner will 
retain its finish for years. 

Mirrors can be half silvered by any of the slower processes 
for full silvering, but a process devised by Twyman^ especially 
for the purpose is undoubtedly preferable. In this process four 
solutions are prepared according to the formulae on the 
next page. The object to be silvered is placed in a dish, cleaned 
with strong nitric acid swabbed over the surface with a bit of 
cotton or wool on the end of a rod, and then is placed in solution 
D for 5 min., after which it is rinsed in running water. The silver¬ 
ing solution is prepared by adding to 20 cc of A enough ammonia 

^ Trans. Optical Soc. {London)^ 24 , 203 (1922-1923). 
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to redissolve the precipitate that forms at first, after which a slight 
amount of silver nitrate solution is added until the ammoniacal 
solution becomes a faint straw color. Then the latter is made up 
to 100 cc with water and the object is suspended in it either face 
upward or face downward. The reducing solution, which is pre¬ 
pared by mixing 5 cc each of B and C, is then added to the silvering 


A. Silver nitrate. 10 grams 

Water, to make. 100 cc 

B. Formalin, 40 per cent solution. 

C. Granulated sugar. 400 grams 

Alcohol. 200 cc 

Nitric acid. 10 cc 

Water, to make. 2000 cc 

Allow to stand two w(H‘ks. 

D. Chromic acid. 250 grams 

Sulphuric acid. 1500 cc 


solution while the resulting luixture is stirred constantly. When 
the mixture becomes reddish, it is poured off and some of the clear 
silvering solution, unmixed with reducing solution, is poured on. 
This is allowed to remain until the density of the deposit becomes 
correct, which requires only a few minutes. The liquid is then 
poured off and the object is rinsed and dried. 

Many notes on the process of silvering have appeared in the 
literature, and directions for depositing other materials are also 
available.^ For example, copper mirrors can be made chemically, 
and dark mirrors can be made by the deposition of lead sulphide. 

131. The Burning-in Process of Platinizing.—Glass can be 
platinized by coating it with a mixture of organic materials 
containing platinum salts and then heating it. Various methods 
have been described, but they are little used because the deposits 
produced by most of them are somewhat granular and con¬ 
sequently not suitable for most optical purposes. To overcome 
this drawback, Rheinberg^ has developed a technique of which 
the important feature appears to be that the components of 
the mixture evaporate at nearly the same rate so that the resulting 
deposit is uniform. A typical formula is given as follows: 

^ An extensive bibliography will be found in the pamphlet ^‘The Making 
of Reflecting Surfaces,^^ published by the Optical Society of Ix)ndon, A 
briefer but more recent bibliography will be found in the Bur. Standards 
Letter Circ. 32, mentioned previously. 

* U. S. Patent 1,385,229. 
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Parts by 
Volume 


Collodion in methyl alcohol, 0 per cent solution. 3 

Chlorplatinic acid (H 2 ptClc) in denatunMl al(a)hol, 6 per (amt 

solution. 3 

D(‘natur(al alcohol. 3 

Bismuth chloride, 1 per c(ud solution in alcohol. 1 


Th(3 last-named solution is made from a 5 per cent solution of bismuth 
chloride; in denatur(‘d alcohol to which 5 per cent of hydrocliloric acid is 
add(‘(l. It is diluted to the proper exBuit with alcohol just before use 
l)(‘cauKe very weak solutions of bismuth chloride will not keep for any 
length of time. 

"l^hc characteristics of the deposit are described by Rheinberg 
substantially as follows: At first, the collodion film chars and 
completely volatilizes, leaving the reduced platinum in an 
exceedingly fine state of division. With continued heating, 
the deposit becomes adherent although soft, but eventually it 
l)econ)es wholly incorporated within the surface layer of the 
glass and is then exceedingly pern)anent. In fact, nothing that 
is not hard enough to damage the glass itself will damage the 
mirror. Neither will any chemical that does not attack the 
glass itself affect it, exc(‘pt aqua regia after prolonged immersion. 
The surface layer of the glass in which the platinum is incor¬ 
porated is extremely thin, perhaps 200 mju thick, so it may 
gradually be worn away, if, like a dental mirror, it is subjected 
to rough treatment. 

132. The Electrical Deposition of Metals.—A glass surface 
can be coated with metal by bombarding it with atoms of the 
metal moving with a high velocity. These can be obtained 
from a metallic cathode in a gaseous discharge at low pressure 
and high potential, or by direct evaporation from a heated 
electrode in a vacuum. The first process, which is known as 
sputtering, is illustrated in Fig. 170. The cathode, which 
should be somewhat larger than the object to be plated, is placed 
about an inch from the surface of the latter. In the figure, a 
lot of prisms mounted in a clamp are shown in position for 
plating. A potential difference of about 1000 volts is employed 
and the chamber is evacuated until the edge of the Crookes 
dark space almost coincides with the surface to be plated.^ 

^ The position of the edge of the dark space is of great importance. If it 
is not close enough to the surface, the deposit is soft; if it is beyond the sur¬ 
face, the deposit may blister. 
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The pressure is of the order of 0.005 mm of mercury. Platinum, 
gold, silver, and nickel can be plated satisfactorily by this 
process. 

Neither the reflectance nor the transmission of the plated 
surface varies linearly with the time of plating, but the rate of 
deposition is slow enough to enable the process to be accurately 
controlled. Thus it is a fairly easy matter to prepare mirrors 
that reflect and transmit in any desired ratio. Such mirrors 
are very useful for many purposes, particularly in certain 
processes of color photography. Prisms for binocular micro- 



Fia. 170.—Apparatus for platinizing optical parts by sputtering. The figure 
shows a lot of prisms mounted in a clamp with the faces to be plated held above 
the platinum cathode. 'I'he prisms arc placed in parallel rows, each row being 
held in a position vith a clamping screw. 

scopes are frequently plated by this method. An undesirable 
feature is that a platinized surface is very wasteful of light. 
A surface that reflects and transmits in equal proportions absorbs 
approximately 50 per cent of the incident light. 

The plating of metals by the evaporation process, which has 
been described by Stuhlmann,^ is accomplished conveniently by 
an apparatus like that sketched in Fig. 171. A wire of the metal 
to be deposited carries an electric current which heats it to incan¬ 
descence. The surface to be plated is horizontal and the wire 
is moved across it at a constant rate, the pressure within the 
chamber being held at approximately 0.002 mm of mercury 
during the operation. The wire can be moved by means of a 

^ Jour. Optical Soc. Amer., 1, 78 (1917). The technique of evaporation 
and sputtering is described in detail in Chapter IV of Strong’s “Procedures 
in Experimental Physics.” 
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crank passing through a ground-glass joint in the base of the 
chamber or by means of a clockwork within the chamber. For 
depositing silver, a wire of about B. and S. No. 24 gauge made of 
an alloy of 85 per cent silver and 15 per cent platinum has been 
found by the present authors to be satisfactory. The function 



Fia. 171.---Apparatus for silvering optical jiarts by distillation. The piece 
to be jilated is laid under the silver wire, which is heated and drawn along the 
tracks. 

of the platinum is principally to impart stiffness to the wire at a 
temperature at which the silver evaporates freely. Because the 
ends of the wire are cooler than the center, the wire must be 
somewhat longer than the surface to be coated. Metals with a 
low boiling point, like zinc or tin, can be deposited by this 
process from their alloys, brass and bronze. 




CHAPTER XVII 


THE TESTING OF OPTICAL PARTS 

Optical parts are subjected to many tests and inspections dur¬ 
ing the course of their manufacture because a single defective 
unit may impair the performance of the entire system. Many 
of these tests are so fundamental that the user of optical instru¬ 
ments occasionally finds it desirable to perform them for himself. 
In presenting the subject in this chapter, the (unphasis has been 
placed on the underlying principles rather than on the details of 
the methods followed by any particular manufacturer. The 
methods may therefore be tak.m as typical, and they can usually 
be varied to suit the purpose required and the apparatus that is 
available. 

133. Visual Inspection.—Some idea of the quality of the 
workmanship in an optical part can be gained by mere visual 
inspection. If the part is examined with a magnifier, the freedom 
of its surface from pits, scratches, grayness, insufficient polish, 
chipped edges, and cracks can be easily verified. Some,surface 
defects, such as poor polish, scumminess, and waviness, can be 
detected even without a magnifier by simply illuminating the 
surface at nearly grazing incidence. Sometimes striae, stones, 
and folds in the glass are so prominent that they can be seen with 
the naked eye. Truing and centering can be tested with some 
little precision by noting whether the images of a distant light 
formed by reflection at the various surfaces lie in a straight line. 
Cemented lenses can be inspected visually for bubbles and blisters 
in the cement, for the color of the (^anada balsam, and for 
particles of dirt or fuzz within the balsam. 

The manufacturing defects and striae in a lens can be exhibited 
on a screen with the apparatus sketched in Fig. 172.^ In this 
figure, S is a source of light, D a diffusing glass, A a screen 
containing a pinhole, C a collimating lens, L the lens being tested, 
P a photographic objective, and K a screen on which an enlarged 

1 This method of detecting striae is described in detail in Bur, Standards 
Sci. Paper 373. 
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image of L is formed. Faint striae can be made visible by 
closing the diaphragm of the objective and shifting the lens or 
i.he collimator to obtain oblique illumination. Of course, the 
screen and photographic objective can be replaced by a camera to 
make a permanent record of the results of the inspection. 



134. Index and Dispersion. —Fhe index and dispersion of a 
sample of glass can be measured by means of a spectrometer 
as described in Sec. 201, ('hap. XXVIl. This method is tedious, 
however, and has the further disadvantage that, the sam{)le must 
be fairly large and in the form of 
a j)rism. For ordinary measure¬ 
ments, special instruments called s 
refractomet.ers, based on the criti¬ 
cal-angle principle, are generally 
used instead. The type best suited 
for measuring the index of glass is 
due to Pulfrich. The principle on 
which it is based can be under¬ 
stood by reference to Fig. 173, where 
the sample, which has an index n, is shown in optical contact 
with a prism of index N and refracting angle A, A beam of 
monochromatic light from a source >S passes into the sample 
and through the prism to emerge from the second refract¬ 
ing face of the latter. The ray incident horizontally on the 
interface between the sample and the prism emerges from the first 
face of the prism at an angle a to the normal, and from the 
second face at an angle jS. Evidently, incident rays making an 
angle less than 90° with the normal to the first prism face will 
emerge from the second face below this first ray, but no rays can 
emerge above this one because such rays cannot enter the prism. 
Thus a telescope directed at the second face of the prism will show 
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a bright band of light terminated at its upper side by a sharp 
boundary. 

Working formulae for the instrument can be derived from the 
relations 


and 


sin {a — A) __ 
sin jS N 


IL 

N 


sin a, 


which can be combined to give 

n = sin A \/N^ — sin^ 0 + cos A sin (215) 

For most types of Pulfrich refractometers, A = 90° and, conse¬ 
quently, 

n = \/— sin- jS. (216) 

The instrument is shown diagrammatically in Fig. 174. The 
sample should be 15 or 20 mm square and at least 1 mm in thick- 



Fiq. 174.—Diagrammatic sketch of the Pulfrich refractometer. A, the type 
of cell used for holding liquids. 

ness. Monochromatic light from the source S is condensed 
on the front edge of the sample at its junction with the refractom¬ 
eter prism, and the telescope is placed in such a position that 
the band of light appears in the ocular. To insure optical 
contact of the sample, a minute drop of a liquid having a higher 
index is placed on it before it is set on the prism. A right-angle 
prism P allows the observer to look into the side of the telescope 
to see the interference fringes formed at the interface of the 
sample and prism. When the face of the sample is parallel to 
the surface of the prism, the interference pattern disappears. It 
is difficult to place the sample exactly parallel, and usually the 
sample is merely adjusted until the number of bands is reduced 
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to fewer than three and these are made parallel to the direction 
of the light. Under these circumstances, the sample makes a 
negligibly small angle with the plane of the prism. With the 
sample in position, the arm of the tangent screw is clamped 
and the telescope is turned to bring the cross hairs into coinci¬ 
dence with the upper edge of the bright band. Inasmuch as 
the index is commonly specified for the D-line and the disper¬ 
sion as a function of the difference between the C- and /^-lines, it 
is convenient to use a sodium flame and a hydrogen tube succes¬ 
sively as the source. The index for the 7^-line is determined 
by reading the divided circle, which can be done to a precision 
of 0.5' by means of a vernier; the dispersion is determined by 
reading the drum on the tangent screw for the C-, Z)-, and F-lines, 
which can be done to a precision of 0.1'. By this procedure, 
the computed dispersion is accurate to one or two units in the 
fifth decimal place, although the index for the D-line may be 
accurate to only five or ten units. Tables are generally supplied 
with the instrument to facilitate the computations. 

This instrument is very rapid and easy to use but several 
precautions must be taken. The two faces of the sample 
through which the light passes must be flat and well polished, 
the bounding edge must be truly sharp, and the angle at this 
edge must be close to 90°. The faces must be pitch polished 
because a felt polisher rounds them so much that only a rough 
determination can be made. The sample must be free from 
striae because a very slight amount will make the C- and Z^-lines 
so hazy as to be unreadable. The hydrogen tube must be in 
good condition, or the D-line will be hazy and weak. The 
visibility in the blue end of the spectrum is so low that an excellent 
tube is required if the (Z'-line is to be measured. 

The instrument itself is subject to numerous sources of inac¬ 
curacy,^ of which five in particular should be emphasized: 

1. The divided circle must be checked for eccentricity and a calibration 
curve made, if necessary. 

2. The tangent screw must be adjusted so that the micrometer indicates 
the same angular differences between the C- and Z’-lines at all parts of the 
scale. 

3. The refracting angle of the prism must be within 10" of 90°. When the 
upper face becomes seriously scratched it must be refinished, and this is the 
maximum tolerance that should be allowed in the operation. 

‘ See a paper by Guild, Proc. Phys. Soc. {London)^ 30, 167 (1918). Re¬ 
printed in NaL Phys, Lah.y ColUcied Researches^ 14, 273 (1920). 
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4. The zero error of the divided circle must be found. This is done by 
illuminating the cross hairs with an external soun^e placed outside the 
prism P and moving the t(‘l(^scope until the images of tlu^ cross hairs reflected 
from the rcfractometer prism appear in the oevdar coincident with the 
cross hairs themselves. This is the autocollimation method described in 
greater detail in Sec. 138. 

6. With all these precautions, the values as measured on the different 
prisms may be differemt and thew all may be diffenuit from those det(;rmined 
by means of a spectrometer. This is because' the particular pieces of glass 
from which the prisms wore cut may have slightly differcuit infli(a>s from the 
samples measured to furnish data for the t{d)les. With the aid of test 
pieces of known indices, a correction table for ea(*h prism can be made. 
Usually it is sufficient to use a difft'rent zero correction from the on<^ d('ter- 
mined directly. Soint'tinu's the magnitude of tlu^ (•f)rrection (^an be reduced 
by slightly altering the angle of the prism. 

A liquid can be measured by cementing a cylinder on the prism 
as shown at A in Fig. 174, and putting the liquid in the cup 



Fio. 175,—Diagrammatic sketch of the Abbe rcfractometer. 

thus formed. The cylinder and prism must be well fitted so 
that the layer of the cement—(hinada balsam, gum arabic, or 
whatever is appropriate to the liquid to be measured—will be 
thin. 

Figure 175 is a diagrammatic sketch of another refractometcr 
operating on the critical-angle principle. It was invented by 
Abbe, and its chief merit is that it is more rapid than the Pulfrich 
instrument. It is suitable for both solids and liquids having 
indices from 1.3 to 1.7, and is precise to about two units in the 
fourth decimal place. The essential features are a telescope, a 
refractometer prism P, and two Amici compensating prisms 




THE TESTING OF OPTICAL PARTS Sf63 

K\ and so arranged that they can be rotated simultaneously 
in opposite directions by means of a knob. These prisms 
disperse light without deviating it so that, by varying their 
relative positions, any amount of dispersion can be produced 
from zero to a maximum. Their function is to neutralize the 
dispersion of the sample and thus permit white light to be used. 
The observer looks into the telescope and rotates the arm carrying 
the prism until a boundary between a light and a dark area 
appears. He then adjusts the compensating prisms until the 
system is achromatized and the boundary appears sharp. ^ 
When the boundary is coincident with the cross hairs, the index 
is read directly on the scale to the third decimal place and by 
interpolation to the fourth place. 

The Abbe refractorneter was designed primarily to measure 
the refractive index of liquids, and as shown in Fig. 175 it is in 
the proper position for this purpose. The sample is placed 
b(^tween the refractorneter prism P and an auxiliary prism P' 
made of the same glass, the separation of the two prisms being 
approximately 0.1 mm. Light enters the instrument from the 
reflec^tor itJ, which may be a sheet of paper, a piece of ground 
opal glass, or, if more light is necessary, a mirror. Some light 
enters at grazing incidence, and the principle of the instrument 
can therefore be understood by following an argument similar to 
that for the Pulfrich refractorneter. If the sample happens to 
be a solid, the instrument is swung about until the face of prism 
P is uppermost, the prism P' being moved out of the way. The 
sample is then placed on P as described for the Pulfrich refrac- 
tometer. A felt polish of good quality is satisfactory for the 
face of the sample that is in contact with the prism. The 
adjacent face, on which the light is incident, need not be polished, 
but the edge between the two faces should be sharp. 

Two other types of refractometers may'be mentioned in this 
connection, although they are rarely used for inspecting optical 
parts. One is the crystal refractorneter, which is similar to the 
Pulfrich except that, instead of having a prism, it has a hemi¬ 
sphere made of glass whose index is about 1.9. It is equipped 
with an analyzer so that the indices for the two rays of doubly 
refracting crystals can be measured. Another important type is 
the dipping refractorneter, which is used for measuring the index 

^ This boundary will have a slight violet (‘oloration extending into the 
dark area, but this is not especially annoying. 
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of liquids having a small range of index. It consists of a tube, 
at one end of which is a glass cylinder with a sloping face that 
acts as the refractometer prism. The observer looks into the 
opposite end of the instrument and, immersing the prism in the 
liquid, reads the index directly by noting where the boundary 
between the light and dark areas intersects a scale in the ocular. 
Several prisms of different index are supplied so that any index 
from about 1.3 to 1.7 can be measured. 

The contact liquid commonly used in critical-angle refractom- 
eters for samples having an index less than 1.658 is a-mono- 
bromnaphthalene. For samples having an index greater than 
this but less than about 1.7, methylene iodide is satisfactory. 
With the Pulfrich refractometer, samples having a somewhat 
higher index can be measured by using methylene iodide in which 
sulphur has been dissolved by heat (see pnge 406). 

One of the disadvantages of the Pulfrich and the Abbe refract,om- 
eters for measuring solids if- that the sample must be ground 
and polished in a particular manner. This means that the 
object to be tested must usually be mutilated and a certain 
amount of shop work must be done to prepare the sample. If 
it is not allowable to mutilate the object or if the facilities for 
working optical surfaces are not at hand, an immersion method 
can be used to determine the index. 

The immersion method consists in finding a liquid having tlie 
same index as that of the sample and then measuring the index 
of the liquid. This method is extensively used by mineralogists, 
who can thus determine the indices of crystals to a few units in 
the fourth decimal place. The customary procedure is to place 
the specimen in a cell containing a liquid on the stage of a 
microscope and then to judge from the appearance of the crystal, 
as the microscope is racked up and down, whether the index of 
the liquid is too high or too low. Usually after about ten trials, 
a liquid is found that matches the index of the crystal to three 
decimal places, and somewhat greater accuracy can be obtained 
if necessary. For large specimens, such as lenses and pieces of 
glass, a microscope is not needed and examination with the naked 
eye is sufficient. A more refined procedure for such specimens 
has been described by Cheshire.^ 

136. Surface Curvature. —Instruments for measuring the 
radius of curvature of a surface arc called spherometers. Figure 

iPM. Mag., 32, 409 (1916). 
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176 is a sketch of a type designed by Abbe that is commonly 
used in the laboratory. It consists essentially of a ring on which 
the surface to be measured is placed, and a plunger concentric 
with the ring that is pulled upward by the counterweight until 
it just touches the surface. The ring is carefully ground to a 
cross section as shown at A, so that a concave surface makes 
contact with the outer rim and a convex surface with the inner 
rim. The procedure in measuring a radius of curvature is first 
to place a glass flat on the ring and determine the position of the 
plunger by iiK^ans of tlu^ scale and the reading microscope. The 
flat; is then rephiced by the surface to be tested and the scale 



Fio. 170.— DiagraiiimLitic. sketcli of the Abl>c sphorometer. A, an enlarged 
eross-Bcctional view of a ring, showing the shape of the edge. 

is r(\ad again. The radius of curvature of the surface can be 
computed from the difference of the two scale readings and the 
diameter of the ring. If r is the radius of the appropriate rim 
of the ring and h the difference in the readings of the plunger, 
the radius of curvature of the surface is 

“-U + 2 ( 217 ) 

The diameter of the rims of a spherometer can be measured on 
a comparator to ±0.01 mm and the position of the plunger can 
be determined to ±0.001 mmA It is easy to compute on this 
basis that the error in measuring the radius of curvature of a 

^ This precision is meaningless, however, unless the errors of the scale are 
known. For methods of determining these errors, see Martin’s “Optical 
Measuring Instruments,” Chap. III. ‘ 
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surface having a radius pf 200 nim and a diameter of 100 mm 
is approximately 0.1 mm. This type of spheromoter is generally 
equipped with interchangeable rings and, for obvious reasons, 
the largest ring that will accommodate the object being measured 

, should be used. An even better plan 
is to use several rings and average 
Ihe results. 

Two other types of spherometers 
based on the same principle are in 
common use. One is the three- 
legged type illustrated in Fig. 177. 
The same formula is applicable, but 
j in this case the value of r is deter¬ 
mined by dividing the mean separa- 
1 ion of the legfe by the square root of 
1 hree. This type as commonly made 
uoes not give very precise results, 
but a model develop)ed by Guild ^ is 
extremely precise. The novel fea- 

liii. 177.~-A common type of tui’C of Guild^s design is a glass ball 
tfpherometor. The needle above . 

the divided circle flies upward OH the end oi the screw. Ihe instant 

when the rod makes contact with of contact is del (‘rmined by the 
the surface being meusiired. /. -^r , 

appearance of a Newton s ring pat¬ 
tern where the ball touches the surface being measured. 

Perhaps the most widely used in¬ 



strument for measuring curvature is 
the Geneva gauge, called colloquially 
by opticians the '‘clock.’’ As will be 
seen in Fig. 178, it indicates the curva¬ 
ture of a surface in diopters in accord¬ 
ance with the convention described 
in Sec. 124 of the preceding chapter. 
Its use is confined almost entirely to 
spectacle lenses, of course. 

The sphcrometer is not adapted for 
routine work in an optical shop, and 
the customary procedure is to use a 
set of test glasses instead, as described 



Fig. 178.—A typical Geneva 
gauge. {By courtesy of Bausch 
and Lomb Optical Company,) 


in the preceding chapter. These test glasses are always made in 


pairs, one concave and the other convex, by grinding and polishing 


1 Trans. Optical Soc. {London)y 19, 103 (1918). 
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them on each other until both surfaces are spherical and of the 
same radius of curvature as judged by an interference test. The 
radius of curvature is then measured accurately on a spherometcr 
in the laboratory. Test glasses are also made with plane surfaces, 
but the method of preparing t hem is somewhat different because 
three test glasses must be prepared instead of two to make sure 
that the surfaces are t ruly plane. The procedure in this case is to 
grind three blanks together, two at a time, in all possible combina¬ 
tions. They are then polished on a pitch lap, as described in the 
preceding chapter, and are tested by the interference method 
against one another. By setting up three simultaneous equations, 
each representing the number of interference rings formed by one 
of the combinations, the departure from flatness of each blank can 



Fig. 179.--The Foucault niothorl of nioasuring the radiuH of curvature of a 

reflecting surfa<*(*. 

be computed. The polishing process is continued until each test 
glass fits both the others perfectly in all positions, in which case 
they must all be plane. 

An excellent method of determining the radius of a weak 
concave surface is to locate the center of qurvatiire. This can 
be done readily by mounting an illuminated pinhole and a screen 
side by side at the supposed center of curvature of the surface. 
The exact center is found by moving the pinhole and screen 
together until the image of the pinhole is in sharp focus on the 
screen. The distance from the screen and pinhole to the 
surface is, of course, the radius of curvature. A somewhat 
better procedure is to substitute a pair of cross hairs for the screen 
and to use an ocular or magnifier for determining when the image 
formed by reflection at the surface is coincident with the cross 
hairs, Foucault brought this method to a high state of refine¬ 
ment by intercepting the reflected beam with a knife edge, as 
shown in Fig. 179. It is clear that if the knife edge is introduced 
at a, inside the center of curvature, the mirror appears to darken 
on the side from which the knife edge is introduced; if it is 
introduced at c, outside the center of curvature, the mirror 
darkens from the other side; if it is introduced at 6, exactly at the 
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center of curvature, the mirror darkens uniformly over its 
entire surface. 

Since a paraboloidal surface has different radii of curvature in 
different zones, Foucault's method can be used to test the figure 
of a mirror such as would be used in a reflecting telescope. A 
diaphragm is placed over the whole mirror except for a narrow 
zone around the edge, and the center of curvature of this portion 
is detennined. Then a diaphragm with a central hole is substi-' 
tilted and the new center of curvature found. If the surface is 
paraboloidal, the difference between the two centers should 
be equal to one-eighth of the square of the diameter of the mirror 
divided by the mean radius of curvature. For a 6-in. mirror 
of 4-ft. focal length, this difference between the centers is about 
in., an amount that is easily measured. 

A better arrangement for testing paraboloidal surfaces is shown 
in Fig. 180. The pinhole and knife edge are placed at the focal 



point of the paraboloid, and consequently the entire surface 
appears to darken uniformly if it is true to figure.^ The proce¬ 
dure is analogous to testing a spherical surface at its center of 
curvature, which of course is also its focus. 

The Foucault test can also be used for such things as teM 
glasses and the polished blanks for Rowland gratings. Lenses 
can be tested in a similar manner by placing the pinhole at the 
object distance for which the lens is corrected (for a photographic 
or telescope objective, as far away as possible) and placing the 
knife edge at the focus. If spherical aberration is present, the 
lens will not darken uniformly for any position of the knife edge; 
if chromatic aberration is present, the disk will appear in different 
colors depending on the position of the knife edge. 

136. Focal Length. —The characteristic of prime importance 
in a lens is its focal length. Special methods of measuring this 
quantity that are appropriate to particular instruments are 

^ For further details, see the paper by Ritchey cited in Sec. 128 of the 
preceding chapter. 
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described in later chapters. The methods described in 
this section are of more general application, and are sufficiently 
precise for all ordinary purposes if conducted with reasonable 
care. A number are applicable to positive lenses only, but, if 
a negative lens is to be tested, it can usually be combined with 
a stronger positive lens of known focal length. The unknown 
focal length can be computed from the measured focal length of 
the combination. 

The equal-magnification method is perhaps the most precise 
of the simpler ones. The lens is set in a holder running on a 
track between an illuminated target and an ocular. The ocular 
and the lens are moved until the image of the target formed on a 
scale in the focal plane of the ocular is of the same size as the 
target itself. The focal length of the lens is then computed by 


c 



Fi(i. 181.- Optioul system of tlic focal (H>lliinator. 

subtracting the stqmralitm of the principal points from the dis¬ 
tance between th(' t urged, and scale, and dividing the difference 
by four, l^he separation of the principal points can usually be 
calculated with sufficient precision inasmuch as any error is 
divided by four. Although the lens can be moved a considerable 
distance without appreciably affecting the size or distinctness of 
the image, the same is not true of the ocular, and so the measure¬ 
ment is precise nevertheless. 

A variation of this method is to place an illuminated pinhole 
and a knife edge at conjugate points by Foucaufi/s method and 
compute the focal length. The greatest precision is obtained 
at approximately unit magnification. Some idea of the aberra¬ 
tions of the lens can be gained at the same tinie from the uni¬ 
formity with which the lens darkens as the knife edge is moved. 

Perhaps the most generally useful apparatus for measuring 
focal length is the focal collimator, which is deserving of a 
wider use than it enjoys at present. As shown in Fig. 181, it 
consists essentially of an illuminated target T at the focal point 
of the collimator C, and an observing microscope M with a scale S 
on the stage. The lens L to be tested is moved along the axis 




370 


THE PRINCIPLES OF OPTICS 


until the target is focused on the scale, a red filter usually being 
inserted in the path of the light to reduce the effect of chromatic 
aberration. It is clear tliat the total magnification of the target 
on the scale is 


m = mimo = 

yi 


S1S2 
S1S2 ' 


where yi is the separation of two intervals of the target and 
y 2 ' the corresponding distance in the image measured on the 
scale. But s/ and .Sy are equal and infinite, .s'l is the focal length 
/i of the collimator, and s^' is the focal length/2 of the lens being 
tested. Therefore, 


/ _ f ^ f 

J2 -2/2 

y\ 




Thus, if the constant k of the instrurnout is determined, the 
focal length of any lens can be measunal by simply determining 


xS 



Fid. 182.—.Sketch .sliowiii^ Ihe inelliod of calibratirm the focal collimator. 

the size of the image of the target on the ocular scale. To 
make the apparatus generally useful, several targets should be 
available with different intervals. 

The method of determining k has been described by Cheshire^ 
as follows: The target T in Fig. 182isset approximately at th(^ focal 
point of the collimator C. Light from the diffusing glass I> illumi¬ 
nated by the source S is directed to the target by means of a piece 
of thin glass (7. This light is reflected back through the collimator 
lens by the mirror R set on a divided circle. The target is placed 
exactly in the focal plane of the collimator by moving it until 
its image is in the plane with itself as seen through the micro¬ 
scope M. Then the table is rotated first in one direction until 
the left-hand end of the target is coincident with the right-hand 
end of its image, and then in the other direction until the right- 
hand end of the target is coincident with the left-hand end of the 
image, the divided circle being read each time. The difference 
in the readings is the angle subtended by the target at the 

^ Trans, Optical Soc. {London)^ 22, 29 (1920-1921). 
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principal point of the collimator, and, since this angle is small, 
its reciprocal is the constant fc. If the apparatus for this method 
is not available, an alternative but less precise method is to com¬ 
pute k from the size of the target and the focal length of the 
collimator. 

Another instrument especially designed for the measurement 
of focal length is the Abbe focometer, for which the makers 
claim a precision of 1 part in 1000. In appearance this instru¬ 
ment resembles a microscope with an unusually long stage 
that can be slid in its own plane. The lens being tested should 
be smaller than about 100 mm in diameter and 50 mm in thick¬ 
ness. Its focal length, if positive, must be greater than about 
100 mm, but, if negative, it may be of any value. With this 


x^Sack focaf lengih ofspecfade lenS ">\ 



Fig. 183.—Optical system of a typical vertex focometer. 


instrument, the principal points and the departure from the 
sine condition can be determined also. 

The measurement of the focal length of ophthalmic lenses 
is of such importance that special instruments have been devised 
for the purpose. These are marketed under such names as 
^‘Lensometer,’' ^‘Dioptrometer,'' and ‘Wertometer,'’ but all are 
designed to measure the reciprocal of the back focal length of 
the lens. This quantity is called the vertex Tf^wer, which, as 
will be shown in Sec. 152, Chap. XX, is the quantity of signif¬ 
icance in lenses to be used as spectacles. Various systems used 
in these instruments have been described by H. F. Kurtz.* 
One that is common to several existing instruments is sketched 
in Fig. 183. The lens Lx under test is placed with the vertex 
that is to be nearest the eye against a fixed metal pointer at 
the focal point of the standard lens L«. The image of a target 
T formed by both lenses is observed through a telescope con¬ 
sisting of an objective 0 and an ocular E. A fixation mark 
is placed on the plate X at the first focal point of the ocular 
to insure that the rays entering the telescope are parallel when 
the setting is made. The procedure in determining the vertex 

‘ Jour. Optical Soc. Amer. and Rev. Sci. Instruments^ 7, 103 (1923). 
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power of Lx is simply to move the target along the axis of the 
system until its image is seen sharply focused in the telescope. 
The power is then read directly on the scale that indicates the 
position of the target. The standard lens must obviously be 
stronger than the strongest positive lens to be tested. 

The task of measuring the power of ophthalmic lenses is 
complicated by the frequent use of cylindrical surfaces, which 
are prescribed to correct astigmatism, as explained in Chap. XX. 
Such lenses have two different powers in the two principal 
meridians. However, by using two sets of parallel lines at right 
angles to each other as a target, it is possible to determine the 
power in each of the principal meridians and also the azimuth of 
the meridians. 



Fig. 184.—A type of caliper used for measuring optical parts. 

137. Thickness and Separation. —Just as the micrometer 
caliper is the symbol of the mechanic, so it is of the optician. 
Perhaps the type of caliper that is easiest to use (and also the 
least likely to be injured in clumsy hands!) is what might be 
called the pincer type. This is sketched in Fig. 184. The 
points are pressed together with a spring, being separated for 
the insertion of the lens by squeezing the long arms. A more 
versatile tool is the Boley caliper, shown in Fig. 185. This can 
be used for either outside or inside measurements and, by means 
of the two parts marked a and 5, for the measurement of depth. 
It is graduated in millimeters and the vernier reads to tenths. 

The most precise type of thickness gauge is one that is based 
on the same principle as the spherometer illustrated in Fig. 176. 
The specimen to be measured is placed on a flat plate and a 
plunger drops vertically on it. A scale secured to the plunger 
enables the thickness to be determined to 0.001 mm from the 
difference of the readings made before and after the specimen is 
placed in position. 

138. The Measurement of Angle. —The most general method 
of measuring the angle between two plane surfaces, such as two 
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faces of a prism, is by means of a spectrometer, the optical system 
of which is illustrated in Fig. 186. The slit Z at one end of the 
collimator tube is illuminated in any convenient manner, as, for 
example, by focusing a source of light upon it. The light from 



the slit is made parallel (collimated) by the collimator lens C and 
falls on one face of the prism. The table supporting the prism is 
rotated until light reflected at this face enters the telescope 
objective 0 and is brought to focus in the plane of the cross hairs 



Fig. 180.—Diagrammatic sketch.of a spectrometer. 


A^. The observer, by looking into the ocular Ej then makes such 
further adjustment as is necessary to cause the image of the sUt 
to be bisected by the cross hairs, after which the position of the 
prism table is read by means of a divided circle. The prism 
table is rotated until light is reflected into the telescope from the 
second face of the prism, and it is then adjusted again until the 
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image of the slit is bisected by the cross hairs. A second reading 
is made on the divided circle,^ and the angle through which the 
prism table has been rotated is computed. It is easily shown 
that the angle between the faces of the prism is the supplement 
of this angle. 

There are certain adjustments that must be made before a 
measurement of this sort can be undertaken. In the first place, 
the optical system must be so focused that the light from the slit 
is collimated where it strikes the prism and is then brought to 
focus in the plane of the cross hairs. The ocular must also be 
focused properly, but since it is used merely as a magnifier, the 
only requirement is that the image of the cross hairs shall appear 
sharp to the observer. The adjustment of a spectrometer is 



Fig. 187.--The Gauss ocular. 


greatly facilitated by replacing the ordinary ocular with one of a 
type devised by Gauss, which is illustrated diagrammatically in 
Pig. 187. The essential feature of this ocular is the piece of 
plane glass G that is inserted between the field lens and the eye 
lens. Light from a source aS enters the ocular and is reflected 
down the telescope tube in the direction of the objective. If the 
cross hairs are located at the focal point of the objective, the latter 
will form an image of them at infinity. Then, if a plane mirror is 
placed in the proper position in front of the objective, the light 
is redirected into the telescope to form an image of the cross 

^ All spectrometers that arc designed for serious work are equipped with 
at least two verniers or reading microscopes located on opposite sides of the 
divided circle* By reading both verniers each time and averaging the two 
values of the angle thus found, any errors due to eccentricity of the divided 
circle are eliminated. For work of the most precise character, the accidental 
errors in the divided circle must, of course, be taken into consideration. 
An excellent description of the determination of these errors will be found in 
Chap. IV of Martinis '^Optical Measuring Instruments. 



THE TESTING OF OPTICAL PARTS 


375 


hairs in the plane of the cross hairs themselves. Hence, to place 
the cross hairs at the focal point of the objective, one has merely 
to vary the distance between the objective and the cross hairs 
until the image of the cross hairs coincides with the cross hairs 
themselves. Most spectrometers are equipped with a rack and 
pinion to facilitate this adjustment. If a Gauss ocular is not at 
hand, the telescope can be trained on a distant object and 
adjusted until the image is formed in the plane of the cross hairs. 

With the telescope thus focused for ''parallel light,” it is a 
simple matter to adjust the collimator for "parallel light” also. 
If the mechanical construction of the spectrometer permits the 
telescope tube to be swung around until its axis coincides with 
that of the collimator, one has merely to adjust the position of the 
slit with respect to the collimator lens until the image of the slit 
is formed in the plane of the cross hairs. An alternative proce¬ 
dure in the case of a spectroscope, in which the rotation of the 
telescope tube is usually limited, is to reflect light from the 
collimator into the telescope by means of a plane mirror. 

The above adjustments relate to the focusing of the optical 
system, and the next step is to make the axes of both the colli¬ 
mator and the telescope accurately perpendicular to the mechani¬ 
cal axis about which the prism table rotates. This adjustment is 
made most conveniently by means of an autocollimating method 
similar to the one used for focusing the telescope. In addition 
to the Gauss ocular, a piece of black glass having plane-parallel 
faces is needed. The purpose of using black glass is simply to 
avoid the confusion that may be caused by the image reflected 
at the second surface in case the faces of the glass are not 
exactly parallel or the collimator and telescope are not perfectly 
adjusted.^ This piece of glass is set on edge on the prism table 
in such a manner that light from the telescope is redirected back 
from the first surface in exactly the same manner as when the 
telescope was being focused. The leveling screws on either the 
prism table or the support for the glass are then adjusted until 
the image of the cross hairs coincides with the cross hairs them¬ 
selves. The prism table is then rotated through 180® and, if the 
cross hairs and their image still coincide, the axis of the telescope 

^ A piece of colored glass or a cemented gelatin ^filter can be used instead 
of the black glass. In this case, the reflection from only one of the faces is 
considered, the difference in color making it easy to identify the image 
reflected from the second face. 
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must obviously be perpendicular to the axis of rotation. If they 
do not, the telescope must be rotated about the axis FiF/ in 
Fig. 186. The procedure is to bring the cross hairs approxi¬ 
mately halfway to their correct position by rotating the telescope 
about this axis and the remainder of the distance with the leveling 
screws on the prism table. This process is repeated as many 
times as may be necessary, the adjustment becoming closer 
each time. With the telescope properly adjusted, it is a simple 
matter to swing it into line with the collimator and to adjust 



Fig. 188.—DiaRrammatic sketch of an antocollimatinR spectrometer, showing 
the proper metliod of placing the prism. 

the latter about the axis F 2 F 2 ' until the cross hairs appear to 
bivsect the length of the slit. 

The instrument itself is now in adjustment, but the prism 
must be so placed on the prism table that the line of intersection 
of the two faces forming the angle that is to be measured is 
parallel to the mechanical axis about which the prism table 
rotates. In other words, both faces of the prism must be capable 
of being set perpendicular to the axis of the telescope. The 
autocollimation method is again applicable, but some care must 
be taken in placing the prism on the prism table to enable the 
second face to be adjusted without destroying the adjustment 
of the first. However, if the prism is placed in the manner 
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illustrated in Fig. 188 so that one face is perpendicular to the 
line joining two of the leveling screws, adjusting the third screw 
merely rotates this face in its own plane. In the figure, the face 
AB is perpendicular to the line joining the leveling screws Ki and 
K 2 . This face should obviously be adjusted first, and then 
either of the other faces can be adjusted by means of the leveling 
screw Kz. It will be seen from this description that by far the 
greater proportion of the time required in measuring a prism 
angle with a spectrometer is spent in adjusting the apparatus and 
only a relatively small proportion in determining the actual data 
from which the prism angle is computed. This is quite generally 
true of precision optical instruments, and, therefore, such instru¬ 
ments are usually kept in adjustment in optical establishments 
by providing them with a suitable case, often with a lock and key. 

It is evident that the collimator tube of a spectrometer is really 
unnecessary for the measurement of prism angles if the telescope 
is provided with a Gauss ocular or the equivalent. In fact, 
most modern goniometers are of the autocollirnating type. The 
instrument that is represented in Fig. 188 contains a small 
right-angle prism in the ocular. This prism reflects light to a 
slit in the lower half of the field, and the reflected image of the 
slit is observed in the upper half of the field superposed upon a 
scale. The more elaborate goniometers are provided with a 
divided circle for measuring angles in a vertical plane as well as in 
a horizontal plane, a necessary modification if they are to be used 
for natural crystals and some special types of prisms. The 
adjustment of such an instrument involves merely the extension 
to three dimensions of the principles that have been outlined 
above. 

It frequently happens in optical establishments that certain 
types of prisms are made in such quantities that special methods 
are employed for routine inspection. In general, these methods^ 
are devised to indicate the departure from the specified angle 
directly rather than to measure the actual value of the angle 
itself. 

139. Lens Aberrations.—The user of an optical system is 
rarely interested in methods of determining the particular 

1 F. E. Wright has discussed optical methods of testing prisms in Jour. 
Optical Soc. Amer.^ 6 , 193 (1921). An instrument for testing prisms by 
autocollimation methods is described by Moffitt in Jour. Optical Soc. 
Amer. and Rev. Sd. Instruments, 1, 831 (1923). 
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aberrations with which the system may be afflicted; he is content 
with methods for determining directly the suitability of the 
system for a specific purpose. The lens designer, on the other 
hand, is vitally dependent on methods for identifying and 
measuring the individual aberrations. It will be recalled from 
Chap. VI that the customary procedure in lens design of tracing 
a few selected rays through the system gives a somewhat 
incomplete picture of its performance. A sample is therefore 
constructed according to a provisional formula; and from 
quantitative tests of the aberrations exhibited by this sample, the 



Fig. 189. —An elaborate type of lens bench. {By courtesy of Bureau of 

Standards.) 


designer learns how the formula may be improved. Lens-bench 
methods, the Hartmann method, and the interferometric method 
yield this information in different ways. The lens bench fur¬ 
nishes information about every aberration separately (or in so 
far as the interrelationships between the aberrations permit) but 
it requires expensive apparatus and is very slow. The Hartmann 
method is rapid and requires comparatively simple apparatus 
but is suitable only for measuring spherical aberration and coma. 
The interferometric method is also rapid but requires costly 
apparatus, and the results obtained by it are not so readily 
interpreted. 
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Since the lens bench furnishes information about the individual 
aberrations directly, it will be described first. A photograph 
of an elaborate bench is shown in Fig. 189, the essential features 
being sketched in Fig. 190. A target IT, illuminated by a source 
S, is placed at the focus of the collimator lens C, which, in effect. 



Fig. 190.—Optical ayst(‘m of the lens bench. The lens L is being tested. 


places the target at infinity. The image of the target formed by 
the lens L to be tested is examined by means of the reading 
microscope Af, which can be moved longitudinally along the 
track (or bench) on which the various units are mounted. 



The lens is mounted in a special form of holder, known as a 
nodal slide, the principle of which is illustrated in Fig. 191. The 
entire nodal slide can be rotated about a vertical axis that is 
rigidly attached to the lens bench. In addition, the lens can be 
slid along the short track to vary its position with respect to the 
axis of rotation. It will be recalled from Chap. IV that every 
lens contains an axis, called the transverse axis, characterized by 
the property that rotation about it does not cause a displacement 
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of the image. Hence, by watching the image of the source 
through the microscope and adjusting the lens until the image 
remains stationary as the lens is rotated slightly, the position of 
the transverse axis is found. When the object is at infinity, as 
it is in this case, the transverse axis coincides with the second 
nodal point. This type of mounting enables the second nodal 
point to be found and, by reversing the lens, the first nodal point 
can be found in a similar manner. Since the lens is in air, the 
principal points coincide with the nodal points. 

Despite the straightforward nature of lens~bench determina¬ 
tions, much care must be taken in adjusting the apparatus and 
making the readings if the results are to be reliable.^ The 
apparatus is first aligned and then the nodal slide is adjusted. 
The subsequent operations depend upon the aberrations for 
which the lens is to be tested. These operations are so self- 
evident that little description is necessary. Curvature of field 
and astigmatism are measured by rotating the lens about the 
second nodal point in 5° steps and sliding the microscope along 
the bench to bring the image in focus each time. If the field is 
flat, the distance of the image of the target from the second nodal 
point should be //cos a', where / is thf‘ axial focal length and a' 
the angle of the emergent ray passing t hrough the second nodal 
point. This angle is, of course, the angle through which the 
lens has been rotated. If the shift necessary to restore the 
focus be d, the departure from a flat field, measured in the direc¬ 
tion of the lens axis, is 

^ — f — (f d) cos a'. 

If the target consists of a vertical and a horizontal cross hair, 
the two are not in focus simultaneously for large values of a. 
The locus of the images of the vertical cross hair defines the 
primary focal surface and the locus of the images of the horizontal 
cross hair, the secondary focal surface. The difference between 
the two at any angle is the astigmatic difference at that angle. 
The typical curves of the results of such a test on a photographic 
objective were presented in Fig. 48 of Chap. VI. 

Distortion is measured by setting the lens for the best focus 
at each angle and measuring the lateral displacement of the 
image by means of the filar micrometer in the ocular of the 

1 Explicit instructions are given in Bur. Standards Sci. Paper 494. 
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microscope. A distortion curve was shown in Fig, 51. Lateral 
chromatism is measured by determining the position of the 
images at each angle when “monochromatic’^ filters are placed 
in front of the light source. To avoid focus adjustments between 
colors, the test lens should be placed for best focus with light 
of approximately wave length 580 m/z. The collimator can 
usually be left unchanged throughout the run except for the deep 
violet. Axial chromatism is measured by placing the lens with 
its axis parallel to the bench and determining the amount of 
longitudinal displacement of the microscope that is required to 
bring the images successively into focus when various mono¬ 
chromatic filters are set in the path of the light. 

SpluTical aberration can be determined by placing a series 
of diaphragms containing holes equidistant from the axis over 
the face of the lens and locating the image of th('. target for each 
diaphragm in turn. This is easy because the image appears 
double everywh(^rc except at the focal point for the zone being 
tested. The departure from the sine condition can be determined 
by a procedure that is exactly similar, except that the nodal 
slide is adjusted each time. Inasmuch as the sine condition is 
measured by the equality of the ratio ///sin 6' for parallel incident 
light, and this ratio is also equal to the focal length for each value 
of the variation in the focal lengths as determined directly 
from the readings on the bench is also a measure of the departure 
from the sine condition. Typical spherical-aberration and 
sine-condition curves of a photographic objective were given in 
Fig. 39. For th(\se tests it is advisable to omit the collimator 
because its spherical aberration, even if small, may be great 
enough to vitiate the results and, if the target is placed at a 
sufficient distance, the aberrations are not markedly affected. 
The chief difficulty is that the air currents in the room may make 
the image distorted and difficult to set upon. 

Microscope objectives and motion-picture camera objectives 
cannot bo tested on a lens bench of the usual construction, 
the former because of their short object distance and the latter 
because of their short image distance. In either case, it might 
be possible to make samples on an enlarged scale for testing, 
although this is almost never done. Some of the tests can be 
carried out by means of an ordinary microscope fitted with a 
scale to measure the longitudinal displacement of the tube. 
The procedure is to lay the lens on the stage and to place a mirror 
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or reflecting prism of good quality underneath to reflect light 
from a distant target up through the lens. 

For testing spherical aberration and coma, the Hartmann 
method^ in a modified form is superior to the lens-bench method. 
The principle is illustrated in Fig. 192. The lens L to be tested 
is covered with a diaphragm S perforated with a row of holes 
along a diameter. An illuminated pinhole at a considerable 
distance is photographed, the plate being placed successively at 
A and B. Obviously the light passing through any given hole 
in the diaphragm will produce two spots on the plate; one at a 
distance a above the central spot, and the other at a distance h 
below it. By measuring a, 6, and d, the point F\ where the 



Fig. 192.—Sketch ahowing the i)riiicii)le of the modified Hartiiuinii method of 
testing a Ion.? for spherical aberration and coma. 

pencil intersects the axis, can be computed. The variation 
of this distance for the various apertures represents the spherical 
aberration of the lens. Furthermore, the angle B' that the 
pencil makes with the axis and the ratio ^/sin 6' can be computed 
for each aperture, and in this way the departure from the sine 
condition can be determined. 

Lens-testing interferometers have been developed only recently 
and hence are little used. Twyman- has made one for photo¬ 
graphic objectives and another for microscope objectives. 
These both consist essentially of a Michelson interferometer.’^ 
The lens is placed in one path, and the mirror at the end of that 
path is made spherical with its center at the focal point of the 
lens. The observer sees a contour map of the emergent wave 
front in terms of the wave length of whatever light is used. This 

^ Descriptions of this method can be found in Bar, Siandarda Sci, Papers 
311 and 494. 

2 Trans, Optical Soc, {London), 22, 174 (1920-1921); 24, 189 (1922-1923). 

8 See Sec. 207, Chap. XXVIII. 
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method is excellent for comparing the performance of well- 
corrected lenses, but the interpretation of the results in terms 
of the conventional aberrations is a matter of some little diffi¬ 
culty. It is claimed, however, that an observer can train 
himself in a few days to judge with fair accuracy the aberrations 
that are responsible for a given interference pattern. 



CHAPTER XVIII 


MISCELLANEOUS OPTICAL MATERIALS 

The optical engineer and the scientific investigator use many 
other substances besides optical glass, although not by any 
means to the same extent. These substances may be divided 
into three general classes: Some are used as functional parts of 
optical systems to reflect, refract, or disperses light because of 
special properties, such as a high transmission or a high reflect¬ 
ance in some particular spectral region; some are used merely as 
light filters to absorb the radiation within certain spectral 
regions; and some find a place because of their ability to produce 
polarization. For a few of these substances the data available 
are bewildcringly abundant,, whereas for others the data are 
very scarce. All that can be done in this chapbu’ is to give data 
for the more important materials and to indicate where further 
information can be found. 

140. Miscellaneous Varieties of Glass. —For many purposes, 
plate glass is a satisfactory substitute for optical glass. Unlike 
window glass, which is merely blown and has a very irn^gular 
surface, plate glass is polished in large sheets and consequently 
is fairly flat except at the very edge of the sheet. In fact, plate 
glass of selected quality is generally used for protecting the gelatin 
filters used by photographers and microscopists. Plate glass is 
available in thicknesses of }/s in. to over 1 in. Ordinary varieties 
are green when viewed through the edges, but the visual absorp¬ 
tion of a 2-mm piece when illuminated by white light is of the 
order of only 2 per cent in a direction normal to the surface. 
White varieties having a very low absorption are available, but 
they must be distinguished from other varieties that have been 
made to appear white by the use of decolorizers. These sub¬ 
stances merely introduce additional absorption in such a region 
of the spectrum that the color of the glass is neutral. They 
do not eliminate the absorption that is responsible for the green 
color. 

For diffusing light, ground glass and opal glass are commonly 
used. A very coarse grade of ground glass is made by grinding 
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plate glass with crushed steel. A much better variety, which 
is entirely satisfactory for most purposes, is made by grinding 
with a 2()0-mesh abrasive. For a finer grain, such as is preferable 
in a focusing screen, the glass can be finished with a 60()-rnesh 
abrasive. If more diffusion is required than ground glass will 
produce, opal glass (sometimes called milk glass) can be used 
instead. The diffusing property of this type of glass is due to 
minute colloidal particles that are produced either by devitrifi¬ 
cation or by the addition of substances that will not melt in the 
furnace. Flashed opal, which consists of a thin layer of opal 
fused to a sheet of clear glass, is used more frequently than pot 
opal because of the very great absorption of the latter. All 
opals cause the transmitted light to become noticeably yellow 
by virtue of the selective effect, of the scattering. 

Uranium glass, which is a fluorescent yellow glass characterized 
by salts of uranium, is used for focusing ultraviolet spectro¬ 
graphs. Ordinary ground glass wet with acetone and smeared 
with anthracene can also be used for the same purpose. 

141. Filters for the Visible Region. —The essential property of 
a light filter is its select ive absorption, and it goes without saying 
that this property can be evaluated only by a spcictrophoto- 
metric or a si)ectroradiometric analysis. One of the most 
common mistakes made by investigators with limited optical 
training is to assume that a colored material transmits only a 
narrow spectral band in the immediate vicinity of its dominant 
wave length. That this is seddom the case will be clear from an 
inspection of Fig. 193, which shows the transmission curves of a 
few typical colored glasses made by the Corning Glass Works. 
The only glass in this entire set that transmits a narrow portion of 
the visible region is that represented by curve 1, which is a deep 
red glass used for railway signals. Even this glass transmits in 
the infrared, so the effective cut-off on the long wave-length side 
is due to the eye and not to the glass. 

Glass is colored by introducing salts of certain metals into the 
melt. Red glass is colored with copper, gold, or selenium. 
Chopper produces such an intense red that it is usually used only 
for flashed glass. Gold produces a less intense color but it 
transmits a considerable amount of violet. This kind of glass is 
preferably called ^^ruby'^ to distinguish it from the reds that do 
not transmit violet. The color produced by selenium can be 
varied from red to orange but is difficult to control. A 



386 


THE PRINCIPLES OF OPTICS 


peculiarity of many red glasses of importance to the optical 
manufacturer is that their color is ruined by pressing. A signal 
red, for example, which in its original state has a high trans¬ 
mission in the red and a sharp cut-off in the orange, has a lower 
transmission in the red and a considerable transmission in the 
orange after being pressed. In fact, the characteristics of many 
colored glasses change even with relatively slight variations in 
temperature. 


RED, ORANGE, AND YELLOW GREEN 



PURPLE 




W^ve Leng+h(m/i.) 


Fig. 193.—Transmission curves of a few Corning glasses (uncorroctod for 
surface reflection). The names of the glasses and the thicknesses of the samples 
are as follows: (1) Red, G24, 0.88 nun. (2) Orange, G34, 1.50 mm. (3) Yellow, 
100%, 1.12 mm. (4) Yellow, G30 190 %,, 0.00 mm. (5) Green, 100%, 0.92 
mm. (6) Sextant green, 1.00 mm. (7) G584, 4.10 mm. (8/1) G55D-70 %, 
0.97 mm. (SB) 05511-70%, 0.22 mm. (9^) 050-77 %, 0.98 mm. (9B) 
G50-77 %, 3.39 mm. (10) G580A, 1.03 mm. (11) G172BW5, 5.27 mm. (12) 
Purple, 100 %, 6.03 mm. (Bur. Standards Tech. Paper 148.) 


Yellow glass is colored by either iron in the ferric state, 
cadmium, or carbon. Such glass appears yellow merely because 
it absorbs the blue and violet, as can be seen from curves 3 and 4 
of Fig. 193. 

Green glass is colored by either chromium in the chromic 
state, iron in the ferrous state, or copper in the cuprous state. 
The color produced by chromium is a yellow-green, while that 
produced by iron or copper is a blue-green. 








MISCELLANEOUS OPTICAL MATERIALS 


387 


Blue glass is almost invariably colored with cobalt, with 
sometimes a little copper added. It is very reproducible. 
The high transmission in the red is frequently objectionable, 
especially in filters, but it can be removed by introducing 
chromium. 

Violet glass is usually colored with manganese. Although 
the color produced by this element is markedly affected by the 
conditions in the furnace, some violet glasses are remarkably 
reproducible. They are little used, however, because of the 
low visibility in this region of the spectrum. 

Purple glasses are similar to the blue ones except that the 
transmission in the green and yellow is very much lower and in 
general the transmission in the nul is higher. (This does not 
happen to be true for the glasses illustrated, which are a blue- 
purple rather than a red-purple.) The transmission in the 
red can be easily detected by viciwing a source of white light 
through the glass. The ey(^ is unable to focus the red and the 
blue simultaneously, and hence the source appears to have a 
blue border. This circumstance makes it possible for a loco¬ 
motive engineer to identify a purple signal a,t a great distance. 

C.'olored glass is made in different forms according to the 
purpose for which it is intended. The types represented in 
Fig. 193 are cast in plates about 6 mm thick and either 6 in. 
square or 6 in. in diameter. These plates must be cut to size 
and ground and polish(*d before they can be used. For ophthal¬ 
mic lenses, the glass is made in the form of pressed blanks as 
usual. Colored glass is also available in large sheets like ordinary 
window glass. It is usually supplied in three weights, having 
thicknesses of 2.4 mm, 3.5 mm, and 5.0 mm. These values are 
only approximate and the actual thickness of a given sheet may 
be different by several tenths of a millimeter. Indeed, the thick¬ 
ness of a single sheet varies greatly from point to point. 

Until within comparatively recent years, the experimenter 
who required a greater variety than the glass maker provided 
or who wished to isolate definite spectral regions was forced to 
prepare his own filter. A very popular method was to fix out 
an unused photographic plate and bathe it in a solution of dye. 
This type of filter is fairly inexpensive, even in comparatively 
large sizes, and very convenient when once prepared, but it 
has fallen into disuse with the advent of the Wratten gelatin 
filters. 
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These filters consist of thin films of gelatin in which appropriate 
dyes are incorporated. They are made by allowing the dyed 
gelatin to dry between two polished glass plates. The gelatin 
film is then stripped from the plates and cemented between 
pieces of plate or optical glass of the desired size. The trans¬ 
mission curves of these filters are given in the catalogue published 
by the makers, the p]astman Kodak Company. Almost a 
hundred different kinds are available, but perhaps those of most 
importance to the optical experimenter are the series of mono¬ 
chromaticfilters. These are characterized by narrow trans¬ 
mission bands located at the following positions in the spectrum: 


Name 

Number 

Maximum 
tran‘^mission, 
millimicrons 

CL 

70 

700 


7W1 

040 

y 

72 

j 010 

5 

73 

j 570 

e 

74 

530 

V 

75 

490 

e 

70 

440 


Practically all the Wratten filters transmit the infrared. 

A still newer series of filters has been put on the market by 
the firm of Schott. These are made of glass but have the sharp 
cut-off characteristic of dyes. Compared with the gelatin 
filters, they are more expensive to prepare but they have the 
advantage that they can be used where the heat would ruin a 
gelatin filter. They are quite remarkable in their properties 
and are not to be confused with ordinary colored glass. 

Although it is difficult to prepare filters that will transmit 
one portion of the spectrum to the exclusion of the others, it 
is yet more difficult to prepare filters that will absorb equally 
throughout the spectrum. The ordinary dark glass, which is 
colored with either manganese, iron and copper, or copper and 
nickel, is far from neutral, having transmission bands in the red 
and the deep violet. This type of glass, under the name of 
'‘smoke,’' is occasionally used in spectacles, and the curve in 
Fig. 194 distinctly shows the transmission bands. The black 
glass used for table tops is of a somewhat different type but also 
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has a marked transmission band in the violet. The Wratten 
neutral filters, which are composed of a mixture of dyes in the 
proper proportions, arc fairly neutral, as are also the Schott 
neutral filters. When none of these filters is available, a fogged 
photographic plate can be used. It is reasonably neutral if devel¬ 
oped in a non-staining developer. P^^r some purposes, a wire 
screen is an excellent neutral filter, the transmission being 
determined by the fineness of the mesh and the size of the wire. 

142. Filters for the Ultraviolet and Infrared.—The spectral 
transmission of ordinary spectacle crown glass is shown by the 



Fig. 194. - Transinission curves of several glasses in the visible and ultraviolet 
as determined by the Hureaii of Standards (uncorrocted for surface reflection). 
All (uirves arc for a thic^kness of approximately 2 mm. (Curves for Corex and 
Vitaglass from Bur. Standards Jour. Researchy 3 , 629 [1929] [Research Paper 113]; 
others from Bur. Standards Tech. Paper 119.) 

heavy curve in Pig. 194. This curve is for a sample having a 
thickness of 2 mm, and the reflection loss at the two surfaces is 
included. It is typical of all kinds of ordinary glass except the 
dense flints, which absorb more of the ultraviolet. 

The glasses whose cut-off occurs at shorter wave lengths 
than spectacle crown are used primarily on account of their 
property of transmitting the ultraviolet.^ They are used 
principally for such purposes as hospital windows, where a 

1 The manufacture of these glasses is discussed by P. Davidovitch, Jour, 
Optical Soc. Amer.y 20 , 627 (1930). 
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high ultraviolet transmission is desired for therapeutic purposes. 
Although these glasses are fairly stable to ordinary sunlight, 
their ultraviolet transmission is greatly reduced by exposure to 
strong sources of radiation in the region below 300 m/x. 

The glasses whose cut-off occurs at a longer wave length than 
spectacle crown are used primarily for spectacles to protect the 
eyes from the injurious effects of ultraviolet radiation. The 
smoke is a nearly neutral glass except for transmission bands in 
the red and deep violet, but its ultraviolet cut-off is not far from 
that of spectacle crown. It is made in several shades and is most 
useful where a moderate absorption throughout the visible 
region is required. The C’rookes glass is one of a series developeni 
by Sir William (Vookes as a protection against injurious radia¬ 
tions in both the ultraviolet and the infiared. It has a high 
absorption in the near ultraviolet, which is due to oxides of 
cerium, but it also has a slightly smoky appearance because of the 
two strong absorption bands in the yellow due to didyrnium. 
The didyrnium is not an essential constituent, however, and 
recently the glass has been modified so that it is quite colorless 
and can scarcely be distinguished vLsually from ordinary spectacle 
crown. Where a slightly yellowish color is not objectionable, 
No viol glass furnishes a very effective protection against the 
ultraviolet. The transmission curve of only the lightest shade 
is given in the figure but the glass is available in darker shades. 
Amber glass is effective in absorbing the ultraviolet but it 
absorbs in the visible region to a considcTable extent also. 

It is of interest to note that clear gelatin in the thickness used 
for Wratten filters has a cut-off in the ultraviolet similar to that 
of Vitaglass. Also, the Wratten No. 2 filter, which is dyed 
with aesculin, has a transmission very similar to that of No viol 
0, whose curve is shown in Fig. 194. 

The transriiission curves of the optical materials that are most 
widely used in the infrared are shown in Fig. 195. Following 
the usual custom, the curves are for a thickness of 1 cm, a curve 
for spectacle crown of 2-mm thickness, as it is commonly used in 
spectacles, being added for comparison. Because the infrared 
region was formerly regarded as the seat of heat radiation, 
substances that are transparent in this region are sometimes 
said to be diathermanous. Most of them are also transparent 
to the ultraviolet, fluorite being useful to 120 mg, quartz to 
185 mg, and calcite to 215 mg. These substances are used so 
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frequently for optical purposes that they will be described in 
greater detail in the following section. 

Materials that are opaque to the infrared but transparent in 
the visible region are said to be heat absorbing. They are used 



Fki. 195.—Infrared transmission of certain optical materials (corrected for 
surface reflection). The ciirve for spectM-ndo crowj) is for a thickness of 2 mm. 
(Bur. Standards 7'<’ch. J^aper 93.) The curves for the other materials arc for a 
thickness of 10 mm. (Bur. Standards Set. Puftrr 401.) 


occasionally as tillers in motion-picture projectors to prevent the 
film from burning when it is not in motion. They are also used 
in photomicrography to pnwent the slide from becoming over¬ 
heated. One Yovy effective type has been developed by Pfund. 
It consists of a she(‘T of glass coated with a 
thin layer of gold which, although it trans- 9 c 
mils approximately 80 per cent of the light | eo 
from an incandescent lamp, absorbs all but ^ 
about 20 per cent of the heat. This type of ^ 
filter should strictly not be called heat absorb- « 

£40 

ing because the infrared radiations are « 
reflected rather than absorbed. There are h 20 
other types of truly heat-absorbing filters, 10 
which are usually glasses in which ingredients ® 
have been incorporated to produce a high 
absorption in the infrared. These glasses are 
usually green in color. Since in this case the filter actually 
absorbs the heat, it may become so hot as to crack. To 
prevent this, some of the newer types are made from a glass 
having a low coefficient of expansion. For scientific purposes, 
such as photomicrography, a water cell is often used to 
absorb the heat, and the transmission curve for a 2-cm thick¬ 
ness is shown in Fig. 196. When water alone furnishes insuf¬ 
ficient protection, there are many salts that may be added to 
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increase the infrared absorption. Coblentz/ who has made a 
study of this subject, has stated that a 2.5 per cent solution of 
crystallized cupric chloride (CUCI 2 + 2 H 2 O) is the most effective. 
The transmission curve of a 2-cm thickness is shown in Fig. 196, 
and it will be seen that such a solution absorbs nearly all the 
radiation beyond 800 m// and still transmits rather freely in the 
visible region. Its color is blue, and consequently it tends to 
compensate for the yellowness of the usual artificial sources. 
It is of interest to note that water is very transparent to the 
ultraviolet, its limit of transmission lying below that of quartz. 

The protection of the eyes from powerful sources of infrared 
radiation is quite as important as protection from the ultraviolet. 
Under certain circumstances, it may even be more important 
because, although exposure to the ultraviolet may produce 
intense pain, the effect is only temporary unless the radiations are 
of very short wave length. This is because the cornea absorbs 
the ultraviolet and the injury is therefore localized there. The 
eye media are fairly transparent to infrared radiations, however, 
and consequently a prolonged exposure to a copious source, such 
as a furnace, produces lesions which are irreparable. Indeed, it 
was to prevent the disease so aptly termed ‘‘glass-blower^s 
cataract^^ that Crookes developed his well-known glasvses. These 
were designed to have a high transmission in the visible region 
and a high absorption in both the infrared and the ultraviolet. 
Many other types of eye-protective glasses of this sort have since 
been developed, one new variety being intended for aviator^s 
goggles. This variety is light green in color, its transmission 
curve being very similar in shape to the visibility curve of the 
eye. Despite the low transmission in the ends of the visible 
spectrum, the transmission in the green is so high that a 2-nim 
thickness has a total visual transmission of approximately 50 
per cent. There are some operations, such as welding, for which 
protective goggles must have a high absorption in the visible 
region in addition to a well-nigh complet e absorption in both the 
infrared and the ultraviolet. For such purposes, special welding 
glasses are available in several shades, which are commonly 
designated in accordance with the specifications laid down by the 
Federal Government.^ 

^Bur, Standards Set, Paper 168 . 

2 These are published as “Federal Master Specifications” and are changed 
from time to time. See also a paper by Coblentz and Stair, /oar. Optical 
Soc, Amr., 20, 624 (1930). 
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It is comparatively difficult to find filters that will isolate 
narrow regions of either the ultraviolet or the infrared, although a 
few glasses are available commercially for therapeutic purposes to 
isolate the vital-ray region (290 m/z to 310 m/x). Several com¬ 
binations of filters especially designed for biological investigations 
have been described by Jones. ^ The most extensive compilation 
of data concerning the absorption characteristics of materials 
appears to have been made by Gibson.^ 

143. Materials with Special Optical Properties.—Many sub¬ 
stitutes for optical glass are used in systems designed to transmit 
either the ultraviolet or the infrared. 

They are usually natural crystals, 
although liquids are occasionally 
used, and fused quartz, which is 
amorphous, is coming into promi¬ 
nence. Tables XXII and XXIII 
give the refractive indices of the 
more common of these materials. 

Most of them have been mentioned 
in the preceding section, but their 
peculiar properties are so important no. 197.— Quartz crystals. 

that they are worthy of a more ^^***^^ 

^ '' handed and that shown at B is 

extended discussion. right-handed. The optic axis is 

Quartz (Si02) is, next to glass, the n^^dicated by AX', 
most widely used optical material. It crystallizes in the hex¬ 
agonal system, typical forms being those shown in Fig. 197. 
It has a specific gravity of 2.6 and a hardness of 7 on Mohses 
scale. Because of its hardness it is very durable, but it is 
somewhat more difficult to work than glass, which has a hard¬ 
ness of approximately 5. Quartz is more widely distributed 
than any other mineral, but there are only a few isolated 
localities where it occurs in a form that is sufficiently flawless 
and transparent for optical use. This type of quartz was called 
rock crystal by the ancients, the term ‘'quartz’^ being a Ger¬ 
manic word that seems to have appeared first about 1529 in 
Agricola^s writings. 

Quartz, in common with many other crystals, is doubly 
refracting. This subject will be discussed more extensively in 




^ Jour. Optical Soc. Amer. and Rev. Sci. Instrumentsj 16, 259 (1928). 

2 International Critical Tables,” Vol. V, p. 271. See also Jour. Optical 
Soc. Amer. and Rev. Sci. Instruments, 13, 267 (1926). 





Table XXII.— Refractive Indices of Certain Substances Transparent in the Ultraviolet 
The values for water and carbon disulphide are those adopted by the '‘International Critical Tables” for 20^C. and 
print-ed by permission. Those for the other substances were determined by Gifford at 15'^C.^ All values are relative to 
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i Proc , Roy . Soc ., 70, 329 (1902); 73, 201 (1904); 84, 193 (1910l 


























Table XXIII. —Refractwe Indices op Certain Substances Transparent in the Infrared 
The values are those given hy Coblentz^ and are relative to air. The values for quartz are for the ordinary' ray. 
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Carbon 

disulphide, 

15°C. 

1.6784 

1.6550 

1.6307 

1.6217 

1.6104 

1.6077 

1.6049 

1.6025 

1.6000 

1.5978 

1.5960 

1.5940 
1.5923 
1.5905 
1,5888 
1.5872 

Wave length, 
microns 

0.434 

0.485 

0.590 

0.6.56 

0.777 

0.823 

0.873 

0.931 

0.999 

1.073 

1.164 

1.270 

1.396 

1.552 

1.745 

1.998 

Sylvite, 

15°C. 

1.49044 
1.48721 
1.48328 

1.48230 

1 48142 

1 48008 
1.47831 
1.47650 
1.47475 
1.47388 
1.47215 
1.47112 

1.46880 
1.46625 
1.46350 

1.46086 
1.45672 

1,44570 
1.43722 

1.4320 

1.42617 

1.4108 

1.3882 

1.3692 

Wave length, 
microns 

0.5893 

0.656 

0.7858 

0.845 

0.884 

0.9822 

1.1786 

1.584 

2.3573 

2.9466 

4.125 

4.7146 

5.8932 

7.00 

8.00 

8.8398 
10.0184 
12.50 
14.144 
15.00 
15.912 
18.10 

20.60 

22.5 

Rock salt, 
20°C. 

1.54427 

1..539 30 

1.53607 

1.53395 
1.53253 
1.53123 
1.53031 
1.52815 
1.52649 
1.52466 
1.52156 
1.51883 
1.51593 
1.51093 

1.5064 
1.50100 

1.49462 
1.47568 

1.46044 
1.44743 

1.44090 
1.4149 

1.3735 

1 3403 

Wave length, 
microns 

0.5893 

0.6874 

0.7858 

0.8839 

0.9724 

1.0810 

1.1786 

1.5552 
2.0736 
2.9466 
4.1230 
5.0092 
5.8932 
7.0718 

8 04 

9.00 

10.0184 

12.50 

14.144 

15..3223 
15.912 

17.93 

20.57 

22.3 

Fluorite, 

20°C. 

1.4.3384 

1.43200 
1.43093 
1.42980 
1.42884 

1.42843 

1.42789 

1.42689 
1.42.596 
1.42502 
1.42454 
1.42407 
1.42258 

1.42080 
1.41956 

1.41823 

1.41610 

1.41376 

1.40963 

1.40568 

1.39908 
1.38712 

1.36805 
1.31605 

Wave length, 
microns 

0,5893 

0.6867 

0.7665 

0.8840 

1.0140 

1.0830 

1.1786 

1.3756 
1.5715 
1.7680 
1.8688 
1.9644 

2.250 

2. .5537 
2.750 

2.9466 
3,2413 

3.5359 
4.0000 
4.4000 
5.0000 
5.8932 
7.0718 

9 4291 

Quartz, 

18°C. 

1.54424 
1.54078 
1.53834 

1.53649 
1.53514 

1.53390 

1.53263 
1.53192 

1.53090 
1.53011 
1.52977 

1.52942 

1.52879 

1.52843 

1.52782 

1.52687 
1.52585 
1.52462 
1.52335 
1.52184 
1.51991 
1.51449 

1.50824 
1.49703 

Wave length, 
microns 

0..5893 

0.6950 

0.8007 

0.9047 

0.9914 

1.0830 

1.1786 

1.2288 

1.3070 

1.3685 

1.3958 

1.4219 

1.4733 
1.4972 

1.5414 
1.6087 
1.6815 

1.7679 
1.8487 
1.9457 
2.0626 
2.3.573 
2.6519 
3.0939 


^ Bur. Standards Set. Paper 401. 
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Chap. XXIX, and it must suffice here to state that a beam of 
unpolarized light incident on a doubly refracting crystal is 
divided into two beams: one moving with the same velocity in 
every direction, the wave front being spherical; and the other 
moving with a velocity that depends upon the direction of its 
path, the wave front being ellipsoidal. These two beams are 
plane polarized in perpendicular azimuths and are known as the 
ordinary beam and the extraordinary beam respectively. There 
is one direction in a quartz crystal, represented by the line XX' 
in Fig. 197, in which both beams travel with the same velocity. 
This is known as the optic axis and, since quartz contains but 
one such axis, it is known as a uniaxial crystal. The refractive 
index for the extraordinary ray represents its velocity in a plane 
perpendicular to the optic axis, where its velocity differs most 
from that of the ordinary ray. It is clear that if a lens is to be 
cut from crystal quartz, the lens axis should be made parallel 
to the optic axis of the crystal. In this case, all rays that are 
parallel to the axis behave as though the quartz were isotropic. 
The other rays are doubly refracted, but, since the birefringence 
of quartz is small, the effect is usually negligible unless the angles 
are very large. 

Another property of quartz that must be taken into account 
by the instrument designer is its power of rotating the plane of 
polarization of a plane-polarized beam traversing it parallel to 
the optic axis. Quartz is one of the few solids to possess this 
property, although it is possessed by a large number of organic 
substances when in solution, notably certain sugars. The 
phenomenon was explained by Fresnel by assuming that a 
plane-polarized beam can be resolved into two circularly polarized 
beams rotating in opposite directions, and that these beams 
travel with slightly different velocities. It so happens that the 
two crystal forms shown at A and B in Fig. 197 behave oppo¬ 
sitely, the left-handed component traveling more rapidly in the 
form shown at A and the right-handed component in the form 
shown at B. These forms are termed left-handed and right- 
handed respectively becaus^e the resultant effect on a beam of 
plane-polarized light is to rotate it in a left-handed and a right- 
handed sense respectively. Because of the difference between 
the velocities of the circularly polarized components within the 
crystal (which is equivalent to a difference in refractive index), 
a refracting system made of quartz will in general produce 



MISCELLANEOUS OPTICAL MATERIALS 


397 


double images even when a beam traverses the system parallel 
to the optical axis. The remedy is to construct the system out 
of symmetrical elements, an element of one variety of quartz 
being paired with a similar element made of the other. Thus, it 
is the general practice in constructing spectrographs, for example, 
to build up a 60° prism from two symmetrical 30° prisms of 
each variety of quartz and to make the collimator from one 
variety and the camera lens from the other. Frequently twin 
crystals of quartz are found. These are composed of the two 
forms in alternate layers, but the opposite actions of the two 
forms do not neutralize, and such crystals are useless for optical 
systems. 

Because crystal quartz occurs only in relatively small pieces, 
attempts have been made to prepare fused quartz of optical 
quality. A vast amount of work on this problem has been done 
under the direction of Prof. Elihu Thomson at the Lynn Works 
of the General Klectric Company. The chief difficulty is the 
elimination of striae and bubbles. The striae seem to result 
from slight differences in index between the crystals that com¬ 
prise the raw material; and, as the quartz never really melts in 
the ordinary sense, these striae are usually present to such an 
extent that it has not been possible to use fused quartz in optical 
systems where images of high quality were required. The 
bubbles likewise have difficulty in escaping from the melt, and 
as a consequence the final operation is to apply sufficient pressure 
to compress them into a small volume. It is possible to obtain 
small pieces free from striae and bubbles, but they are of little 
value because pieces of crystal quartz of comparable size are 
not expensive. Moreover, fused quartz is difficult to anneal 
thoroughly, and the stresses remaining in it are \isually much 
greater than have been found to be permissible in glass. 

Fused quartz possesses so many desirable properties that it 
would undoubtedly be extensively used if its faults could be 
successfully overcome. Its isotropism alone would make it 
superior to crystal quartz because it would reduce not only the 
cost of the grinding and polishing operations but also the loss 
of material entailed therein. Fused quartz would be superior 
to glass for such articles as condensers for projection apparatus 
because it has a low coefficient of expansion and is therefore less 
likely to crack when heated. Its low coefficient of expansion 
also suggests its use for mirrors for reflecting telescopes since it 
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would not have to be kept cool during the parabolizing operation. 
Fortunately, the light does not traverse the material in this 
case, and a method of manufacture based on this fact has been 
very successful. This method consists in grinding quartz 
crystals into the form of a powder, which is introduced into an 
oxyhydrogen flame and sprayed on a base of ordinary fused 
quartz until a surface coat of the desired thickness has been 
laid. At the present time, a 60-in. mirror is under construction 
and a 200-in. mirror is contemplated. 

Calcite (CaCOs) is widely distributed in the earth^s crust, 
but with minor exceptions the only variety that is suflSciently 
transparent and flawless for optical uses is found in Iceland, 
whence arises the common term “Iceland spar.^' The specific 
X gravity of calcite is 2.7 and its hardness is 3, 

being readily scratched with a knife. Calcite 
b'VV P^^rts are easily damaged, not only by me- 

^ y'' j chanical abrasion but also by acid vapors in 

3 the atmosphere. Like quartz, calcite crystal- 
lizes in the hexagonal system, but it is rhom- 
bohedral in form as shown in Fig. 198. It does 
not rotate the plane of polarization as quartz 
frjstai.^^ The^ o p u c more Strongly birefringent, as can 

axis is indicated by bc seen from Table XXII. This is a serious 
XX* 

disadvantage because, if it is used as a prism in 
a spectrograph, the lines will appear single within only a small 
spectral region near the position of minimum deviation, where 
the rays within the prism aye almost parallel with the optic 
axis. Moreover, the optic axis, indicated by XX' in the 
figure, is so placed within the crystal that, when a prism is cut, 
the loss of material is great. Calcite, therefore, is more com¬ 
monly used in polarizing prisms than in dispersing prisms. 
The construction of these prisms will be explained in Sec. 211, 
Chap. XXIX. 

When the mines in Iceland were first exploited, large and 
beautifully clear crystals were found, but their value for optical 
purposes was not realized at the time and most of them were 
broken up. The survivors are jealously retained by their owners 
and only comparatively small pieces are available commercially. 

Fluorite (CaF 2 ) has a specific gravity of 3.2 and a hardness of 
4, indicating that it can be scratched with a knife. The flawless, 
transparent variety that is of use in optical systems is found 
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principally in the Alps and is known as fluorspar. It crystallizes 
in the isometric system and is cubical in form. Inasmuch as the 
three axes are indistinguishable from one another, the substance 
is not birefringent and behaves optically as if it were isotropic. 
Like caloite, it is available only in small pieces, a circumstance 
that prevents it from being used to achromatize quartz lenses, 
for which it is otherwise admirably suited. It is used in spec¬ 
troscopic apparatus only where other materials are unsuitable 
and finds its widest application in constructing serni-apo- 
chromatic microscope objectives. 

Rock salt, like fluorite, is cubical in its crystalline form and 
therefore not birefringent. Its specific gravity is 2.3 and its 
hardness is 2.5. It is widely used for infrared apparatus and 
according to Coblentz, ^^is uniformly transparent from 200 
m^l to 12 Ai.” To prevent its surface from deteriorating, it 
should be coated with a lacquer that is transparent to the spectral 
region for which the apparatus is designed but impervious to 
water and other deleterious vapors. If not protected by lacquer, 
it must be carefully covered when not in use. 

Sylvite or sylvine (KOI) is also cubical in form and not bire¬ 
fringent. Its low dispersion combined with the high cost of 
transparent pieces of sufficient size makes it of little use. More¬ 
over, it has strong absorption bands at 3.18 fx and 7,08 ti. The 
materials previously described are more satisfactory except for 
the narrow region from 15 /x to 24 /x. 

Water is rarely used although its high ultraviolet transmission 
combined with it s cheapness as compared with quartz makes it 
of some value. One disadvantage of water is that its dispersion 
is low. Another is that, in common with other liquids, its 
temperature coefficient of index is high. It must, therefore, 
be maintained at a uniform temperature to prevent convection 
currents that injure the quality of the image. 

Carbon disulphide (CS 2 ) is occasionally used for prisms 
because of its high dispersion. Its temperature coefficient is 
greater than that of water, and therefore the precautions 
mentioned above apply with even greater force. Although 
its limits of transmission are approximately 220 m/x and 5800 
m/x, it cannot be used throughout this entire region because of 
the presence of absorption bands. There are several in the 
infrared beyond 4 /x, and there is one in the ultraviolet at 321 
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mju. At these bands the phenomenon of anomalous dispersion 
appears, which requires a little explanation. 

The conventional dispersion curve is like those of Fig. 52 in 
Chap. VI, and the type of dispersion thus represented is so 
common that it is said to be normal. If, however, the index 
of a transparent substance is measured over a long spectral 
region, the resulting plot of index against wave length will be 
found to be a series of discontinuous curves as shown in Fig. 199. 
The regions indicated by the heavy lines are the regions of 
‘‘normal” dispersion. Discontinuities occur at the absorption 
bands, on one side of which the dispersion is ‘^normal” and on 
the other, anomalous.” The absorption bands of carbon 



disulphide between 220 m^t and 5800 mix are too weak to produce 
this effect in the complete form shown in Fig. 199, but they do 
cause slight irregularities in the dispersion curve. 

The values of refractive index usually given in tables are 
referred to dry air at the same temperature and 760 mm pressure. 
If the values are to be reduced to vacuum, the index of the 
air must be known. Many researches upon this subject have 
been made, but it will suffice to give the following values obtained 
by Meggers and Peters:^ 

t 0°C. 15'^C. 30'^C. 

tid 1.0002916 1.0002764 1.0002624 

In each case, the barometric pressure was 760 mm of mercury. 

The dispersion of air is usually represented by the Cauchy 
formula instead of the Hartmann formula [Eq. (214) in Chap. XV]. 
The Cauchy formula is 

«-l = a + ^, + ^4- (218) 

^ Bur. Standards Sci, Paper 327. This also contains a summary of the 
previous data. 
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The curves obtained by Meggers and Peters are well represented 
when the following values are assigned to the constants and X 
is expressed in millimicrons: 


fC. 

a 

h 

c 

0 

2.876 X 10-“ 

1.34 

3.8 X 10“ 

15 

2.726 

1.23 

3.6 

30 

2.590 

1.23 

2.6 


144. Reflecting Materials.—The materials used for mirrors 
are usually either metals or alloys. Determinations of the 
spectral reflectivity of six metals—silver, gold, platinum, copper, 
nickel, and steel—and four alloys were made by Hagan and 
Rubens in 1902. New determinations have been made of these 
substances since then, and many others have been examined. 
The data are published in various places and, as they are useful 
in selecting the proper material for a given purpose, the results of 
the more important determinations have been collected in Table 
XXIV. It will be noticed that the reflectivity of most metals is 
low in the ultraviolet but increases in the visible and near infrared 
to approximately 90 or 100 per cent, remaining almost constant 
throughout the remainder of the spectrum. This phenomenon 
is best exhibited by the substances that are the most metallic 
in their other characteristics, such as iron, platinum, tungsten, 
and, above all, silver. Substances that are less metallic or non- 
metallic in character, like antimony and carbon, exhibit the 
phenomenon to a much less degree. The same is true of alloys. 
The behavior of silicon is the opposite, the reflectivity in the 
ultraviolet being greater than in the infrared. The natural 
sulphides of certain metals, such as pyrites (FeS 2 ), molybdenite 
(M 0 S 2 ), galena (PbS), and stibnite (Sb 2 S 3 ), behave the same 
way. In the table, stibnite has been chosen for illustration 
because its cleavage surfaces are smooth and bright and it can 
be obtained in fairly large pieces. 

Some little care must be taken in interpreting the table. The 
specimens are so diversified in character and the methods used 
by the various investigators are so different that the values are 
not strictly comparable. Moreover, two specimens of the same 
material behave somewhat differently because of uncontrollable 
variations in the method of preparation. Nevertheless, the 
table indicates quite accurately the relation of the reflecting 
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power in one part of the spectrum to that in another besides 
giving a good idea of the order of magnitude. It must be 
emphasized, however, that a high reflectivity alone does not 
determine the value of a material for practical use. Many of 
these materials are either very soft or difficult to prepare, and 
many* others, although hard and capable of taking a high polish, 
tarnish and become dull in a short time. Speculum metal is an 
excellent example of this; the extent to which it deteriorates 
being well shown by the values given in’the explanation of the 
table. One of the best materials for both the ultraviolet and 
the visible region is stellite, Avhich has a high reflectivity, is 
hard, takes a high polish, and does not tarnish. It is extremely 
difficult to work, however. 

The reflectivity of a metal is also of importance from a theo¬ 
retical standpoint. It can be shown that, on the basis of the 
electromagnetic theory, the reflectivity of an electrical conductor 
at any wave length for normal incidence is given by the expression 


n2(l + A'2) -f- 1 - 2n 
7/(1 + A ‘ 2 ) + 1 + 2n' 


(219) 


which is analogous to Eq. (16) for a dielectric material. In this 
equation, n is the index and k is the extinction coefficient for the 
wave length in question. The meaning of the term “extinction 
coefficient’^ in this connection deserves some explanation. 

Let the light traverse a layer of material of a thickness X 
equal to the wave length of the light within the material. The 
extinction coefficient k is then defined by the fraction 
where this fraction represents the reduction in the amplitude of 
the electromagnetic disturbance in passing through this layer. 
It can be readily seen that the value of k can be determined 
experimentally by measuring the transmission of very thin films. 
Usually at least two films of different thicknesses are measured 
to eliminate the effects of reflection at the surfaces. The value 
of n can be determined experimentally for even so strongly 
absorbing a substance as a metal by making it into the form of 
an extremely thin prism. The experimental error is large, as 
might be expected, and it is very likely that the material at the 
surface, where reflection takes place, is in an entirely different 
molecular condition than it is in the interior, where most of the 
absorption takes place. The direct measurement of n and k 
can be avoided by taking advantage of the fact that a beam of 
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light incident at an angle is elliptically polarized. The subject 
of elliptical polarization cannot be discussed here, and it must 
suffice to state that the necessary measurements can be made 
very accurately. As an example of the correspondence between 
the values of reflectivity as computed from the constants n and 
k and t he valu(\s determined by direct measurement, some results 
obtained by Tate^ are presented: 



X, mini¬ 
mi (u'OTis 

71 

k 

1 -^cal. 

•^^obs. 


4()() 

0.270 

12.02 

0.911 

0.905 

Hilvor 

540 

0.279 

13.95 

0.933 

0.930 


700 

0.308 

10 87 

0.957 

0 953 


4H() 

1.002 

1.098 

0.302 

0.370 

Gold 

500 

0.805 

3.503 

0.703 

0.708 


O^^O 

0.017 

0.255 

0.859 

0.853 



"~1~570~~ 

1.440 

0.403 

0.400 ~ 

("opptir 

500 

1.209 i 

2.018 

0.500 

0.575 


700 

1.035 j 

3.088 

0.778 

0.780 


400 

~T”()5G~~ 

0.720 

r o 7 i 2 i ~' 

0.130 

Fuchsin 

500 

2.400 

0.498 

0.201 

0.260 


oso 

2.231 

0 025 

0.140 

0.142 


It is evident, that the reflectivity varies in the same direction 
as k, which means that an opaque substance reflects most strongly 
in the portions of the spectrum where it absorbs most strongly. 
The same is true for transparent substances at strong absorption 
bands, a condition which is illustrated by the dye fuchsin, for 
which values are given above. Such a material is said to exhibit 
metallic reflection. In the portions of the spectrum where a 
medium is transparent, the value of k is approximately zfero and 
Eq. (219) reduces to Eq. (16), which is Fresners well-known 
equation for the reflection at the surface of a transparent medium. 

145. Other Materials.—The other materials used in optics, 
although of importance in special branches, are not of sufficiently 
general application to 'warrant more than passing mention. 
Such, for example, are Canada balsam, oil of cedar, and a few 
other liquids. Canada balsam is made from the sap of the 
North American balsam fir. Despite its name, it is strictly a 
turpentine and not a balsam, containing neither benzoic nor 
cinnamic acid. Approximately one-fourth of it consists of 

^ Phys. Rev., 34, 321 (1912). 
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essential oils, the remaining three-fourths consisting of resins, 
of which most are soluble only in alcohol but others only in ether. 
All are soluble in xylol, however, with which the balsam is 
commonly diluted for cementing microscope specimens. The 
refractive index of Canada balsam depends upon its composition. 
One sample of balsam in stick form, prepared for cementing 
lenses, was found by the authors to have the following indices: 
nc = 1.587; rip = 1.540; rip = 1.550; v = 42. The measure¬ 
ments were made at room temperature but the sample was first 
heated for half an hour at 100°C. to simulate the effect of heating 
the balsam during the cementing operation. 

Cedar oil comes from a variety of juniper and is used mainly 
as an immersion oil for microscope objectives. It is usually 
prepared so that its index is 1.515, which is near that of crown 
glass. Both Canada balsam and cedar oil absorb in the ultra¬ 
violet, and consequently glycerine is used for work in this region. 
At a wave length of 275 m^u, it has an index of 1.45. 

Liquids for use with critical-angle refractomcters must have 
an index higher than that of the sample whose index is being 
measured. The one most commonly used is a-monobrornnaph- 
thalene, which has an index of 1.66. For specimens of lower 
index, aniline, with an index of 1 56, is preferable. For speci¬ 
mens with a higher index, methylene iodide, with an index of 
1.74, is satisfactory. Mercuric iodide dissolved in a saturated 
aqueous solution of potassium iodide has an index of 1.71 and 
can be used if methylene iodide is not available. For samples 
having an index much greater than 1.71, a saturated solution 
of sulphur and methylene iodide can be used. A considerable 
quantity of sulphur can be dissolved by heating the mixture 
gently, und the index of the liquid can thus be raised to approxi¬ 
mately 1,77. 


Explanation of Table XXIV 

In all the cases, the angle of incidence is less than 20°, so the values are 
practically the same as for normal incidence. The values depend greatly 
upon the character of the surface, however, and the various specimens are 
described by the investigators as follows: 

1. Lacquered silver: Fre>shly polished silver-on-glass mirrors coated with 
various water-white commercial lacquers properly diluted. The reflectivity 
diminishes after exposure to powerful sources of ultraviolet light. 

2. Silver: (1) An opaque film of silver on glass, deposited chemically 
and polished with rouge and chamois. (2) Values adopted as standard by 
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the Bureau of Standards for all their mirrors on the basis of which their 
other values an^ det-ermined. The justification for this procedure is given 
in their Bulletin^ 10, 43 (1913) {Sci. Paper 204). 

3. Aluyninurn: (1) An opaque film deposited by cathodic sputtering 
in an atmosphere of mercury vajior. (5) A sheet of commercial metal 
given a high polish with Vic'iina lime and stearin oil. 

4. Antimony: (1) A freshly split cleavage surface. (2) An opaque 
cathodic film. It is difficult to obtain a bright film by sputtering and 
cleavage surfaces are marred by numerous cracks, so the valiums giv(ai are not 
very reliable. 

5. Biamuth: (1) An opaque cathodic film deposited in hydrogen. (8) 
A sample melted and then cooled by immersion in wat(‘r; it w^as somewhat 
s(Tatched in polishing. 

6. Cadmium: (1) An opaque cathodic film depositt'd in hydrogen; this 
film is cxtrenK^ly soft. (5) A sample melted and cooled in a thin c!opper 
mold. It was filed, ground, and finally j)olished with Vienna lime and 
st(;arin oil. 

7. Carbon: (1) An opaque cathodic film; time re(piired four days. (2) 
Silx^rian graphite, cleavages surface polished on wet semi-matte glass. 
Manufactured graphite cannot b(^ burnished fr(‘(‘ from pores and conse- 
(|uently its reflectivity at short wave lengths is low, beirjg about 13 p(‘r cent 
at 1000 mg. 

8. Chromium.: (1) and (2) Solid piec.es of rnetal, polished. The solid 
metal is full of fine pores but cathodic films are entirely unsatisfactory. 

9. Cobalt: (1) and (5) Polished sheet; rather irregular surface. 

10. Copper: (1) Two opaque cathodivc films. (7) A polished plate of purest 
commercial copper. For this sample, Hagen and liubens find values in the 
ultraviolet lower than those given. Hulburt finds that ehadrolytically 
deposited films also have lower values, at least in the ultraviolet. 

11. Gold: (1) Two thick cathodic films two days old. No further change 
with age was found but the films wh(*n fresh had a n^flectivity of 40 per cent 
at 300 mg instead of 34 per cent, tln^ other values being the same. A fresh 
electrolytic film had the values given in the table. (7) Metal shecit, type of 
surface not stated. 

12. Iridium: A thick polished plate, not perfectly free from pores, 

13. Iron: (1) Hardened steel. (2) Iron, 99.8 percent pure. Both samples 
took a very high polish. 

14. Lead: (1) An opaque cathodic film, which was soft anci bright like 
cadmium but tarnished quickly. (9) A rolled sheet. 

15. Magnesium: (1) Sheet, buffed and then polished with dry rouge on 
chamois; fine scratches on surface. (2) Highly polislied sheet, finished first 
on wet emery paper, then on tin oxide (“putty powder”), and finally on dr> 
chamois sprinkled with putty powder. 

16. Mplybdenum: (1) and (2) Polished pieces of solid metal, 

17. Nickel: (1) Film deposited electrolytically on a thin cathodic film. 
(7) Sheet, method of preparation not stated. 

18. Palladium: (1) An opaque cathodic film. (6) Sheet, polished with 
Vienna lime and stearin oil. Would not take a good polish. 
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19. Platinum: (1) An opaque cathodic film. (2) Type of surface not stated. 

20. Rhodium: Type of surface not stated. The accuracy of the results is 
stated to be low. 

21. Selenium: (1) An old mirror prepared by melting the metal and 
pouring it on glass. (8) Sample cast on glass and polished. The surface 
had many fine pores. 

22. Silicon: (1) A polished specimen marred by holes and scratches. An 
opaque cathodic film reflects less strongly below 300 nifi and mon' strongly 
above. (2) Sample remelted after coming from furnace and })olish(‘d on fine 
(miery paper covered with tin oxide and graphite'. 

23. Taniahimr. A polished samjile of very pure east metal. The surface 
of a sample that has Ixjcn rolled or hammered becomes sc'riously c.onlaminated 
during polishing. Ordinary samples an* so impure that the reflectivity is 
very much lowered in the near infrared. 

24. Tellurium: (1) An opaque cathodic film. It was polished with rouge 
on chamois before being measured. (2) An opaque cathodic film (h'posited 
in hydrogen. Ver}^ fine films can be made this way. The reflectivity of a 
polished sample of the solid metal is much lower because of the pores 
between the crystals. 

25. Tungsten: (1) A polished piece of solid metal. It was w(*ll polished 
but had a few holes and fine scratches. (2) A polished piece of solid metal 
with some pores. These pores cause a reduction in the reflectivity, espi^- 
cially at short wave lengths. 

26. Vanadium: Typ^ of sample not stated; surface well polished. 

27. Zinc: (1) A dense cathodic film deposited in hydrogen. (4) A 
polished sheet. Note the low value at 1000 ni/x. 

28. Speculum metal: /n allo}" of 68.2 ^^er cent C'u and 31.8 per cent 8n, 
especially interesting because it is the material from which concave gratings 
are made. (1) A sample fr(*shly polished on pitch and rouge. Seven days 
later the surface had tarnished so much that tin* n'flectivities at 200 m^u 
and 300 rn/u had dropped io 17 and 39 per cent respectively. At these wa,v(* 
length.s, the rcflectivitii^s of an old mirror that had tarnished to a marked 
extent were 5 and 26 per cent, and rubbing off tlu* oxide layer with chalk 
and alcohol raised the values to only 9 and 30 per cent. (7) Method of 
preparation not stated. 

29. SlelUie: An alloy of chromium, cobalt, and molybdenum, the pro¬ 
portions being a trade secret. (1) and (4) Both samples were pieces of sheet 
metal given a very high polish. 

30. Monel metal: A natural alloy of 68 to 70 per cent Ni, 1.5 per cent Fe, 
and 28.5 to 30.5 per cent Cu. The sample was sawed from a rod. The 
surface was optically flat and highly polished. 

31. Magnalium: An alloy of 69 per cent A1 and 31 per cent Mg. It is 
very difficult to prepare and tarnishes rapidly in air. 

32. Duralumin: An alloy of 94 per cent Al, 4 per cent Cu, and small 
amounts of Mn, Fe, Mg, and Si. The sample was not highly polished. 

33. Stibniie: Natural antimony sulphide (SbaSa). A cleavage surface, 
optically flat and unusually brilliant. 



CHAPTER XIX 


THE DESIGN OF OPTICAL INSTRUMENTS 

Until comparatively recently, optical instruments were always 
designed for visual use. This means that the eye was a part of 
every complete instrument and the designer was compelled to 
select the constants of the system accordingly. With the advent 
of photographic plates, radiometers, and light-sensitive cells, the 
design of optical systems became, in one sense, less restricted. 
The principles that had been followed in the design of visual 
instruments did not, in general, extend to the newer applications; 


E E' 



Fig. 200. 


and, for this reason, it is necessary to treat the problem of design 
in its broader aspects. 

146. The Distribution of Light in Optical Systems. —The 

calculation of the distribution of light flux within an optical 
system is comparatively simple when the source is so small that 
the system is incapable of resolving it. In Fig. 200, the point 
source S is imaged at S' by an optical system represented by an 
entrance pupil E and an exit pupil E\ The image at S' consists 
of a diffraction pattern described in Sec. 60, Chap. VII, where it 
was shown that 84 per cent of the flux entering the entrance 
pupil falls within the central diffraction disk. The radius of the 
disk was given by Eq. (164) as 

' 061 X 

^ n' tan 6' 

m 
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Assuming, for the sake of simplicity, that the illumination is 
uniform within this disk, it will be seen that the illumination in 
the image of a point object is greater than the illumination in the 
entrance pupil in the inverse ratio of the area of the diffraction 
disk to the area of the entrance pupil, since the same flux trav¬ 
erses both.^ The illumination in the entrance pupil is readily 
calculated by means of the inverse-square law from the intensity 
of the source and its distance from the entrance pupil. 

When the source is of sufficient size to be resolved by the 
system, the computation of the illumination in the image is not 
quite so simple. In Fig. 201, let the circular source S be imaged 



at /S' by means of an optical system whose entrance and exit 
pupils with respect to these planes are at E and E' respectively. 
Let us then calculate the illumination on a small element of area 
normal to the axis, such as do-'. To do so, we must first calculate 
the illumination on its conjugate da. 

The illumination on da can be found by dividing the source S 
into elements of such size that th6 inverse-square law can be 
applied to each, and computing the total illumination by integra¬ 
tion. For convenience, let the source be divided into circular 
zones of radius r and width dr. The illumination dE at da due to 
an elementary zone is given by 


dE 


dl 

sec^ Q 


cos 0, 


where dl is the intensity of the elementary zone in the direction 
of da and sec^ 6 is the square of its distance from da. Since dl 
usually depends upon the problem cannot be solved without 
making some specific assumption concerning the characteristics 

^ Neglecting the relatively small amount of flux distributed in the rings 
of the diffraction pattern and that lost by reflection and absorption within 
the instrument,„ 
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of the source. If it obeys Lambert’s law of emission or reflection, 
dl — 27r r drB * cos By 

where B is the uniform brightness of the surface when viewed 
from any direction, and 2Trdr is the area of the elementary zone. 
By substitution, 

2TrdrBcofi^6 

(IL —-r-r—- 

sec2 B 


Now r can be evaluated in terms of 6 by noting that 


and therefore 


r = a: tan0 
dr = X sec^^ dd. 


By making this substitution, the illumination at da due to the 
area of the source within the angle 6 is 

E — 2TrB sinB cos BdB, 

which, on integration, becomes '* 


E = ttB sin^^. 


( 220 ) 


Since, by the property of entrance and exit pupils, all the 
flux that enters the one emerges from the other, it follows that 
the illumination on da is to that on dcr' in the inverse ratio of 
their areas. For an aplanatic system, the ratio of the areas 
can be found from the sine law [Eq. (129) in Chap. VI] to be 


da __ sin^^' 
da' sin-^ 

It is therefore evident- that 

E' = (^y ttB sin^e'. 


( 221 ) 

( 222 ) 


If the refractive index of the image space is the same as that of 
the object space, 

E' = wB sin^B' (223) 


lumens/area when B is in candles/area. In other words, the 
illumination produced at any point on the axis of an aplanatic 
system by an extended source emitting or reflecting according to 
Lambert’s law depends only on the brightness of the source and 
the size of the pencil of rays converging at that point. ^ 

1 The loss of light by reflection and absorption within the system is, of 
course, tacitly neglected. 



412 


THE PRINCIPLES OF OPTICS 


This result is so fundamental to an understanding of the 
subject that it may be well to consider a specific example. In 
Fig. 202, the source S emitting or reflecting according to Lam¬ 
bert's law is imaged at S' by means of the aplanatic lens L. 
The lens is obviously the aperture stop, entrance pupil, and 
exit pupil with respect to the conjugate planes S and S', Hence, 
the illumination on the axis in the plane of S' is obtained by 
simply multiplying the brightness of /S by tt sin^ B', where B' is 
the angle subtended at S' by the radius of the lens. Now con¬ 
sider the illumination at other points along the axis of the 
system. If one imagines the point to move toward tlie left from 
S'y the illumination steadily increases between S' and M because 
of the increase in the value of B', At Af, the source becomes 



the aperture stop, and its image at S' becomes the exit pupil. 
Between M and L, the illumination decreases as the square of 
the sine of the half-angle subtended by S' at the point in 
question. When the point reaches L, the illumination computed 
by Eq. (220) for the object space is the same as that computed 
by means of Eq. (223) for the image space, as would be expected. 
If the point moves toward the right from S', the illumination 
decreases with L acting as the exit pupil until M' is reached. 
Beyond Af', it continues to decrease with S' acting as the exit 
pupil. 

It is of interest to note that Fig. 202 represents the optical 
system of the searchlight with the exception that a searchlight 
is usually focused so that S' is at infinity. Hence L is generally 
the exit pupil for all points at any considerable distance away. 
Since B' is usually small, tan^ B' may be written for sin^ B'y and the 
illumination is seen to decrease with the distance from L according 
to the inverse-square law. This consideration indicates the 
incorrectness of the common concept of a parallel buncjle of 
rays extending with undiminished intensity to infinity. To be 
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sure, the pencil originating at the point of the source which lies 
on the axis of the lens does become in the image space a bundle 
of rays that are parallel to the axis. It should be remembered, 
however, that, if the source is of finite brightness, the intensity 
of any point is zero. Hence, the energy in this bundle is infini¬ 
tesimally small. The points of the source that do not lie on the 
axis produce bundles of rays in the image space which, although 
parallel to themselves, are not parallel to the axis. It will be 
8(ien, therefore, that the size of the source does not affect the 
illumination at points on the axis (except near the lens) but 
determines merely the spread of the beam. 

The light-gathering power of lenses that are commonly used 
for very distant objects, such as telescope or camera objectives. 



Kia. 203. 


is most frequently expressed in terms of the //-number. This 
quantity was defined in Chap. V as the ratio of the focal length 
of the system to the diameter of its entrance pupil. That this 
is a true measure of the lightr-gathering power for an object at 
infinity is clear from Fig. 203. By means of the sine law, Eq. 
(222) can be transformed into 


E' 


ttB sin 2 e 
TYl^ 


(224) 


which holds even if the refractive index of the image space differs 
from that of the object space. The lateral magnification between 
the object plane and the image plane is 


y X 

where x is the distance of the object from the first focal point 
of the system. If x is very great, it may be assumed to be equal 
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to Py the distance of the object from the entrance pupil. Further¬ 
more, 6 is then small, so one may write 


sin B = tan 0 = - - 

p X 

With this substitution, Eq. (224) becomes 

E' = tB p 

^ ttE _ 1 __ 

4 (//-number)*'^ 


(225) 

(226) 


Thus it will be seen that the illumination varies inversely as 
the square of the //-number when the object is at a great 
distance. 


E 


I 1 

Fig. 204. 

In systems that are commonly used with near-by objects, 
such as microscopes, the light-gathering power is generally 
expressed in terms of the numerical aperture. This quantity 
was defined by Eq. (107) in Chap. V as 

N.A. = n sin 0, 

where n is the refractive index of the medium in the object 
space and 0 is the angle subtended at the object by the radius 
of the entrance pupil, as shown in Fig. 204. The complete form 
of Eq. (223) for the case when the object space and image space 
are of different refractive index is given by Eq. (222) as 

E' = ■ B • sin^ e'. 

The magnification between object and image is given by the 
sine law as 

(227) 

y n sm r n sin r ^ 

By combining these two equations, the illumination in the 
image at S' is found to be 
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E' = 5 :^^. 

'n ^ -m 2 


(228) 


It will be seen that the illumination in the image is directly 
proportional to the square of the numerical aperture and inversely 
proportional to the square of the lateral magnification. 

It frequently happens that the aperture stop of a system is not 
circular, in which case the integration is in general impossible 
to perform. The illumination can be computed, however, by 
means of an approximate formula involving the solid angle of 
the cone producing the illumination. For the case of a circular 
exit pupil, the solid angle co' within the cone whose half-plane 
angle is 6' is given by 

0 ,' = 2t(1 - cos S') . (229) 

If 0' is small, 2(1 — cos O') is very nearly equal to sin^ 0', so 

E' = JW. (230) 

For most optical systems, o)' is so small that this approximation 
is justified, and when an exit pupil is irregular in shape, it is 
the only simple method of computing the illumination. For 
example, in systems containing cylindrical lenses, the two planes 
can be treated separately, the solid angle being computed by 
multiplying together the plane angles in the two mutually 
perpendicular planes. 

In designing optical instruments, it is well to keep in mind the 
relationship between 0', sin w', the //-number, and the factor 
(tt sin^ S') that relates E' to B, This is facilitated by making a 
table such as Table XXV. Photographers who are accustomed 
to the //-system will find it convenient to note that an//8 lens 
provides an illumination on the surface of the emulsion that 
is approximately Jfoolh of the subject brightness, after making 
a reasonable allowance for the absorption of light within the 
lens. For example, an //8 lens will produce an illumination of 
1 lumen/meter^ when the object has a brightness of 100 
candles/meter^, assuming the object to be at infinity. 

The discussion so far has been confined entirely to the illumi¬ 
nation at a point on the axis of the system. The same general 
principles apply to an extra-axial point, but a rigorous treatment 
of the problem would be rather complicated. It is usually 
sufficient for all practical purposes to use the approximation 
given by Eq. (230) and write 
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Table XXV^ 


d'f degrees 

sin 6' 

0)' 

//-number 

TT sin 2 6' 

1 

0.0175 

0.0009 

28.7 

0.001 

2 

0.0349 

0 0038 

14.3 

0.004 

3 

0.0523 

0.0086 

9.55 

0.009 

4 

0.0698 

0.0153 

7.17 

0.015 

5 

0.0872 

0.0239 

5.74 

0.024 

10 

0.1737 

0.0954 

2.88 

0.095 

15 

0.2588 

0.2140 

1.93 

0.211 

20 

0 3420 

0.3789 

1 1.46 

0.368 

25 

0.422f) 

0.5887 

1 1.18 

0.561 

30 

0.5000 

0.8418 

! 1.00 

0.785 

35 

0.5736 

1.1363 

0.872 

1.034 

40 

0.6428 

1.4700 

0.778 

1.298 

45 

0.7071 

1.8403 

0.707 

1.571 

50 

0.7660 

2.2444 

0.653 

1.844 

55 

0.8192 

2.6793 

0.610 

2.108 

60 

0.8660 

3.1416 

0.577 

2.356 

65 

0.9063 

<5.6278 

0.552 

2.581 

70 

0.9397 

4.1342 

0.532 

2.774 

75 

0.9659 

4.6570 

0.518 

2.931 

80 

0.9848 

5.1921 

0.508 

3.047 

85 

0.9962 

5.7355 

0.502 

3.118 

90 

1.0000 

6.2832 

0 500 

3.142 


E' ^ cosa', (231) 

where Q' is the solid angle subtended by the exit pupil at the 
extra-axial point and a' is the angle made with the axis by the 
chief ray through this point. Now U' for an extra-axial point 
is less than co' for an axial point in the same transverse plane 
for two reasons. In the first place, the projected area of the 
exit pupil is less at an extra-axial point by the factor cos a', and, 
in the second place, the distance of the point from the exit pupil 
is greater. Taking both factors into consideration, 

12' = w' cos^a'. (232) 

By combining this with the previous equation, it is seen that the 
illumination at an extra-axial point decreases approximately as 
the fourth power of the cosine of the angle of obliquity of the 
chief ray. This result is based on the assumption that the field 
stops in the system do not interfere and cause a further vignetting 
of the image. 

147, The Design of Visual Instruments. —The fundamental 
problem in the design of any optical instrument involves the 
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proper correlation of the three fundamental quantities upon 
which its usefulness depends. These quantities are the light¬ 
gathering power, the resolving power, and the magnification. 
It was shown by Eq. (165) in Chap. VII that the resolving power 
of any optical instrument depends upon its numerical aperture, 
assuming it to be entirely free from aberrations. If full advan¬ 
tage of the inherent resolving power of an instrument is to be 
realized, the aperture stop of the entire system, including the 
(iye, must lie within the instrument. However, if Eq. (223) is 
applied to the eye, it will be seen that the illumination on the 
retina depends upon the size of the cone of rays that converge 
on the fovea. Therefore, no optical instrument is capable of 
making an extended obj(JCt appear any brighter than it appears 
to the unaided eye, and the brightness will be reduced unless 
the pupil of the eye is the aperture stop of the system. Full 
advantage of the inherent resolving power of an instrument can 
be obtained without sacrificing the light-gathering power by 
making the aperture stop of the instrument and the pupil of 
the eye equally effective in limiting the aperture of the entire 
system. Usually, the eye is so placed that its entrance pupil 
coincides in position with the exit pupil of the instrument, since 
placing the eye elsewhere merely introduces an additional stop 
that may unnecessarily restrict the field of view. When the two 
pupils coincide in position, they will be equally effective in 
limiting the aperture if they are of the same size. From the 
standpoint of optical theory, therefore, an optical instrument 
intended for visual use should be so designed that its exit pupil 
coincides in size and position with the entrance pupil of the eye.^ 

When the above condition is satisfied by a visual instrument, 
the magnification is given immediately by Eq. (129) as 

1 This conclusion applies also in the case of a point source, although for a 
different reason. In this case, all the flux that is collected by the entrance 
pupil of the instrument takes part in the formation of the diffraction pattern 
that is formed on the retina, assuming that the exit pupil of the instrument 
is not larger than the entrance pupil of the eye. The size of the diffraction 
pattern increases as the size of the exit pupil of the instrument is decreased. 
Therefore, with an instrument having a given entrance pupil, the illumina¬ 
tion in the diffraction pattern on the retina is a maximum when the size of 
the exit pupil is the same as that of the entrance pupil of the eye. The 
amount of flux collected by an instrument depends, of course, upon the size 
of the entrance pupil. Thus it is said to be possible to see stars in the day¬ 
time with a telescope of sufficient size, because the telescope increases 
the apparent intensify of the stars but not the brightness of the sky. 



418 


THE PRINCIPLES OF OPTICS 


y' n sin 6 

^ — iU---;- 

y n sin O' 

where m is the magnification between the object and its retinal 
image. The denominator n' sin B' depends upon the refractive 
index of the vitreous humor and the angle subtended at the fovea 
by the exit pupil of the eye. Although B' varies somewhat with 
the adaptation level of the eye, it is ordinarily sufficient to dis¬ 
tinguish in practice merely between instruments designed for 
daylight adaptation and those designed for use at night. It is 
evident that, for a given value of n' sin the magnification 
determined under the assumption that the exit pupil must 
coincide with the entrance pupil of the eye depends only on the 
numerical aperture of the instrument. 

As a matter of convenience, it is desirable to distinguish the 
magnifying power of an instrument from the magnification as 
defined above. By definition, the magnifying power of an optical 
instrument is the ratio of the size of the retinal image when the) 
instrument is used to the size of the retinal image formed by the 
eye alone.^ Let m be the magnification between the object plane 
and its retinal image when the instrument is used, and let Mq 
be the corresponding quantity for the unaided eye. When the 
instrument is used in the manner assumed above, 


For the unaided eye 


m = 


n sin B 
n' sin B' 


mo 


no sin ^0 
n' sin B' ^ 


where nosin^o is the numerical aperture of the eye. Combining 
these two expressions, the magnifying power of an instrument 
whose exit pupil coincides in size and position with the entrance 
pupil of the eye is found to be 

(233) 

mo no sin 

Since, in this case, full use is made of the inherent resolving 
power of the instrument without reducing the brightness of the 
image, the value of M indicated by this equation is called the 
normal magnifying power of the instrument. 


^ The magnifying power of an instrument is sometimes called the apparent 
magnification to distinguish it from the real magnification of the retinal 
image. 
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To appreciate the full significance of this relationship, let us 
consider two concrete examples. In the case of an instrument 
that is used to view distant objects, such as a telescope, 6 and do 
arc both small and n — no. Therefore, 

^ _ sin 0 _ tan 0 _ 2p ^ 
sin ^0 tan 2po 


where 2p is the diameter of the entrance pupil of the telescope 
(usually the objective) and 2po is the diameter of the entrance 
pupil of the eye. Since the entrance pupil of the eye is approxi¬ 
mately 3 /o in. in diameter in the daytime, it may be remembered 
as a useful rule that the normal magnifying power of a telescope 
is ten times the diameter of its entrance pupil in inches. 

A different situation arises in the case of a microscope because 
n and no may be different if the objective is of the oil-irnmersion 
type. Moreover, the object distance with the unaided eye is 
rarely the same as the object distance with the instrument, so 
6 and are no longer measured by the relative sizes of the two 
entrance pupils. In general, objects cannot be seen distinctly 
if they are less than 5 in. from the eye, even by young persons, 
and 10 in. (250 mm) is ordinarily assumed as the distance of 
comfortable vision. For an object at this distance, the numerical 
aperture of an eye having a 2-mm entrance pupil is 0.004. As a 
useful rule, therefore, the normal magnifying power of a micro¬ 
scope is roughly 250 times its numerical aperture. 

The subject of magnifying power is commonly considered in 
its purely geometrical aspects. The procedure is to assume an 
object that subtends an angle measured by tan ao when viewed 
with the unaided eye. If an optical instrument placed before 
the eye forms an image (usually virtual) subtending an angle 
measured by tan a, the magnifying power is defined by 


M = 


tan a 
tan ao 


(234) 


With the aid of this equation, the magnifying power can be 
related to the constants of the elements composing the system. 
The defect of this treatment is that it takes no account of the 
resolving power or light-gathering power of the system. In a 
telescope, for example, this geometrical line of attack leads to 
the result that the magnifying power is the ratio of the focal 
length of the objective to the focal length of the ocular. Hence, 
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by making the former very great and the latter very small, any 
magnifying power up to infinity is conceivably possible. How¬ 
ever, the use of a magnifying power higher than normal causes 
the exit pupil of the instrument to be smaller than the entrance 
pupil of the eye. Consequently, the size of the diffraction 
pattern on the retina increases [Eq. (164)] at exactly the same 
rate as the magnifying power. A magnifying power higher than 
normal is therefore said to be empty because no more detail is 
visible. For example, the normal magnifying power for a tele¬ 
scope having an entrance pupil 1 in. in diameter is 10. If, by 
decreasing the focal length of the ocular, the magnifying power 
is increased to 20, the light-gathering power is reduced to one- 
fourth of the value it would have under normal magnification, 
and the resolving power is not increased. Conversely, if the 
magnifying power is diminished to 5, the diameter of the exit 
pupil of the instrument is twice that of the entrance pupil of the 
eye. Hence the pupil of uhe eye becomes the aperture stop 
of the entire system, and the entrance pupil is reduced to 0.5 in. 
in diameter. In this case the apparent brightness of the image 
is the same as with normal magnification but the resolving 
power is reduced one-half. 

This discussion may be summed up with the statement that 
the principal feature to be observed in the design of visual 
instruments is the proper correlation of the magnifying power 
with the light-gathering power and the resolving power, which 
comes about automatically if the exit pupil of the instrument 
is made to coincide in size and position with the entrance pupil 
of the eye. In practice, it is quite customary to use a slightly 
higher magnifying power than the theory calls for because it is 
usually permissible to sacrifice light for the advantage of the 
easier seeing conditions that a slightly higher magnifying power 
affords. In a microscope, for example, the theory indicates 
that, since 1.6 is about the limit to the numerical aperture, the 
greatest useful magnifying power is approximately 400 times. 
Actually, magnifying powers as high as 1000 or more are fre¬ 
quently used to advantage when there is plenty of light available. 
This is in no way contradictory to the theory; it merely indicates 
a desire on the part of the microscopist to have a large image to 
study, even though it does not contain more detail. Of course, 
it has been tacitly assumed throughout this discussion that the 
resolving power of the instrument is limited by diffraction rather 
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than by aberrations. The normal magnifying power may 
therefore be regarded as a limit for perfect image-forming systems, 
and the limit is lower for an actual system in the ratio of the 
actual to the theoretical resolving power. 

There is so much history back of the design and use of visual 
instruments that the principles just discussed have become 
a tradition and the experienced designer accepts them as a 
matter of course. From his standpoint, the important problem 
is to reduce the aberrations to such an extent that the resolving 
power of the instrument is adequate for the purpose for which 
it is destined. The general procedure in lens design was discussed 
in Chap. VI, but the details depend so much on the particular 
form of the instrument that they must be deferred until later 
chapters. From the standpoint of the user of an optical instru¬ 
ment, the interrelationships between light-gathering power, 
resolving power, and magnifying power are of the utmost impor¬ 
tance, since they determine the limitations of the instrument 
and therefore the manner in which it should be used. A lack 
of appreciation of these principles is common, with the result 
that optical instruments are frequently called upon to perform 
feats which, if interpreted in terms of their electrical or mechani¬ 
cal analogues, would at once appear ridiculous. 

148. The Design of Non-visual Instruments.—Since the 
advent of satisfactory photographic plates, photoelectric cells, 
and similar physical detectors of radiation, many instruments 
that were formerly intended for visual use have been converted 
into non-visual instruments. There are, of course, a few non¬ 
visual instruments that have no visual counterpart, but, speaking 
generally, non-visual instruments have been merely adaptations 
of visual instruments. These adaptations have generally been 
made to permit observations in the regions of the spectrum 
where the eye is insensitive, to make the instrument recording, 
or to make it completely automatic by eliminating the operator— 
a feature that is highly desirable in the case of instruments that 
are to be used for routine purposes. 

The most effective design of a non-visual instrument involves 
the proper correlation of the same factors that must be correlated 
in visual instruments—namely, light-gathering power, resolving 
power, and magnification. There are two important differences 
between the two type.s, however. In the first place, non-visual 
instruments contain no element analogous to the optical system 
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of the eye, and hence the restrictions that have to do with the 
size and position of the exit pupil do not apply. In the second 
place, the human eye and the physical detectors respond to 
radiation very differently. Photographic plates, for example, 
respond, not to the illumination that they receive, as the retina 
does, but to the product of the illumination and the time of 
exposure. On the other hand, photoelectric cells respond 
to the total flux regardless of the area over which it is distributed. 
As a consequence, no general rules can be laid down for the design 
of non-visual instruments, but a word of caution may be inter¬ 
posed against the all too common tendency to adapt existing 
visual instruments to non-visual purposes without taking advan¬ 
tage of the removal of the restrictions that beset the visual 
instruments. 

149. Mechanical Design. —Although it is not within the pro¬ 
vince of a work on optics to enter extensively into the subject 
of the mechanical design of instruments, a few general principles 
are sufficiently important to be mentioned. One very common 
mistake is to design the mechanical parts first and subsequently 
to fit the optical parts into the mechanical arrangement. The 
result of such a procedure is almost invariably a second-rate 
optical system, unless radical and expensive changes in the 
mechanical design are made. A far better way is to lay out the 
optical system first and then to build the rest of the instrument 
around it. Inasmuch as the behavior of every element in the 
system can be predicted mathematically, it is theoretically possi¬ 
ble to design the system in its finished form on paper; but in 
practice it is usually found to be cheaper to prepare a tentative 
design and have the optical parts made according to the prelimi¬ 
nary specifications. The performance of the system can then be 
tested by arranging the parts in their proper relative posi¬ 
tions with clamps or other temporary devices. With such a 
set-up, the optimum arrangement can be determined and the 
physical form of the proposed instrument can be readily 
visualized. 

The one feature of mechanical practice that is peculiar to 
optical design is the mounting of the lens elements. In general, 
the tube in which a lens is to be mounted is recessed to fonn 
a shoulder against which the lens is placed, and the only feature 
in which a choice remains is the manner of securing the lens. 
For temporary purposes, modeling clay or soft beeswax can be 
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used. If the lens is to be removed frequently, the most con¬ 
venient method of retaining it is to use a spring ring. This is 
simply a piece of spring wire bent into a circle so that when 
pressed against the lens it will remain in position by friction 
against the inside of the tube. A more elegant method of mount¬ 
ing a lens that is to be removable is to screw a threaded ring 
against it. If the lens is never to be removed from its mount, 
it can be burnished in place. This is done by placing the mount 
in a lathe and turning the thin edge of the tube over the edge 
of the lens with a rounded tool. Since the feather edge 
projecting above the lens must be short, the burnishing cannot be 
properly done unless the lens fits the mount rather closely. 
Nevertheless, burnishing is a very cheap and satisfactory method 
of mounting a lens. The customary way of mounting a com¬ 
plicated lens is to mount the separate elements in threaded cells 
that fit into a barrel. Aluminum and its alloys are frequently 
used for the sake of lightness, but cells made of these materials 
are likely to bind so tightly when screwed into the barrel that 
th(;y cannot be removed without damage. This can be pn^vented 
by making the cells of brass, using aluminum only for the 
barrel. 

The finest work of the optician can be ruined by a careless 
job of mounting. The glass maker takes great pains to release 
the stresses produced in the glass when it cools, but if the finished 
part is screwed tightly in its mount, stresses of equal or even 
greater magnitude may be produced. This is especially true 
when the mount makes contact at only a few points instead of 
over a wide area. If the glass part is composed of cemented 
elements, excessive pressure is particularly deleterious because 
in time the elements may become uncernented. 

The interior of an optical instrument should be as nearly 
dead black as possible. Excellent lacquers for the purpose are 
obtainable commercially, but a satisfactory substitute can be 
made by mixing lampblack with as little very thin shellac as will 
stick to the metal. The disadvantage of this lacquer is that 
it can be easily wiped off. The threads and adjacent portions 
of retaining rings and lens mounts should never be lacquered 
because particles of the lacquer may get into the threads and 
cause the retaining ring to bind. The following method produces 
a lustrous black finish that is suitable not only for such parts but 
also for other parts where a slight sheen is not objectionable; 
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Prepare a saturated solution of cupric carbonate (green) in ammo¬ 
nia water (sp. gr. 0.90) and decant the clear solution. Thor¬ 
oughly clean the part to be plated, preferably with emery paper, 
and immerse it as long as may be necessary. Then wash it in 
water to remove any undissolved particles of the carbonate 
and wipe it with an oily rag. This kind of plating is so easily 
rubbed off that it should be coated with a transparent lacquer 
if the part is to be subjected to much wear. 

Formerly it was the custom to finish the exterior of optical 
instruments with orange lacquer, but nowadays black enamel 
is more generally used. This enamel may be cither dull or glossy, 
a high polish on the metal surface being required for the latter. 
Frequently a crystal lacquer is used. It is particularly applicable 
to unfinished castings because its rough surface conceals the lack 
of finish on the metal. However, it collects dirt readily and is 
difficult to clean. To lighten the appearance of the instrument, 
certain portions can be nickel-plated, either bright or dull. 
Chromium is coming into extensive use but is somewhat more 
expensive than nickel. Occasionally, portions of instruments 
are black-plated by an electrochemical process in which a com¬ 
bination of nickel and nickel sulphide is deposited on the metal. 
The plated article is finished by being polished and then rubbed 
with oil. This kind of finish looks good and is fairly satisfactory 
even for moving parts, but it is less durable than nickel and there¬ 
fore should not be used unless a black finish is necessary. 

Lens mounts are frequently engraved with such information 
as the focal length, the name of the maker, and the serial number. 
The characters are engraved by means of a pantograph and then 
filled with a kind of wax. The finest filler is a gold or silver 
lacquer that is baked into the engraving. 

160. Optical Drawings. —The veriest tyro knows that to enable 
a mechanic to build a piece of apparatus, he must furnish him 
with a drawing showing not only the essential dimensions but 
also the tolerances and the quality of finish desired; yet he will 
write to an optical manufacturer for ^^a two-inch lens of twelve 
inches focal length without indicating the index of the glass, the 
relative curvatures of the two surfaces, or the permissible toler¬ 
ances in thickness, diameter, or even focal length. He may not 
specify any surface quality at all, or he may ask for the “highest 
quality without realizing what this term means to an optician. 
Any one who is not sufficiently acquainted with practical optics 
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to know what quality is necessary and what tolerances are 
reasonable would do well to indicate the purpose for which the 
optical part is to be used. Customers are often reluctant to tell 
the manufacturer what they plan to do lest he steal their ideas. 
Aside from the fact that a reputable manufacturer would not 
stoop to such practices, the ideas are frequently so well known 
that, far from stealing them, the manufacturer can often make 
worth-while suggestions for their improvement. 


ACHROMATIC OBJECTIVE 


Diam.*30.0 to.l 



R=35.0 
R = 150.0 
86.9 


A Lens : no* 1.6119 +0.0005; V= 58.8 + 0.1 
B Lens ; no * 1.6113 1 0.0005 ', V= 37. 1+0.1 


NO 10 OUTSIDE SURFACES TO THREE: OR FOUR FRINGES 
CEMENTED SURFACES TO SIX OR EIGHT 

SLIGHT SHIFT OF IMAGE ALLOWABLE IN CENTERING AND 
TRUING ; EDGES IN ALIGNMENT 

ALL DIMENSIONS IN MILLIMETERS 


Daft 


Drawn by 
To be made by 


Fig. 205.—A representative optical drawing. 


The exact form of an optical drawing is not important 
provided the essential information is contained on it; yet a form 
that has been found to be especially satisfactory is shown in 
Fig. 205. This figure is a drawing of a doublet objective for a 
high-quality two-power Galilean telescope designed to cover a 
wide field. The diameters of the lenses are indicated at the left, 
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the radii of curvature at the right/ and the thicknesses within 
the lenses themselves. The types of glass, quality of surface, 
and other pertinent information are given below. The dimen¬ 
sions are in millimeters, the customary unit used by opticians. 
To prevent misunderstanding, however, the unit in which the 
dimensions are given is stated on the drawing. Only one part 
of an instrument should be drawn on a sheet, because the various 
parts may be put in work at different times or may even be made 
in different departments of the factory. 

In general, it is a safe rule to follow the procedure that is 
customary for ordinary mechanical drawings, but the peculiar 
characteristics of optical parts must always be kept in mind. 
Thus the rim of a lens is never polished because no useful purpose 
would be served. In the case of a prism, on the other hand, the 
optician has no means of knowing which faces must be polished 
and which may be left fine-ground unless this information is 
furnished. The letter ' on the traces of a prism face in the 
various projections is usually an adequate indication to an 
optician that the corresponding face is to be polished. Similarly, 
can be used to signify that a face is to be left fine-ground. 
Sometimes the sharpness of the bounding edge between two faces 
of a prism is of importance. An optician ‘'breaks^’ such an edge 
as a matter of course to prevent chippii^g. When an edge must, 
be perfectly sharp, as in the case of a sample that is to be meas¬ 
ured on the Pulfrich refractometer, it is necessary to indicate the 
fact. It goes without saying that if a definite bevel is required, 
the angle and size of the bevel must be specified. The specifica¬ 
tion of tolerances on all dimensions is especially important because 
the cost of an optical part depends in large measure upon the 
difficulty of working to the specified tolerances, as shown in 
Chap. XVI. Even if a dimension may be varied within wide 
limits, these limits should be stated because the manufacturer 
may thus be enabled to supply a stock part at a price consider¬ 
ably lower than he would have to charge for a special job. 

1 In this case, no tolerances arc given for the radii of curvature because 
the lens is of precision quality and is to be compared with a test glass. 
In other words, the specified values for the radii indicate merely the test 
glass that is to be used, and fitting the surface to the test glass automati¬ 
cally specifies the tolerance for the radius. Unless tools and test glasses of 
the desired radii are known to be available, tolerances should always be 
given for radii. 



CHAPTER XX 


OPHTHALMIC INSTRUMENTS 

The normal’human eye was described in Chap. X, and now 
certain common abnormalities and the method of using spectacles 
to correct them will be considered. The branch of science that 
deals with the structure, behavior, and diseases of the eye is 
known as ophthalmology and the scientist who specializes in this 
subject is called an ophthalmologist. An oculist is a medical 
practitioner who has specialized in ophthalmology. He is there¬ 
fore qualified to prescribe spectacles and also to treat the various 
diseases of the eye. An optometrist is trained to 'prescribe spec¬ 
tacles and to recognize the symptoms of eye diseases, although he 
is not qualified to treat them because of his lack of medical 
training. The optometrist in a small community is usually 
equipped to supply the spectacles as well, but in larger com¬ 
munities he more frequently furnishes merely a prescription which 
the patient takes to an optician to be filled. 

161. Defects of Vision. —An eynmetropic eye is, by definition, 
one that forms on the retina an image of an infinitely distant 
object when the accommodation is relaxed. The normal eye is 
very nearly emmetropic. When such an eye views a near-by 
object, the ciliary muscle tenses and allows the anterior surface 
of the crystalline lens to become more strongly curved. The 
normal individual at 10 years of age is able in this way to focus 
sharply on objects lying anywhere between the Jar point at 
infinity and the near point at about 7 cm in front of the eye. The 
range of accommodation becomes progressively less as the 
individual grows older, as is shown in Table XXVI, until in old 
age the power of accommodation is completely lost. This 
effect, which is called presbyopia^ is due to a progressive hardening 
of the crystalline lens. It becomes a source of inconvenience as 
soon as the near point has advanced beyond the comfortable 
reading distance. If the far point of an eye is elsewhere than at 
infinity, the eye is said to be ametropiCy as opposed to emmetropic. 

The two simplest forms of ametropia are myopia and hyper- 
metropia. These are illustrated in Fig. 206 at B and C respec- 
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Table XXVI.— Range of Accommodation fou an Emmetropic Eye 
All distances measured from the first principal point of the eye. 


Ago, 

years 

Distanc(‘ of near 
point, centimeters 

Distance of far 
point, centimeiers 

I^ower of accom¬ 
modation, diopters 

10 

7.1 

00 

14 

15 

8.3 

00 

12 

20 

10.0 

00 

10 

25 

12.8 

oo 

8 

30 

14.3 

00 

7 

35 

18.2 

oo 

5.5 

40 

22.2 

QO 

4.5 

45 

28.6 

00 

3.5 

50 

40 

QO 

2.5 

55 

67 

-400 

1.75 

60 

200 

-200 

1.00 

65 

-400 

-133 

0.50 

70 

-100 

- 80 

0.25 

75 

- 57 

- 57 

0 

80 

- 40 

- 40 

0 


tively, an emmetropic eye bein^ shown at A for comparison. 
The cause of these defects lies principally in an incorrect relation¬ 
ship between the length of the eyeball and the radius of curvature 
of the cornea, where most of thci refraction takes place. The 
curvature of the cornea is approximately the same for most 
individuals, but the length of the eyeball varies considerably. 
If the eyeball is too long, as in B, a bundle of rays from an infi¬ 
nitely distant point is brought to focus before reaching the retina. 
In other words, the far point of a myope is less distant than 
infinity. When the myope possesses the normal power of 
accommodation, as is usually the case, the near point is closer 
than that of an emmetropic eye. If the eyeball is too short, 
as in Cj a bundle of rays from infinity is brought to focus behind 
the retina. Hence the distance of the far point of a hyper- 
metrope is negative, corresponding to a virtual object located 
behind the eye. If the power of accommodation is normal, 
the near point is, of course, more distant than that of an emme¬ 
tropic eye. 

Hypermetropia is the more common defect, most ‘‘norrnar^ 
eyes being slightly hypermetropic. But myopia, although less 
common, is more serious because our every-day activities tend to 
aggravate it. There is evidence to indicate that it is induced 
by excessive use of the eyes for near work, the extra-ocular 
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muscles that converge the eyes acting in such a manner as to 
lengthen the eyeballs. Usually it appears at about the tenth 
year of age, when school work 
begins in earnest, and then it 
increases to an extent that depends 
upon the occupation of the indi¬ 
vidual and the structural charac¬ 
teristics of the eyeballs that he 
has inherited. The increase is 
most rapid before the twentieth 
year, when the eyes acquire their 
permanent shape. The danger is 
t hat as the retina increases in cur¬ 
vature, it may become injured 
mechanically, after which normal 
acuity cannot be attained even 
with suitable correcting lenses. 

In extreme cases, detachment of Fui. 206 .—an cmmotropic cyo; i?, 
tho retina may ensue. “ "y-- 

In general, myopes become aware of their abnormality because 
of the difficulty of distinguishing distant objects. Hyper- 
metropes, on the other hand, are prone to boast about the 
excellence of their vision, and, while they are still young, their 
power of accommodation may be ample to enable them to see 




3^ia. 207.—The action of spectacles in corroctinR ametropia. Ay the elToct of a 
negative lens in myopia; i?, the effect of a positive lens in hypermetropia. 


objects even as close as the normal reading distance. As they 
become older, or in any case if their hypermetropia is pronounced, 
focusing on near-by objects involves a considerable strain on 
the nervous system. The result is that they are likely to become 
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aware of their abnormality because of headaches that follow a 
prolonged use of the eyes for close objects. 

Myopia can be corrected by the use of a negative lens as shown 
at A in Fig. 207, and hypermetropia by the use of a positive lens 
as shown at B, Without a lens, a parallel bundle of rays would 
come to focus either in front of the retina or behind it, and the 
lens deviates the rays just enough to focus them on the retina. 
In other words, the power^ of the lens should, in general, be just 
sufficient to image the far point of the individual at infinity. 



Another common defect of the eye is known as astigmatism, 
which is caused by the surface of the cornea**^ being roughly 
toroidal as shown in Fig. 208, instead of spherical. In other 
words, the power of the cornea is different in different meridians. 
This defect should not be confused with the aberration of spheri¬ 
cal systems at oblique angles of incidence, although some of the 

1 In ophthalmic practice, it is customary to speak of the power of a lens 
rather than the focal length. The unit of power is the diopter and, as 
defined in Sec. 25, Chap. Ill, it is the reciprocal of the focal length in meters. 
The use of this quantity is a distinct convenience because, if the lens can be 
assumed to be thin, its power is simply the sum of the powers of the two 
refracting surfaces. Likewise, the power of two on more lenses in contact 
is the sum of their individual powers. 

2 A slight amount of astigmatism is occasionally produced by a defor¬ 
mation of the crystalline lens. Although this is a comparatively rare 
condition, it is of clinical importance because it often presages the onset of 
cataract. 
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effects are somewhat similar. For example, if an individual 
afflicted with astigmatism views a set of radial lines like those of 
Fig. 209, one line will be seen sharply and the others more or 
less blurred. In particular, the line at right angles to the one 
in sharp focus will be the most blurred. The annoyance suffered 
by the patient depends not only upon the amount of astigmatism 
but- also upon the direction of the axis. A low degree of astigma¬ 
tism is of little moment if the axis is horizontal or vertical, 
but it lowers the visual acuity considerably if the axis is oblique. 



If the axes in the two eyes are not parallel, a relatively slight 
amount of astigmatism produces a severe strain on the ciliary 
muscles, which endeavor to overcome the error. Astigmatism 
can be corrected by the iLse of a lens whose surface is cylindrical, 
the power and azimuth of the cylinder being chosen to neutralize 
the defective curvature of the cornea. 

A defect of the eye that is sometimes corrected with suitable 
spectacles, although it is not a refractive error, is called hetero- 
phoria. This is due to a disturbance of the relationship between 
the muscles that control the accommodation and those that 
control the rotation of the eye. When a normal individual 
directs his attention toward an object, the eyes not only accom- 
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modate themselves for the distance of the object but converge 
toward it as well, the brain having learned the proper accommv)da“ 
tion-convergence relationship as a result of experience. If 
ametropia is present, a given amount of accommodation does 
not call into play the corresponding amount of convergence. 
The eyes do converge until both images of the object fall on 
corresponding portions of the two retinas, but the convergence 
is abnormal compared with the amount of accommodation. 
The presence of heterophona is easily tested by viewing a distant 
light with a red filter over one eye and a green filter over the other. 
If the individual is normal, the two images will fuse automatically. 
On the other hand, if the individual suffers from heterophoria, 
the brain does not realize that the two images belong to the same 
source and does not make the requisite endeavor to fuse them. 
When an ametropia of long standing is suddenly corrected with 
spectacles, the heterophoria does not immediately disappear 
because the muscles have become accustomed to adopting a false 
accommodation-convergence relationship. It usually disappears 
in time, especially if suitable exercises are performed regularly.^ 
Occasionally, the heterophoria persists and must be corrected 
by glasses that are prismatic. These can be made by grinding 
the refracting surfaces on a prism instead of a flat blank, but if 
they are of low power, they are more frequently made by decen¬ 
tering the lenses. 

Heterophoria in its extreme form passes into strabismus or 
squint, a condition in which the extra-ocular muscles are unable 
to converge the visual axes of the two eyes on the same object. 
If the strabismus is of low degree, it can frequently be corrected 
by educating the muscles through special exercises after the 
patient has been fitted with suitable glasses. In severe cases, 
the only remedy is an operation in which certain of the extra¬ 
ocular muscles are cut and others are shortened. 

162, Refraction of the Eyes. —In optometry, the determination 
of the refractive errors of an eye is termed refraction.^’ The 
method usually employed is subjective, consisting in trying 
various combinations of lenses while the patient observes a 
distant test chart. These lenses are inserted in a trial frame, 
one or more at a time until the patient's visual acuity becomes 
either normal or as high as possible. The prescription is then 
written down by noting the sum of the powers of the individual 

1 See Sec. 195, Chap. XXV. 
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lenses in the trial frame. A typical prescription is given below: 


1 

Sph. 

Cyl. 

1 Axis 

O.I). 

- .25 

+2.50 

95'’ 

o.s. 

0 

+ 1.75 

90° 


The symbols “O.D.’' and ''O.S.’’ represent the Latin words oculus 
dexter and oculus sinister^ which mean right eye” and ^Teft eye” 
respectively. In this case, the prescription f(3r the left eye calls 
for a cylindrical lens having a power of 1.75 diopters with its 
axis vertical. The prescription for the right eye calls for a 
combination of a sphere having a negative power of 0.25 diopter 
and a cylinder having a power of 2.50 diopters with its axis 
inclined 5° from the vertical toward the temple. This prescrip¬ 
tion is translated by the optician when he comes to grind the lens 
in a manner that will be described presently. 

The method by which the optometrist determines the proper 
lenses for his patient di^pends to some extent upon the type of 
correction that must be made. In general, he begins by deter¬ 
mining the approximate correction with a retinoscope, which will 
be described in Sec. 155. If the patient is so illiterate that a 
subjective examination would be impracticable, the glasses are 
prescribed solely on the basis of this preliminary examination. 
Ordinarily, however, a trial frame is fitted to the patient and the 
subjective examination is made, the patient observing a test 
chart bearing letters of various sizes. If the patient is a myope, 
the optometrist b('gins with a negative Jens that is slightly weaker 
than is indicated by the retinoscope. He then tries lenses of 
increasing strength until the proper visual acuity is attained or 
until the acuity becomes as high as possible. If the patient is a 
hypermetrope, the optometrist ^Togs” him with a positive lens 
so strong that his accommodation cannot overcome it. The 
ensuing procedure is then similar except that lenses of decreasing 
positive power are tried. The patient is then directed to observe 
the astigmatic chart, which is of the general form illustrated in 
Fig. 209. If he is afflicted with astigmatism, one line of the chart 
will be sharp and the others more or less blurred, the sharp one 
being in the meridian in which the eye has the highest power. ^ 

1 The reason is that, under the assumed conditions, the eye is myopic in 
this meridian and emmetropic in the perpendicular meridian. Unless trial 
lenses are used, it is impossible to determine from the test chart which 
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Negative cylindrical lenses of increasing power are then inserted 
in the trial frame with their axes perpendicular to this meridian 
until all the lines appear equally distinct. Finally, the spherical 
lenses are usually varied slightly to make certain that the proper 
correction has been found. The optometrist does not necessarily 
prescribe the lenses that give the maximum acuity, but instead 
he attempts to take into account the condition of the patient’s 
eyes. Thus, it is customary to prescribe a little less than the full 
correction for myopes because they are usually in the habit of 
holding objects excessively close to their eyes. Their ciliary 
muscles are therefore conslantl}^ under excessive strain, and 
they tend to remain somewhat tensed even when distant objects 
are being observed. 

The test charts that arc commonly used by the optometrist 
are cards bearing rows of letters, the letters in each row being 
progressively smaller in size. These letters, which are known 
by the name of their inventor Snellen, are shown at A in Fig. 
210. It is customary to place the chart 20 ft. from the patient 
and to make the letters in the various rows of such a size that 
they would subtend an angle of five minutes of arc at distances of 
10,15, 20, 25, 30, 50, 80, 100, and 200 ft. respectively. The black 
strokes and the white spaces in these letters are made to subtend 
an angle of one minute of arc. For children and illiterates, 
charts are used containing a series of gothic F/s, as shown at B 
in Fig. 210. In reading a chart of this type, the patient indicates 
the orientation of the letters with his fingers. The visual acuity 
of the patient is expressed^ as a fraction, the? numerator being the 
distance of observation and the denominator the standard dis¬ 
tance for the smallest letters that can be read. For example, if 
the smallest letters that a patient can read at 20 ft. are the ones 
that should be distinguishable at 60 ft., his vision is recorded as 
20/60. The normal is, of course, 20/20, but some people with 
unusually keen vision have acuities as high as 20/15 or even 
20/10. 

meridian is the stronger since there is no means of knowing whether the 
meridian of highest or lowest power is in focus. Usually the’ strongest 
meridian is nearer vertical than horizontal, in which case the astigmatism 
is said to bo ^‘with the rule.^^ If the strongest meridian is more nearly 
horizontal than vertical, the astigmatism is against the rule.” Usually 
the astigmatic axis departs appreciably from the horizontal or the vertical, 
in which case the astigmatism is said to be ‘‘oblique.'^ Oblique astigmatism 
may, of course, be with the rule or against it. 
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Usually more than one lens at a time must be put in the trial 
frame to make up the required power, since the number of lenses 
in the set is necessarily limited. It is evident that the sum of the 
actual powers of the individual lenses is not equal to the true 
power of the combination because of the impossibility of placing 
the lenses in coincidence. In the cheaper trial sets, the error 
thus introduced is neglected. This is unfortunate because such 
sets usually contain so few lenses that several are ordinarily 
required to obtain merely the proper spherical power. The best 
sets contain enough lenses so that only two are required in all— 
one for the spherical power and one for the cylindrical. The lenses 
in these sets are designed in such a manner that the sum of the 

L C Z O 
E ^ Ul 3 ■ 

Fio. 210.—Portions of charts for determining visual acuity. .4, Snellen 
letters subtending an angle of 5' at 20 ft. A person who (^an just read these 
letters at 20 ft. has an acuity of 20/20. B, K-chart for children and illiterates. 
The patient indicates the orientation of the E’s with his fingers. 

indicated powers is equal to the true power of a single lens placed 
at the standard distance from the eye. Even when such a set is 
used, however, the lens worn by the patient may be at a different 
distance from the eye, and may therefore have a different effective 
power. Trial lenses are usually flat, whereas spectacles of the 
better quality are meniscus for reasons that will be set forth in 
the next section. As a result, if both the trial frame and the 
spectacles are worn where the lenses just clear the eyelashes, 
the vertices of the spectacle lenses are farther from the cornea 
than those of the trial lenses. This difference is important in the 
case of pronounced hypermetropia because the second principal 
points are then in front of the lenses. The error is avoided by 
specifying the power in terms of the distance of the focal point 
from the vertex rather than from the principal point, the unit of 
power measured in this way being called the vertex diopter. 

So far we have considered only the problem of finding spectacles 
that will form sharp images on the retina, and have given no 
consideration to the magnification that they might produce. 


E D 
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If spectacles produced an appreciable magnification, it would 
certainly be serious when the two eyes required different correc¬ 
tions (a condition known as anisometropia) because the images 
on the two retinas would then be of different sizes. However, 
it can be easily shown that if a thin lens is placed at either focal 
point of an optical system, the focal length of the system is 
unaltered. Now the first focal point of the eye is about 15 mm 
in front of the cornea, and hence, if spectacles are worn in 
this position, they produce no change in the size of the image. 
Actually, to avoid interference with the e 3 ^elashes, spectacles 
are worn slightly ahead of the focal point but not enough to 
cause any serious effect unless the anisometropia is very marked. 

Occasionally, visual defects are encountered that cannot be 
corrected with spectacles. Sometimes the media of the eye are 
partially opaque or the retina is diseased. To distinguish such 
cases from those in which the only fault is a refractive error, 
a diaphragm pierced with a pinhole is placed over the eye. 
If the error is simpl^^ one of refraction, the vision will usually be 
improved. Otherwise, the condition is pathological and glasses 
may be useless. 

163. Types of Spectacle Lenses. —The optician could fill the 
prescription for the right eye given on page 433 by starting with 
a flat blank and grinding a sphere with a power of —0.25 diopter 
on one side and a cylinder with a power of +2.50 diopters on 
the other. In the parlance of the optician, this would be called 
a flat lens. Such a lens is satisfactory enough when the wearer 
looks through the center of it, but the aberrations become serious 
near the edge. A vast improvement in the definition in the outer 
portions of the field of view came about with the introduction 
of the meniscus type of lens. In this type, the surface nearest 
the eye is concave, usually with a power of —6.00 diopters. 
If the prescription calls for a combination of sphere and cylinder, 
the front surface is made toroidal and the lens is said to be ioric, 
A toroidal surface of spectacle quality can be ground with special 
tools having the shape of the desired surface. The grinding 
machine is especially constructed to move the tool in such a 
manner that it is not seriously deformed by the grinding. 

Before grinding a toric lens, the optician must obviously 
transpose the prescription. For example, consider the method 
of grinding the lens for the right eye called for in the prescrip¬ 
tion referred to above. Let it be assumed that the surface 
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nearest the eye is to be spherical and is to have a power of —6.00 
diopters. In the meridian at 95°, the power of the front surface 
must be +5.75 diopters.^ The power of the cylinder is greatest 
in the 5° meridian, and the power in this meridian must obviously 
be +8.25 diopters. 

Astigmatism is the most important aberration of spectacle 
lenses, and to correct it, von Rohr computed a series of lenses 
in which the power of the surface nearest the eye is always such 
as to reduce this aberration to a minimum.'^ Such lenses give 
excellent definition over the entire field but are somewhat more 
expensive because every combination of spherical and cylindrical 
powers demands a different base curve. Recently, several 
firms have put on the market new types in which fewer base 
curves are required, a single curve serving for several lenses. 

It was indicated in Table XXVI that the near point of an 
otherwise normal individual recedes Vxyond the comfortable 
reading distance sometime during middle life, usually at about 
45 years of age. Of course, the presbyopia has existed since 
birth, but it becomes troublesome only at this time. The remedy 
is to wear glasses having sufficient positive power to bring the near 
point back t,o the conventional reading distance. More power 
might be used without impairing the acuity but it tends to upset 
the accommodation-convergence relationship. 

If the individual has other refractive errors, he may wear two 
pairs of glasses after the presbyopia has become serious, one pair 
for distant use and the other for reading. More often, he will 
wear bifocals^ as they are called. The first bifocals were made 
by mounting the distance lens in the upper half of the frame 
and the reading lens in the lower half. This is the kind that 
Benjamin Franklin wore. Later, the reading lens was made 
in the form of a thin wafer to be ce^iented to the lower portion 
of the distance lens. Many such lenses are in use today, but 
they have the disadvantage that the cement at the edge of the 
wafer collects dirt and the spectacles therefore become unsightly. 

1 This method of computation assumes the lens to be thin, which is not 
justified in the higher powers. It is impossible, of course, to describe the 
special methods by which the modern optician takes the thickness of the lens 
into account, but it may be stated that they are based on formulae developed 
from the first-order theory discussed in Chap. IV. 

2 For the procedure, see a paper by Southall, Jour. Optical Soc. Amer.^ 5, 
398 (1921); 7, 219 (1923). 
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An improved type of bifocal, known as the “Kryptok,^^ is made 
by fusing a button of higher index into the blank. The procedure 
is to grind a spot on the distance lens to the proper radius of 
curvature and then to fuse on a button of higher index. When 
the lens is subsequently ground and polished in the ordinary 
manner, the reading portion is of higher power. ^ The index of 
ordinary spectacle crown, which is used for the distance lens, is 
1.523, and that of the button is usually 1.616. For high values 
of the reading addition, glass having a still higher index is used 
for the button. 

Another method of furnishing the reading addition is to grind 
a segment of the lens to a curve that is different from that on 
the rest of it. This is known as the one-piece bifocal, and it 
has the advantage of being comparatively free from chromatic 
aberration. It is expensive to make, however, and the edge 
of the reading portion is frequently as noticeable as that of a 
Kryptok. In every case, the size of the button is adjusted by a 
skillful optician to the type of work that his patient is generally 
called upon to do. 

164. The Ophthalmoscope. —In the remainder of this chapter, 
we shall describe instruments that are used either to detect 
diseases of the eye or to assist in determining the proper correction 
for errors of refraction. Some of these instruments are especially 
interesting because they illustrate unusual applications of optical 
principles that are occasionally of value in other connections.*'^ 

The ophthalmoscope was the first instrument devised for 
examining the interior of the eye. It was invented by Helm¬ 
holtz in 1852, and in its original form consisted of a piece of glass 
used as a mirror, as shown in Fig. 211. Light from a distant 
source was reflected into the patient’s eye to form an image 

^ It goes without saying that the two types of glass must have the same 
coefficient of expansion and that the button must have the lower melting 
point. In addition, if chromatic aberration is to be avoided for high values 
of the reading addition, the two glasses should have the same dispersive 
power. This is not true of the ordinary Kryptok, for which the */-value 
of the distance lens is about 59 and that of the button about 36 or less. 
However, in a newer bifocal known by the trade name ^‘Nokrome,^’ the 

value of both lenses is approximately 55. 

2 The instruments used for testing binocular vision—the ability of the 
eyes to work together—belong to a different category from those used to 
examine a single eye. They are essentially stereoscopes and will be described 
in Chap. XXV. 
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approximately on the retina {orfundusy as it is frecjuently known 
in medical terminoloj 2 :y), and as the source had a finite size, a 
finite area of the fundus was illuminated. The observer then 
examined the fundus by looking directly through the glass. 
The instrument was soon improved by silvering the mirror, 
a small hole being left in the center for observing the eye. A 
few months later, Ruete improved the device still further by 
making the mirror concave so that the rays would come to a focus 
near the center of the eyeball and diverge from this point to 
illuminate a larger area of the fundus. This type of ophthalmo¬ 
scope is in common use to-day. If both the patient\s eye and the 
observer's eye are emmetropic and unaccommodated, the 
observer can see details in the fundus of the patient^s eye, such as 
the blood vessels and the blind spot. If the patient^s eye is 


Observer Pofieni- 



Fio. 211.—The optical system of Helmholtz’s original ophthalmoscope. 

ametropic, on the other hand, a suitable lens must be interposed. 
The strongest positive lens or the weakest negative-lens required 
to make the details appear distinctly is the correction of the 
patient, provided the lens is placed at the same distance from 
t he eye as the patient^s spectacles will be worn. The difficulty in 
determining a patient’s correction with the ophthalmoscope is 
in making certain that neither the patient nor the observer 
unconsciously accommodates. A practitioner learns to avoid 
accommodating by experience, and if a patient shows evidence of 
accommodating, a mydriatic, such as atropine, can be placed in 
his eye to paralyze the ciliary muscle. 

The reflections from the various surfaces of the patient’s eye, 
especially the cornea, are very annoying in the simple type of 
ophthalmoscope just described. These reflections are avoided 
in the more elaborate types, which are designed to fulfill the 
three following requirements: 

1. The fundi of the patient and the observer must be conjugate. 

2. The pupils of the patient and the observer must be conjugate. 
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3. The pupil of the patient’s eye must be conjugate? to the entrance pupil 
of the illuminating system. 

Several instruments in which these conditions are fulfilled have 
been invented, but the type due to Gullstrand is the most common 
at present. One modification of his design is shown in Fig. 212 . 
Light from a lamp S is focused by the condenser C on the slit Aj 
which in turn is focuscnl by a lens Lj on the patient’s pupil at 
near the edge, being reflected thereto from a transpanmt plate R. 
This plate is made slightly wedge shaped so that the light 
reflected from both surfaces will strike the pupil at the same 



Fig. 212. —The optical system of the Gullstrand ophthalmoscope. 


place. The rays diverging from A' illuminate the fundus, which 
is observed by means of an optical system composed of the lenses 
L 2 , L 3 , and E. E is an ocular, which is in reality compound but 
is drawn as a single lens for the sake of simplicity. The lens L 2 
forms an image of the patient’s pupil on L 3 , so that a diaphragm 
placed here will block off the image A" of the illuminated spot A'. 
The first condition given above is satisfied because the three 
lenses L 2 , Lg, and E^ with the optical system of the two eyes, 
form an image of the patient’s fundus on that of the observer. 
The second condition is fulfilled because Lz and E form an image 
of the patient’s pupil on that of the observer, and the third condi¬ 
tion is fulfilled because the patient’s pupil is conjugate to the 
aperture stop A. 

The appearance of the retina gives the oculist information 
concerning not only the condition of the eye itself but also the 
general physiological condition of the patient. As a result, the 
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oculist not infrequently discovers evidences of morbid conditions 
existing elsewhere in the patient’s body long before definite 
symptoms have appeared. It would be out of place here to 
discuss the various pathological conditions that can be detected 
by means of the ophthalmoscope. There is, however, a rather 
common disease of the eye that may be mentioned because it 
illustrates the use of the ophthalmoscope as a measuring 
instrument. This disease, which is known as glaiiconiay is charac¬ 
terized by an increase in the pressure of the fluids within the eye¬ 
ball. The first effect is to depress the })lind spot since this is 
mechanically the weakest portion of the eyeball. The depression 
is easily detected with the aid of an ophthalmoscope by noting 
the difference in power required to focus sharply on the blind 



Fig. 213.—Sketch sliowiiiK the principle of the retinoseoi)e. 


spot and on the surrounding portion of tbe fundus. The custom¬ 
ary treatment for glaucoma is an operation known as iridec¬ 
tomy, in which a segment of the iris is removed. This has the 
effect of opening the ducts leading to the eyeball and thereby 
allowing the excess fluid to escape. If glaucoma is allowed to go 
untreated, the blind spot spreads and total blindness eventually 
results. 

165. The Retinoscope. —The construction of the retinoscope 
is akin to that of the simple ophthalmoscope, but its action 
depends on the apparent motion of a spot of light across the 
retina.^ In Fig. 213, a source of light S is placed at the side of 
the patient’s eye while the observer holds a concave^ ophthalmo¬ 
scope mirror in position I. An image of S is formed at Pi, 
and, if the eye is properly accommodated, this image in turn is 


^ The theory is discussed at length by Southall, Jour. Optical Soc. Arner. 
and Rev. Sci. ImirumeniSt 13, 245 (1926). 

^ Some optometrists use a plane mirror but the principle of operation 
is the same, the only difference in the result being that the motions of the 
image are reversed. 
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focused on the patient’s retina at Pi. If the observer now swings 
the mirror to position II, an image is formed at P 2 , and this in 
turn is focused on the patient’s retina at P/- If the patient’s 
eye is not accommodated for the points Pi and P 2 , the images will 
appear as circles of confusion. Even so, a spot of light moving 
in a direction opposite to that of the mirror will be formed on 
the patient’s retina. The direction in which the spot appearn 
to move to the observer depends upon the refractive condition 
of the patient’s eye. If the patient is hypermetropic, the images 
of Pi' and P 2 are behind the eye and are erect. Thus, to the 
observer, the spot of light appears to move in a direction opposite 
to that of the mirror. If the patient is myopic, the images are 
located in front of the eye and arc inverted. In this case, the 
spot of light appears to move in t he same direction as the mirror. 
If the patient is emmetropic, the images are located at infinity 
and hence do not appear to move at all. 

In practice, the optometrist places himself about a meter 
from the patient and tries various lenses in front of his eye until 
there is no apparent motion of the spot across the patient’s 
retina as the mirror is rotated. If the patient is astigmatic, 
the edge of the spot may remain stationary in one direction but 
not in a direction perpendicular to it unless a suitable cylindrical 
lens is interposed. When the proper lens combination has 
been found, the optometrist subtracts one diopter from his 
observations to allow for the fact that he is at a distance of 1 
meter rather than at infinity. Since the optometrist determines 
the apparent motion of the spot of light by observing the edge 
of the shadow, retinoscopy is often known as skiascopy, 

156. The Ophthalmometer. —Since many of the refractive 
errors of the eye, such as astigmatism, are the result of an improp¬ 
erly shaped cornea, special instruments called ophthalmometers^ 
have been devised for measuring the radius of curvature of this 
surface. There are two general types of these instruments, 
one invented by Javal and Schjotz and the other by Sutcliffe, 
but the principle of operation is the same. It consists in measur¬ 
ing the size of the image of a target formed by reflection at the 
surface of the cornea. The straightforward method of measuring 
this image would be by means of a micrometer in the ocular 

^ They are sometimes called keratometers, although this term may occa¬ 
sionally lead to confusion with an instrument that was once used for measur¬ 
ing the distance of a spectacle lens from the cornea. 
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of the observing telescope, but the constant involuntary move¬ 
ments of the patient’s eye make this method impracticable. 
The method adopted is to divide the reflected beam so that two 
images of the target are seen in the ocular, and to provide means 
for adjusting the deviation of the beams until the images are 
brought into coincidence. The various types of ophthalmom¬ 
eters differ widely in the manner by which the beams are divided,^ 
but in all of them the deviation of the beam required to bring 
the images into coincidence is made to indicate the curvature 
of the cornea directly. It is customary to express the curvature 



in diopters of refraction. The normal radius is 7.83 mm and, 
since the cornea has an index of 1.376, the power of the normal 
cornea is 48.0 diopters. 

Since an astigmatic cornea has different powers in different 
meridians, , ophthalmometers are made rotatable about their 
optical axes to enable the power in any meridian to be measured. 
It is an eas}^ matter to determine the meridians of greatest and 
lowest power, which are ordinarily 90° apart; and the difference 
in power represents the corneal astigmatism. The subjective 
examination discloses the total astigmatism, and the difference 
between the two is the lenticular astigmatism. 

167. The Slit Lamp. —The media of the eye often contain 
opaque particles, which may be either congenital or the result of 
an injury. Such particles can be detected by means of an intense 
beam of light directed so that it will not blind the observer. 

1 Hblmholtz, “Physiological Optics,'^ Vol. I, pp. 303^; English ed. 
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The combination slit lamp and binocular microscope sketched in 
Fig. 214 has been designed for this purpose. Light from a lamp 
S is focused by means of the condenser C on the slit A, and this 
slit is focused in turn by means of a lens L upon the portion 
of the eye being examined. The examination is made with a 
binocular microscope, which consists simply of two microscopes 
Ml and M 2 directed upon the point to be examined.^ Since the 
incident light does not enter the microscope, the field is dark 
and the particles stand out sharply against the background. 
Their positions can be estimated with considerable precision 
because of the stereoscopic effect of the binocular microscope, 
('ertain pathological conditions are also readily detected in this 
way. 

168. Miscellaneous Ophthalmic Instruments.—Many other 
instruments are used in ophthalmic practice, but most of them 
are comparatively unimportant. One large class that deserve^s 
mention, however, is designed for determining the boundaries 
of the field of view. A good representative of this class is 
the Bjerrum screen, which consists of a 2-meter square of black 
velvet placed 1 meter in front of the patient, who gaz(\s at a white 
spot at the center of the screen with one eye while the other is 
covered. The oculist, holding a wand furnished with a small 
white or colored test object at the far end, stands beside tlu^ screen 
and moves the test object inward until the patient just perceives 
it '‘out of the corner of his eye.’^ By moving the test object 
successively from all directions, the entire visual field can be 
mapped. The extent of the blind spot can be determined by 
placing the wand inside the area on the screen corresponding 
to the image of the blind spot and moving it outward. In this 
way, the progress of glaucoma can be followed. Other instru¬ 
ments of more elaborate design have been constructed for* 
mapping the visual field. As a class they are known as perimeters 
or canipimeters. 

^ A photograph of such a microscope is shown on p. 524. 
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Photographic objectives rang(^ in quality from the simple 
lenses used in eighty-nine-cent cameras to the highly corrected 
ones used for aerial surveying, whose cost may run into four 
figures. The characteristic feature of all photographic objectives 
is their high relative aperture and the large field that they are 
required to cover. As was indicated in ('hap. VI, it is impossible 
to fully correct an optical system of high aperture over a large 
field, and the designer is therefore compelled to resort to com¬ 
promises. The great variety of objectives on the market is 
due to attempts on the part of designers to attain a compromise 
that is best suited to a particular purpose. 

169. The Correction of Photographic Objectives.—A photog¬ 
rapher’s ‘^rule of thumb” states that, for ordinary photographs, 
the focal length of the objective should be approximately equal 
to the diagonal of the plate. The corresponding field angle is 
53°, which is in marked contrast to the field that a telescope 
objective is required to cover. ^ If an optical system is to cover 
wsuch a large field, either the relative aperture must be low or 
the corrections must be imperfect. Since it is seldom permissible 
to sacrifice relative aperture, the definition must necessarily be 
distinctly inferior to that produced by an aberrationless lens 
whose definition is limited solely by diffraction. That such 
is the case is easily verified by measuring the image of a distant 
point formed by even a ” well-corrected” photographic objective, 
which is rarely found to be less than 0.1 mm in diameter. On 
the other hand, a perfect lens with a relative aperture of //4.5 
should be capable of forming a diffraction pattern whose central 
disk is only about 0.005 mm in diameter. Fortunately, ‘^needle- 
sharp” definition is seldom required of a photographic objective 
for several reasons. In the first place, excessive sharpness 
in the plane that is in focus draws attention to the lack of sharp- 

^ An ordinary eight-power binocular covers a field of only about 6° (that 
is, 3° on either side of the axis), and telescopes of higher power cover a field 
that is proportionately smaller. Sec p. 485. 
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ness in the other planes. In addition, photographic emulsions 
are so grainy that a blur circle 0.1 mm in diameter is not objec¬ 
tionable. Moreover, a very large proportion of photographs, 
especially portraits, are actually improved by softening the defini¬ 
tion so as to obliterate the mass of unimportant details that 
would otherwise detract from the pictorial effect. The one 
important branch of photography where the best possible defini¬ 
tion is required is aerial surveying. In this case, the relative 
aperture must, be high because the exposures must be short, 
and so the improvement in definition is obtained by restricting 
the field. 

Photographic objectives are so commonly used for objects 
at relatively great distances that they are ordinarily correcteal 
for an object at infinity.^ I'he aberrations that are corrected 
depend upon the purpose for which the objective is to be used 
and the price that the purchaser is willing to pay. Kven the 
simplest lenses, such as those used in ^^Brownie’^ cameras, an^ 
corrected for chromatic aberration and have a field that is artifi¬ 
cially flattened by the method described in Sec. 54, Chap. VI. 
The more highly corrected objectives, such as the anastigmats, 
are corrected for spherical and chromatic aberration, coma, 
astigmatism, curvature of field, and distortion. A still higher 
type of correction is attained in objectives that are designed 
for photo-engraving, d'hese objectives are made ospc^cially 
free from distortion and, if they are to be used for making 
color-separation negatives, they are made apochromatic as well. 
The elimination of distortion is also especially important in 
objectives used for aerial surveying. 

160. Meniscus Lenses. —The simplest type of photographic 
objective is a single positive lens of crown glass. For reasons 
that were explained in Sec. 54, a lens of this sort should bo 
of the meniscus type with a front stop. This type of lens was 
apparently first used by Wollaston. His lens had a focal length 
of 560 mm and was used to cover a field angle of 60°. If reduced 
to a focal length of 100 mm, its constants would be as follows: 

f/n 

100 mm 
18.0 
9.1 

^ This is not true of objectives that are especially designed for enlarging 
or copying, which are generally corrected for unit magnification. 


Kelative ai)erturc 

Focal length. 

Diameter of lens. 
Diameter of stop, 
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Disiaric-e from center f)f Htop to first vcrt(*x. 12.5 

Axial thickness. 1.0 

First radius of curvjitun'. — 51.2 

S(^cond radius of curvature. — 25.1) 

Index of refraction (/>-line). 1.505 


Most modern ‘^fixed-focus'^ cameras, either box or foldinji;, 
are supplied with achromatic lenses of the mimiscus type. These 
lenses have a relative aperture of approximately //ll, and at 
this or smaller apertures give results which are more than 
sufficient to meet the performance d(imanded of simple cameras. 
In fact, it is often found that a meniscus achromat gives a better 
image in the center of the field than some of the more highly 
corrected objectives. 

161. Rapid Rectilinears. —The relative aperture of a simple 
meniscus lens cannot be increased without producing a serious 
deterioration of the image. Since a relative aperture of //Ti 
y^ermits of snapshots only under favorable lighting conditions, 
a demand for a lens of greater light-gathering power was created 
as soon as the speed of photographic materials increased to a 
point where snapshots became possible. This demand was met 
by the so-called rapid reriilmear lens which, generally speaking, 
is constructed of two achrornats, usually meniscus, with the stop 
between them. I'he two achrornats are usually similar, so that 
the complete lens is symmetrical. As has been indicated in 
Chap. VI, such a lens is free from coma and distortion at unit 
magnification and sensibly so at all magnifications for which it 
would be used. It is also sensibly free from both lateral and axial 
chpomatism. Whether the lens is s^unmetrical or not, spherical 
aberration is ordinarily corrected, and the field is flattened 
artificially by separating the elements properly. The largest 
aperture for which a lens of this type can be corrected satis¬ 
factorily is about // 8, so at best it transmits only twice as much 
light as a meniscus lens. 

162. Anastigmats. —Before the new glasses were introduced 
in 1886, it was impossible to construct a lens free from astig¬ 
matism and curvature of field because the conditions for elim¬ 
inating these aberrations were inconsistent with those for 
eliminating the chromatic aberrations. The new glasses enabled 
both conditions to be satisfied simultaneously and thus made 
possible the type of lens that is now known as the anastigmat. 
Modern anastigmats generally consist of two achrornats, one 
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constructed of the old glasses and the other of the new. Each 
achromat, although spherically corrected, is not corrected for 
astigmatism; but the astigmatism of the two is of opposite sign, 
and hence the field of the combination is flat 
(f(\l \ Vn stigrnatic. This type of construction is 

ll y |1 jjij well exemplified by the Protar lens, which was 

I ulu introduced by the firm of Zeiss about 1895. 
Fig. 215.—Zeiss This IcRS is shown by the solid lines in Fig. 215, 
Protar. Specifications of one model, according 

to the German patent,, are as follows, the elements of the lens 
being numbered in the order in which the light traverses them: 

SrEClFICATJONS OF THE PrOTAR Or.TECTIVE 
Focal length — 100 iiirn. Itelativo apcriiiro — //12..5 


Elemen t 



Hi) 

llG' 

millimeters 

I 

1.4979 

1.5074 

! 0 48 

ir 

1.6227 

1.6308 

1.70 

III 

1.5813 

1.5952 

J . 50 

IV 

1.6275 

1.6487 

0.66 


Radii, 

millimeters 


The diaphragm is 2.34 mm in front of the first elemcmt. 


This lens is comparatively slow, but by using two such lenses in 
combination, one in front of the diaphragm and the other behind 
it, the relative aperture can be increased to //6.8. More often 
the components are of different focal lengths and thus the photfog- 
rapher has at his command three focal lengths—that of the 
combination and that of each of the components. This type of 
lens, in which components of different focal 
length may be used either singly or in 
combination, is known as a convertible 
anastigmaL 

The principle of combining an old and 
a new achromat is often utilized in such a 
manner that it is not immediately evident. 

The Goerz Dagor lens, for example, which is sketched in Fig. 
216, consists of two symmetrical components, each component 
containing three cemented elements. The outer element of each 
component is constructed of one of the new glasses, and it com- 



Fig. 216.—Goerz Dagor. 
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bines, in effect, with the middle element to make an anomalous 
achromat. This element in turn combines with the inner ele¬ 
ment to form a normal achromat. The specifications for a wide- 
angle Dagor, which covers a 90° field, are given below. In 
accordance with custom, the data for only the front component 
are given, the rear component being similarly constructed and 
symmetrically placed with respect to the diaphragm. Since 
the rear component is sometimes used alone, the front component 
being temporarily removed, the characteristics of the rear 
component in regard to focal length, //-number, etc., are given 
also. 

SpECIFK'ATIONS of the Daoor OhJE(’TIVE 


Focal length. 

Uelative npertnre. 

Back focus. 

Distaiujc fronl diaphragm to princi})al point.. . 


Element 

Index 

nj) 

UQf 

I 

1.6122 

1.6262 

II 

1.5481 

1.5613 

111 

1.5120 

1.5228 


Coinplctc 

objective' 


100.0 
// 0.8 
02.1 
1.0 


Axial 

thickness, 

millimeters 


3.0 

0.9 

2.5 


R(^ar 

component 


173.3 

//13.6 

102.1 

27.7 


Radii, 

millimeters 


+20.8 
-34.4 
+ 8.5 
+ 21.1 


Tlie complete lens is symmetrical, the fourth (concave) surface facing 
the diaphragm, which is 2.7 mm away. 


The C'ooke triplet is a very different type of anastigmat, 
made originally in England by T. Cooke and Sons and now by 
Taylor, Taylor and Hobson, As shown 
in Fig. 217, this lens consists of two 
positive elements between which is a 
single negative element. The lens was _ 
designed by H. Dennis Taylor, who hit 
upon the novel expedient of eliminating 
astigmatism and curvature by making 
the power of the negative element equal 217 .—Cooke triplet 

to the sum of the powers of the positive 

elements. The negative element is made of glass whose dispersion 
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is so chosen that the combination is chromatically corrected, and 
the radii of this element are such that spherical aberration and 
coma are corrected also. 

The specifications for one type of C'ooke triplet (Series IV) 
for use in hand cameras are as follows: 


8pe('ifi(’ations of the Cooke Triplet Orjeotive (Series IV) 
P'oeal — 100 mm. llelalive aperture —f/Ti.ii 


Element 

Index 

Axial 
thickii ess, 
millimeters 

Radii, 

fiD 

no’ 

millimeters 

I 

1.6110 

1.6249 

4.29 

1 

+ 19.4 

(Air) 

1.0000 

1.0000 

1 63 

-128.3 

- 57.8 

4- 18.9 
-f311.3 

- 66.4 

11 

1.5744 

1.5985 

0.93 

(Air) 

1.0000 

1.0000 

12.90 

III 

1.6110 

1.6249 

3.03 


The (liiiphragm is j)laeed in tlie seeoiul air spaet' against the. s(^eoii(l 
element. 


This lens is made in several types, which are well suited to many 
different purposes. One noteworthy type is 
the // 4.5 (Series II), which was designed for 
portraiture. The back element of this lens can 
be adjusted in position to introduce spherical 
aberration and thereby soften the picture. 
Another much used type is the process lens, 
which is excellent because of its freedom from 
distortion and its sharp marginal definition.’ 

V-s^ar~^ success of the Cooke triplet led the firm 

of Zeiss to develop a lens which was similar 
except that the third element was a doublet, as is shown in Fig. 
218. This lens, the Tessar, is perhaps the best known photo¬ 
graphic objective to-day. Like the Cooke lens, it is made in 
many forms to meet varied requirements. The following speci¬ 
fications are for an early type: 

1 The final corrections of Cooke triplets are made by adjusting the air 
spaces, and consequently the user should never take such a lens apart. 
This does not mean that he should not remove the front and back elements 
in their cells to wipe off any deposit on the inner surfaces or on the negative 
lens, but this is as far as he may go safely. A damaged lens should be 
sent to the maker or his agent for repairing rather than to any other maker 
or optician. 
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Specifications of the Tessar Objective 
F'ocal length = 100 mm. Relative aperture = //5.5 


Element 

Index 

Axial j 

thickness, 
millimeters 

Radii, 

riD 

na' 

millimeters 

I 



1.6246 

3.3 

+ 21.5 

(Air) 

II 

1.0000 

1.6046 


l.OOOO 

1.6225 

1.9 

1.1 

00 

- 74.2 
-f 20.8 
-111.3 
+ 25.2 

- 36.7 

(Air) 

III 

1.0000 

1.5211 


1.0000 
1.5340 

6.0 

1.1 

IV 

1.6113 

* 1 


1 .6251 

3.0 


Tiu^ diaphragm is in the middle of the second air space. 


The present trend in the design of anastigmats is in the direc¬ 
tion of increased aperture, which is attained without sacrificing 
the definition by reducing the field that the lenses are required 
to cover. Many of the recent objectives have been designed 
for motion-picture photography, where the focal length is com¬ 
monly two or more times the diagonal of the film aperture. 
The standard objectives for motion-picture cameras have a 
relative aperture of //3.5, and special objectives are available 
with apertures as great as //1.9. The present record for high 
aperture seems to be held by the Dalmac kms designed for 
16-mm cameras, which has a relative aperture of //1.5. 

163. Wide-angle Objectives.—Photographs must often be 
made in cramped quarters. It may be necessary, for example, to 
photograph a building from a point on the opposite side of the 
street or to photograph the interior of a room with the camera 
located in one corner. Such photographs are commonly made 
with a lens whose focal length is short compared with the diagonal 
of the plate, for the purpose of embracing a large angle of view. 
The so-called wide-angle lenses, which are commonly sold for 
this purpose, are merely objectives that have been corrected to 
cover a larger field angle than the average objective. These 
corrections are made at the expense of the relative aperture, 
which rarely exceeds//16. 

A distinguishing feature of wide-angle lenses is the shortness 
of the barrel or lens mount. This is necessary to prevent the 
lens elements from acting as field stops. It was shown in Chap. 
XIX that, even in the absence of a field stop, the illumination 
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decreases as the fourth power of the cosine of the field angle. 
Ordinarily this decrease in illumination is not noticeable, but it 
may be serious in the case of wide-angle objectives. Figure 219 
shows the Goerz Hypergon Iciis,^ which has features of consider¬ 
able interest in this connection. 
This lens has a relative aperture of 
f/22 and it is anastigmatically 
flattened over a field of about 135°. 
Although it lacks spherical correc¬ 
tion, it is free from distortion and 
is therefore eminently suitable for 
architectural photography, where 
a wide angle of view is often 
necessary. The uneven illumina¬ 
tion of thi; plate is overcome in 
a most ingenious manner by means 
of an auxiliary field stop in the 
shape of a star. About one-sixth 
of the total exposure is made with 
the stop out of the way. The stop 
is then swung into a position just 
in front of the lens and is kept rotating during the remainder of 
the exposure by means of a blast of air directed ngainst the fan¬ 
shaped ends of the points. The ordinary wide-angle lenses do 
not cover such an extreme field as the Hypergon and are of 
more conventional construction. The type of Dagor described 
in the proceeding section is an example. 

Wide-angle lenses have often been accused of giving a false 
or violent perspective, when actually the fault lies not in the lens 
but in the manner of viewing the photograph. This will be 
explained in Sec. 170. 

164. Telephoto Objectives. —The magnification in the image 
of a distant object is directly proportional to the focal length 
of the objective. Hence, if an inaccessible distant object is 
to be photographed, the straightforward method of securing 
an image of adequate size is to use an objective of long focal 
length. This procedure ordinarily necessitates a proportionate 
increase in the distance between the objective and the plate, 
and few cameras are capable of suflBcient extension to permit 
any great increase in magnification by this method. In telephoto 

^ Now manufactured by Carl Zeiss, Inc. 



Fig. 219.—Goerz HyperKon. 
(Court cay of American-Coerz 
Optical Company,) 
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objectives, which are designed especially for photographing 
distant objects, the principal points are located well in front 
of the objective, so that a long focal length is secured with a short 
back focus. The principle of this type of lens will be clear from 
Fig. 220. The positive element I nearest the object is followed 
at a distance less than its focal length by a negative element II. 
The lens sketched in this figure has elements of 33.3 mm and 
— 20.0 mm focal length respectively, which are separated by 
a distance of 20.0 mm. If the elements are assumed to be thin, 
the first and second principal points are 100 mm and 40 mm 
respectively in front of the positive element. Thus, although 
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Fig. 220.—Sketch showing the principle of tlie telephoto objective. 

the focal length of this combination is 100 mm, the back focus is 
only 40 mm. 

The entire telephoto objective should preferably be designed 
as a unit, but telephoto attachments for ordinary objectives were 
formerly popular because of their comparative cheapness. These 
attachments consisted of a negative lens mounted in a barrel 
into which the photographer screwed an objective that he 
already possessed. They were generally designed so that the 
diaphragm of the positive lens was the aperture stop of the com¬ 
bination. This meant that the entrance pupil of the combination 
was of the same size as the entrance pupil of the positive lens 
alone, and eonsequently the relative aperture was reduced in 
proportion as the focal length was increased by the addition 
of the telephoto attachment. 

The focal length of a telephoto objective depends upon the 
separation of its elements, as Eq. (76) in Chap. IV indicates. 
The focal length of the positive element is ordinarily less than 
that of the negative element; and, in any case, the separation 
must be less than the focal length of the positive element. 
In the older forms of telephoto objectives, the separation 
of the elements was made adjustable, the range being fre¬ 
quently sufficient to increase the focal length from three to twelve 
times that of the positive lens alone. It is clear that, if the lens 
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is corrected for one value of the separation, the corrections will 
be impaired when the separation is altered. Hence a lens 
designed for such a wide range of magnifications may have to 
be stopped down to a small aperture to yield 
sharp images. Nowadays, telephoto objectives 
are usually made with a fixed magnification, 
thereby securing better definition at a large 
relative aperture but at a sacrifice of versatility. 
An early type, known as the Bis-Telar, which 
some extent, is shown in Fig. 221. It was 
introduced by the firm of Busch in 1905 and its specifications 
are as follows: 


1 -^ 

Fig. 221.--Busch 
Bis-Telar. 


is still used to 


Specifications op the Bis-Telar Objective 
Focal Ion— 100 niiii. Rela(.iv<r aperturo —-//S 


Element 

Index 

Axial 

lliiekness, 

millim(‘t(‘rs 

Radii, 

hd 



millimeters 

I 

1.6140 


1.628:i 

2.50 

"f 9.16 
-18.2 
+ 16.1 
- 6.29 

1 +18.2 
-10.9 

II 

1.6140 


1.6360 

0.30 

(Air) 

III 

1.0000 

1.5900 


1.0000 

1.6023 

10.50 

0.56 

IV 

1.5510 


1.5669 

1.40 


Tho diaphragm is in the middle of the air space. 


As this lens has a back focus of 57 mm, it forms an image approxi¬ 
mately twice the size of the image produced by an ordinary 
objective having the same back focus. Telephoto objectives 
with apertures of //4.5 and even higher have been produced 
within the last decade. Such lenses are especially useful for 
recording the action in athletic events, which must ordinarily be 
photographed from the side lines or even from the grand stand. 

Success in telephotography, especially at high magnifications, 
depends upon the recognition of three principles which apply 
only in part to ordinary photography. In the first place, the 
camera must be rigidly supported because a small amount of 
motion of the camera is serious on account of the high magnifica¬ 
tion. Telephotographs are also affected by the boiling’^ of 
the atmosphere due to air currents of different temperature, an 
effect that is sometimes noticeable with a high-power binocular. 
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The third factor is the blue haze caused by the scattering of light 
in the earih^s atmosphere. Panchromatic plates with a deep 
yellow or even a red filter should always be used when photo¬ 
graphing distant objects. Infrared-sensitive plates with an 
infrared filter are even better. 

166. Portrait Objectives.—One of the first applications of 
photography was to portraiture. The exposures required with 
the simple achromats that were available in the early days of the 
art ranged from 2 to 20 min., partly on account of the insensitivity 
of the photographic materials and partly on account of the small 
aperture of the lenses. To meet the 
demand for a faster lens, Peizval com¬ 
puted for Voigtlander in 1840 an//3.6 
l(ais particularly adapted for portrai¬ 
ture. Its const ruction is shown in Fig. 

222. This lens had admirable definition 
at the center of the field but progres- 222.--Potzvai portrait 

, , 1 objective. 

sively poorer definition at the borders. 

Nevertheless, it fitted the requirements so well that lenses of 
this type are still in common use in many portrait st udios. All 
the data of the original lens are not available, but the specifica¬ 
tions of an early type of Petzval lens are given by von Rohr as 
follows: 



Specifications of an Eaklv Type of Petzval Objective 
Fociil length — 100 mill, Relative aperture —//3.4 


Element 

1) 

Axial thickness, 
millimeters 

I 

1.517 

4.7 

II 

1 .575 

0.8 

(Air) 

1.000 

33.6 

in 

1.575 

1.5 

(Air) 

1.000 

3.3 

IV 

1.517 

3.6 


Radii, 

millimeterB 


4 - 55.9 
- 43.7 
+460.4 
+ 110.6 
+ 38.9 
+ 48.0 
-157.8 


The diaphragm is in the first air space 21.0 mm from the second element. 


166. Testing Photographic Objectives.—The lens-bench test 
described in Chap. XVII is invaluable to the lens designer because 
of the fund of information that it gives concerning the perform¬ 
ance of a lens. It is of little value to the user of a lens, however: 
first, because the apparatus ordinarily is unavailable; and, second, 
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because the results are expressed in a form that only an expert 
can understand. Fortunately, there are certain simple tests^ 
that the user or prospective purchaser can make that will ordi¬ 
narily furnish adequate information. The results of such tests 
must be interpreted in terms of the purpose for which the lens is 
desif>;ned. For example, spherical aberration and curvature of 
field may be permissible in a portrait lens, whereas in a copying 
lens they would be serious faults. Similarly, a considerable 
amount of distortion, particularly barrel distortion, and a slight 
amount of astigmatism may be permissible in a landscape lens, 
whereas they would be fatal for many other purposes. 

Spherical aberration can be tested by covering the central 
portion of the lens with a circular disk of cardboard and examin¬ 
ing the image of a distant point at the center of the ground glass. 
If the ground glass must be moved to bring the image into focus 
again when this disk is replaced by a diaphragm with a small 
central aperture, the lens is afflicted with spherical aberration. 
The required displacement of the ground glass is a measure of the 
magnitude of the aberration. Curvature of field can bo dc^tected 
by noting whether both the center and the margins of the field 
are in focus simultaneously on the ground glass. Astigmatism 
can be detected by setting a large cross at some distance from the 
camera and examining th(i image, the camera being so directed 
that the image of the cross is at the corner of the ground glass. 
If the vertical bar and the horizontal bar of the cross are in focus 
at different positions of the ground glass, astigmatism is present. 
Coma can be detected by substituting an illuminated pinhole 
for the cross. If coma is present, it will then manifest itself by 
the pear shape of the image. If astigmatism is present also, the 
characteristic focal lines due to this aberration may mask the 
effect due to coma, but one of these aberrations is usually much 
more pronounced than the other. To detect distortion, the 
camera should be focused upon a distant object that contains 
straight lines. If an appreciable amount of distortion is present, 

1 In making many of these tests, the camera must be equipped with a 
ground glass if it does not have one already. A further desideratum is that 
the ground glass should be as fine as possible. J. T. Taylor recommends 
substituting for the ordinary ground glass a piece of glass which has been 
etched in the fumes of hydrofluoric acid. The procedure in preparing such a 
glass, which should preferably be a piece of thin polished plate, is to suspend 
it horizontally above a lead tray containing either the acid or a mixture of 
calcium fluoride and sulphuric acid. 



PHOTOGRAPHIC OBJECTIVES 


457 


the image of such a line in the outer portion of the field will be 
curved. 

Occasionally a lens will be found to suffer from a type of 
chromatism in which the focus for the rays to which photographic 
emulsions are most sensitive does not coincide with the focus for 
the rays that are brightest to the eye. This particular type of 
chromatism is sometimes given the name chemical focus.'' 
Lenses that are achromatized for the C- and F-lines, and there¬ 
fore have their minimum focal length near the middle of the 
visible spectrum, exhibit this aberration very markedly. Photo¬ 
graphic objectives are therefore usually achromatized for the 
/)- and tr'-lines. Chemical focus can be detected by setting 
up in echelon formation a series of cards at various distances 
from the camera. A yellow or green filter should be placed over 
the lens while the camera is being focused, and a blue or violet 
filter should be substituted when the photograph is taken. It 
goes without saying that the photographic plate must be in 
exactly the same plane as the ground glass. 

Special test objects for determining the over-all performance 
of objectives are used in routine examinations. A chart described 
by JewelP for this purpose consists essentially of a set of radial 
lines resembling the chart shown in Fig. 209. The manner in 
which the images of these targets are distorted in the various 
parts of the field indicates not only the quality of the lens 
but also the type of aberration with which the lens is afflicted. 
To make such a chart is tedious and expensive, but an old 
calendar of generous size, such as is used in offices, will be 
found an excellent substitute. This should be torn apart and 
the various pages tacked to the flat side of a wall or building. 
One page should be put in the center, one at each of the corners, 
and the others in various intermediate positions. The camera 
should be secured firmly to some rigid support at a considerable 
distance away and should be focused very carefully. After the 
plate has been developed, it should be examined with a magnifier 
to determine to what extent the detail has been reproduced. 
Many calendars have the preceding and following months printed 
in smaller type, so this opinion is easily formed. The reason 
for using a large calendar is that the lens can then be used near 
the infinity position, for which it was probably corrected. On the 
other hand, if the lens is to be used for copying or enlarging, it 
^ Jour, Optical Soc. Amer,^ 2-3, 51 (1919). 
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should be tested at the mafijiiification for which it is to be used in 
practice. 

The focal length of a camera lens can be determined easily to 
within about 2 per cent in the following manner: Fit the lens 
to a camera and set the latter on a table covered with a piece 
of drawing paper. Focus the camera sharply on some distant 
object, such as a church steeple, and bring the image of this 
object to the very edge of the ground glass. Draw a pencil 
line on the paper along one side of the camera. Then turn the 
camera so that the image falls at the other edge of the ground 
glass and draw another line along the side of the camera as 
before. Remove the camera and make a diagram as shown in 
Fig, 223 on the drawing paper. In this figure, AB and CD 



are the lines marked along the side of the camera and EF is 
equal in length to the width of the ground glass. Obviously, 
the length of the bisector of angle EOF is equal to the focal length 
of the lens. 

The second principal point can be located roughly by focusing 
the camera for infinity and measuring the back focal length with 
a ruler. The difference between this quantity and the true focal 
length is, of course, the distance of the second principal point 
from the last vertex of the lens. Now, if the lens is reversed 
end for end, the first focal point can be found, and from this the 
position of the first principal point. If the principal points must 
be located more precisely, an improvised nodal slide can be fitted 
to the lens and the transverse axis located for an infinitely distant 
object. 

167. Speed.—The light-gathering power of a photographic 
objective determines the rapidity with which the shutter can be 
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operated for a given exposure of the plate. This has led photog¬ 
raphers to refer to the light-gathering power of the lens as its 
speed. This quantity is expressed commonly by the//-number, 
which was defined in Chap. V as the ratio of the focal length 
to the diameter of the entrance pupil. As was indicated in Sec. 
146, Chap. XIX, the //-number is a measure of the light¬ 
gathering power of a lens only when the object is at a great dis¬ 
tance. Some of the older lenses were marked on the so-called 
uniform system, A lens marked ^'U.S. 16^’ has also a speed of 
//16, since the two systems were made to coincide at this point 
by definition. In the uniform system, the number is propor¬ 
tional to the exposure time required for a given exposure, whereas 
the//-number is proportional to the scpiare root of the exposure 



Fio. 224. 

time. I'he following table will make the relationship clear: 

/.systoin //I //L4 //2 //2.8 //4 //5.6 //8 //11.3 //It) //22.a 
Uniform sy.st(*in . 1 2 4 8 16 32 

The uniform system was practically abandoned as soon as the 
speed of objectives began to approach//4. 

The relative aperture of a lens can be determined by means 
of the following procedure: Focus the camera on a distant source, 
preferably at night. The image of this source will be sensibly a 
point. Then increase or decrease the distance between the lens 
and the ground glass by a known amount and measure the diam¬ 
eter of the resulting circle of confusion. In Fig. 224, let the 
ground glass be moved from position I to position II. It is clear 
that the ratio of the radius of the circle of confusion z' in the latter 
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position to the distance between the two positions is tan 
The//-number can be readily computed since 

//-number = ^ 

2 sm 6 

as can be shown by combining Eqs. (223) and (226) of Chap. 
XIX. 

168. The Transmission of Photographic Objectives. Flare.— 

It was shown in Sec. 15, Chap. I, that, when light is incident 
normally on a boundary between air and glass, approximately 
4 per cent is reflected and hence only 96 per cent is transmitted. 
Therefore, as a first approximation, if an objective is composed 
of four separated elements (eight air-glass surfaces), the trans¬ 
mission is only (0.96)® or approximately 72 per cent. This 
value is in fairly good agreement with actual measurements of 
the image-forming light transmitted by photographic objectives, 
as would be expected from the fact that the absorption of light 
within the glass can usuall}^ be neglected. Occasionally glasses 
having a pronounced yellow color are used, and in such cases the 
absorption of the rays to which the plate is sensitive may be 
serious, but otherwise the difference in transmission between 
objectives having the same number of air-glass surfaces is hardly 
noticeable. There is, however, a very great difference between 
objectives in the manner of distributing the light that is reflected 
at the various surfaces. In a simple lens containing but two 
surfaces, for example, approximately 4 per cent of the light that is 
reflected at the second surface is redirected by the first surface 
to the plate. The curvature of the surfaces may be such that 
an image of the object plane is actually formed near the focal 
plane, and hence every bright area of the object will give rise to a 
flare spot. On the other hand, these images may be formed so 
far from the focal plane that the reflected light is spread diffusely 
over the entire area of the plate. The effect in the latter case is 
to degrade the contrast slightly, but this is usually of far less 
consequence than a series of flare spots, or ghosts as they are 
sometimes called. 

A lens can be tested for flare by focusing it on a distant light 
at night. If flare exists, secondary images of the light will be 
visible at various points on the ground glass, and frequently 
images of the diaphragm will appear. Of course, the more 
elements there are in an objective, the greater the chance for 
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flare, unless the elements are cemented. The flare is usually less 
pronounced when the lens is used at full aperture.^ 

In 1892, H. D. Taylor discovered that old photographic lenses 
whose surfaces have become slightly tarnished transmit more 
light than new lenses of the same construction. Surmising that 
the lens surfaces had been changed in some manner so as to reflect 
less light, he experimented and found that hydrogen sulphide and 
alkaline sulphides reduce the reflecting power appreciably. 
Experiments made during the war indicated that such materials 
as acid sodium phosphate, boric acid, copper sulphate, nickel 
sulphate, potassium dichromate, and many others produce the 
same effect, the extent depending not only on the chemical but 
also on the kind of glass and the condition under which the process 
is conducted. Not enough experimenting has been done to make 
the process commercially useful, and surely the novice should not 
attempt to improve his lens by this method.^ 

169. Depth of Field.—Even a perfectly corrected objective is 
incapable of forming on the plate a sharp image of more than a 
single plane of the object space. As was pointed out in Chap. 
V, however, there is ordinarily a certain region of the object 
space that is in satisfactorily sharp focus, and the distance 
between the near and far boundaries of this region is known as 
the depth of field. The mathematical expression for this quantity 
was given by Eq. (Ill) as 


d = di d2 


z'p 

mp — 2 ' 


ZJ) 


mp + z' 


) 


where di is the depth on the far side of the object plane that is 
in sharp focus, do is the depth on the near side, p is the distance 
of this plane from the entrance pupil of the objective, m is the 
magnification between this plane and the plate, p is the radius 
of the entrance pupil, and z' is the radius of the largest circle of 
confusion that can be tolerated. The depth of field is ordinarily 
of importance only when the object on which the camera is 


^ Occasionally stray light is reflected, not from the lens surfaces them¬ 
selves, but from the interior of the lens mount. This is usually due to the 
use of too glossy an enamel for painting the mount, but it may also be due 
to the polishing of the enamel by the cloth used to wipe the lens. Painting 
the inside of the mount with a dead-black enamel as described in Sec. 149, 
Chap. XIX, will remedy the difficulty. 

^ Those who wish to experiment will find a good r68um6 on page 76 of 
the Ordnance Department publication cited in Chap. XV. 
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focused is fairly near the lens. In this case, mp is large compared 
with z' and the preceding equation becomes 


d 


m p 


(235) 


It was shown in Chap. XIX that the illumination on the plate 
depends upon the ratio p'/p', where p' is the radius of the exit 
pupil and p' is the distance of the exit pupil from the plate. But 
Eq. (106) of Chap. V states that 


and therefore 

V __ _ v' 

P mp' 


If this value of p/p is substituted in Eq. (235), the result is 




2z' p' 

p' 


(236) 


The negative sign results from the fact that the sign of z' was 
negative in Fig. 35, from which Eq. (Ill) was derived. 

It is evident from Eq. (236) that all objectives have exactly 
the same depth of field when compared under the same condi¬ 
tions. In other words, for a given illumination on the plate, the 
ratio p'/p' is fixed (except for the slight difference in the loss of 
light within different lenses). Then for a circle of confusion of 
a given size, z' is fixed and the depth of field is seen to depend 
only on the magnification. In other words, if it is desired to 
photograph a man who is 6 ft. in height and obtain an image 
on the plate that is 2 in. high, the depth oIF field is the same regard¬ 
less of what lens is used. Of course, the depth is increased if a 
smaller stop is used, but it is assumed that the stop is adjusted to 
provide the same illumination on the plate in all cases. ^ 

The value of z' that should be chosen for substitution in the 
above equations depends to a great extent on the degree to which 
the objective is corrected. For the very finest lenses, a value 
of 0.05 mm (0.002 in.) is reasonable. It is manifestly absurd 
ho assume a circle of confusion smaller than the smallest image of 
a point that the objective is capable of rendering, and hence a 
poor objective apparently has a greater depth of field than a well- 


^ For lenses of different focal lengths, the //-number may be different 
since the camera is not focused for infinity. 
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corrected one. This is undoubt(^dly the basis for the extravagant 
claims that are sometimes made for certain objectives by the 
manufacturers—claims that would certainly not be made if the 
majority of photographers were sufficiently conversant with 
optical principles to realize that a great depth of field is a sure 
indication of poor image quality. 

When a negative is to be enlarged, the value of z' should 
ordinarily be smaller than is necessary otherwise—in fact, it 
should usually be smaller in direct proportion to the subsequent 
magnification. Thus, in the example cited above, if the image 
of the man on the plate is only 1 in. high and the image on the 
ppint is to be 2 in. high, the circle of confusion formed by the lens 
should be half as large as before in order that it will be of the same 
size when the image is magnified in the enlarging camera. How¬ 
ever, the magnification between the object plane and the plate 
in the taking camera is only half as great in this cavse and, since 
the magnification appears squared in Kq. (236), the depth of field 
will evidently be doubled. There is, therefore, a great advantage 
from the standpoint of depth of field in making the smallest possi¬ 
ble negative and giving it all the subseiiuent enlargement that 
the graininess of the material will permit. 

For practical purposiis, it is convenicuit to have at hand a 
table giving the d('pth of field as a function of the magnification 
(or object distance) and the relative aperture. Such a table 
can readily be prepared for a given lens by the aid of Eq. (Ill), 
but the values do not apply to other lenses, even of the same 
focal length and relative aperture, because the pupils and the 
principal planes may be differently located. The table given on 
page 464 has been computed for a simple lens, in which both pupils 
and both principal planes coincide at the lens. The first column 
gives the magnification between the object plane on which the 
camera is focused and the plate, and the second column gives 
the distance of this object plane expressed in terms of the focal 
length of the lens. 

In computing this table, the diameter of the circle of confusion 
was assumed to be 0.1 mm (0.004 in.), which is ordinarily the 
smallest image of a point that can be obtained with a well- 
corrected objective. In other words, this table applies for work 
of the most exacting character. The depth of field is approxi¬ 
mately proportional to the size of the circle of confusion—strictly 
proportional when the near and the far depths are the same. 
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Hence, if a larger circle of confusion can be tolerated, the depth 
of field can be obtained by multiplying the values in this table 
by the proper factor. 

Tablk XXVII.— Depth of Field of a Thin Lens on the Basis of a 
Maximum Circle of Confusion 0.1 mm (0.004 in.) in Diameter 
The upper number in each square is the depth on tJie far side of the object 
plane and the lower number is the depth on the near side. 


Magni¬ 

fication 

Distance 
of object 
plane 

fli 

//5.6 

//8 

//ll 

//16 

1 

2/ 

j 0.0:nn. 

\ 0 08 in. 

0.04 in. 
0.04 in. 

0.06 in. 
0.06 in. 

0.09 in. 
0.09 in. 

0.13 iit. 
0.13 in. 


■if 

j 0 10 in. 

[ 0.10 in. 

0.14 in. 
0.18 in. 

0.19 in. 
0.18 in. 

0.27 in. 
0.26 in. 

0.59 in. 

0.55 in, 


6/ 

j 0.49 i:.. 

\ 0.47 in. 

0.69 in. 
0.64 in. 

0.98 in. 
0.93 in. 

1 .38 in. 
1.26 in. 

2.07 in. 
1.82 in. 

Mo 

11/ 

1 1.82 in. 

I 1.71 in. 

2 57 in. 
2.85 in. 

. 1 

8.76 in. 
3.81 in. 

5.30 in. 
4.43 in. 

8.09 in. 
6.25 in. 


21/ 

1 7.2 in. 

\ U.3 in. 

10.3 in. 
8.6 m. 

15.4 in. 
11.9 in. 

22.4 in. 
15.7 in. 

36.2 in. 
21.4 in. 

Ho 

51/ 

/ 4.0 ft. 

1 2.9 ft. 

6.1 ft. 
3.9 ft. 

10.0 ft. 
5.1 ft. 

16.6 ft. 
6.5 ft. 

38.6 ft. 
8.3 ft. 

3'ioo 

101/ 

/ 19.6 ft. 
(10.2 ft. 

34.0 ft. 
13.0 ft. 

75.0 ft. 
16.4 ft. 

305.0 ft. 
19.6 ft. 

00 

23.6 ft. 


This table applies strictly to a lens whoso focal length is 5 in., but since 
the depth of field, when expressed in terms of the magnification, is very 
nearly independent of the focal length, the values hold well for a lens of 
any focal length unless the magnification or relative aperture is small. 

Most inexpensive cameras are made of the fixed-focus type, 
and they are ordinarily constructed so that the total depth 
of field is a maximum. This is obtained by making the far depth 
infinite, which can be seen from Eq. (Ill) to result when mp = z'. 
Since from Eq. (51) m = — J/x, where x is measured from 
the first focal point, it follows that 

Ef. 


Xh == 


(237) 
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If a camera is focused on an object plane at this distance from 
the first focal point, all objects will be in satisfactory focus from 
this plane to infinity. It is easily proved that, on the near side 
of this plane, they will be in focus down to a point midway between 
the object plane that is in focus and the entrance pupil of the 
objective. The distance Xh defined by Eq. (237)^ is galled the 
hyper focal distance. 

170. Perspective Considerations in Photography.—It is mani¬ 
festly impossible to reproduce a three-dimensional object space 
on a plane surface in such a manner that an observer possessing 
binocular vision will be entirely satisfied with the result. The 
best that can possibly be done is to make the reproduction satis- 
fact.ory to an observer who possesses but a single eye. Even 



Fui. 225. 


in this case, the photographic reproduction is not entirely true 
to nature because the image lies in a single plane; whereas, when 
the observer views the original object, some idea of the spatial 
relationships is gained by the amount of accommodation required 
to bring the various object planes into focus on the retina. 
Disregarding these inherent limitations, however, there are 
certain conditions that must be fulfilled if a photograph is to 
represent properly the perspective relationships of a three-dimen¬ 
sional object space. 

Suppose that the observer in Fig. 225 views a three-dimen¬ 
sional object space, which is here represented for simplicity by the 
cube A BCD. The center of perspective is obviously the center 
of the entrance pupil of the observer’s eye, as is easily seen by 
imagining the pupil to be contracted until only the chief ray from 
each point of'the object space reaches the retina. A transparent 
glass plate PP could then be introduced at a distance d in front 
of the entrance pupil, and a drawing could be made upon it which, 
if skillfully executed, would constitute a satisfactory reproduc- 
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tion. The problem is now to determine the conditions under 
which an optical system will produce an equally satisfactory 
photograph. 

In Fig. 226, an optical system with entrance and exit pupils 
at E and forms an image of the cube A BCD at A'B'C'D'. 
Since thejantrance pupil of this system is the center of perspective 
for the object space, it should obviously be located at the same 
distance from the object as the pupil of the eye in the preceding 
figure. Now imagine a photographic plate P'F' located at a 
distance D from the exit pupil. The chief ray from each point 
in the object space passes through the center of the exit pupil 
and intersects the plate in the manner indicated. It will be 
obvious that if an' = ai, a 2 == ^ 2 , etc., the photographic plate 



Fio. 220. 

could be inserted at a distance D in front of the eye and would 
then constitute as satisfactory a reproduction of the g(X)metry of 
the object space as the glass plate in Fig. 225. In fact, if Z) = d, 
the two plates would be identical. To satisfy the assumed 
condition, the angular magnification between the entrance pupil 
and the exit pupil must be unity. Thus the pupils must lie in 
planes through the corresponding nodal points of the ^stem. 
The simplest case for which this is true is a simple thin lens, in 
which the nodal points and the entrance and exit pupils can be 
assumed to coincide at the lens. When the pupils do not lie 
in the plane through the nodal points, the perspective relation¬ 
ships are quite involved,^ but the simple lens will suffice to 
illustrate a fundamental principle underlying any reproduction 
of space on a plane surface—namely, that the reproduction is 

1 This problem was discussed mathematically by Gleichen, “Die Gnind- 
geseUe der naturgetreuen photographischen Abbildung/^ publishtni by 
W* Knapp (1910). 
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correct in its perspective relationships only when it is viewed 
from one particular distance. Jn the case of contact prints, 
this distance is equal to the distance of the negative from the 
exit pupil of the system at the time V e picture was made, which 
is equal to the focal length of the lens if the camera is focused 
for infinity. For an enlargement, the viewing distance must, 
of course, be increased in direct proportion to the magnification 
produced by the enlarging camera. 

The consequences of viewing a photograph from an incorrect 
distance are evident from Fig, 227, in which P'P' is a photograph 
that faithfully reproduces the appearance of the cube A BCD 
when the eye is in position E. Now, if the eye is moved to a 
position the brain has difficulty in interpreting the information 



FiO. 227. 

given by the photograph. If the size of the cube is known, its 
position on the axis can be inferred. The cube will appear dis¬ 
torted, however, because its depth dimension is apparently 
increased at the expense of the transverse dimensions. This 
relative increase in the depth dimension has the effect of making 
distant objects appear too small and near objects too large in 
comparison. Thus, in a landscape, distant mountains do not 
appear of sufficient lieight compared with the foreground; and, 
in a portrait, the nose of the subject appears excessively large. 
On the other hand, viewing the photograph from too close a 
distance has the opposite effect. 

Photographers usually offer a somewhat different explanation 
for this phenomenon. Since photographs are customarily viewed 
at the conventional reading distance of 10 in., it is clear that this 
distance is ordinarily too great when a lens having a focal length 
less than 10 in. is used, and too small when a lens having a greater 
focal length is used. The photographer therefore associates 
the distorted perspective with the focal length of the lens. Focal 
lengths greater than 10 in, are rarely used, but focal lengths as 
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short as 3 in. are frequently used in small folding cameras.^ 
The type of perspective distortion illustrated in Fig. 227 is 
therefore the most common. An example of the violent perspec¬ 
tive that can be produced in this way is shown by the photograph 
reproduced in Fig. 228. This photograph was made originally 
with a lens of 4.4 in. focal length, but after allowing for the reduc¬ 
tion in making the cut, the proper viewing distance is 2.5 in. 
Only a myope is capable of accommodating for this distance, 
but an emmetrope can view the picture satisfactorily with the aid 
of a lens having a focal length equal to the proper viewing dis- 



Fig. 228 . 


tance. When viewed from this distance, the perspective relation¬ 
ships are correct. 

It is important to distinguish between the choice of the proper 
viewing distance and the original choice of the center of perspec¬ 
tive or point of view. A house, for example, does not appear 
at its best when viewed from too close a distance and neither does 
it appear at its best from too great a distance. The choice of 
the desired point of view should theoretically be made inde- 

1 The improvement obtained by enlarging a photograph made with a 
small camera is very largely due to the improvement in perspective. It 
will be seen that a three-fold enlargement of a negative made with a camera 
having a lens of focal length 3.3 in. makes the perspective correct for viewing 
at the conventional reading distance of 10 in. If the enlargement is to be 
hung on a wall, it is generally observed from a somewhat greater distance 
and hence a greater enlargement is desirable. 
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pendently of the focal length of the objective, which should be 
chosen with reference to the distance at which the photograph 
is to be viewed. However, practical limitations may prevent the 
photographer from carrying out this program. He may be 
unable to select the most desirable point of view, as, for example, 
when photographing a building in a city. If it must be photo¬ 
graphed from the opposite side of the street, not only is the point 
of view too close for the best pictorial effect, but the focal length 
required to include the entire building on a plate of reasonable 
dimensions is too short. 

One rule that is emphasized for beginners in photography is 
that the camera should never be pointed upward or downward. 
This rule is due to the fact that artists have always represented 
a subject by its projection upon a vertical plane; and so, although 
people are accustomed to the convergence of horizontal lines in 
a picture, they are unable to understand or interpret the con¬ 
vergence of vertical lines. The cameras used by professional 
photographers and advanced amateurs are usually provided with 
a swing back, so that the plate can be maintained in a vertical 
plane at all times. Some cameras are provided with a rising and 
falling front, which accomplishes the same result provided the lens 
has sufficient covering power. The owner of a camera that 
possesses neither of these adjustments can correct the distortion 
when making the positive by using a projection printer and inclin¬ 
ing the negative and the positive material at the proper angles. 

As indicated at the beginning of this section, no two-dimen¬ 
sional representation can ever be completely satisfactory, even 
for monocular vision, because the observer is not required to 
refocus his eyes for the different object planes. Inasmuch as 
only one plane can be in sharp focus in the photograph, the best 
that can be done is to focus the camera on the object of principal 
interest and then to regulate the diaphragm of the objective 
so that the depth of field in the photograph is the same as it 
would be to an observer accommodated for this plane. For a 
symmetrical objective, this condition is fulfilled when its entrance 
pupil is of the same size as the entrance pupil of the eye of the 
observer, but again practical considerations usually prevent 
this condition from being fulfilled. It may be stated, however, 
that when the requirements for obtaining true-to-nature photo¬ 
graphs are met, the result is so lifelike, especially when viewed 
with only one eye, that it appears to be almost stereoscopic. 
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MAGNIFIERS AND OCULARS 

Magnifiers and oculars are fundamentally very much alike, 
the chief distinction being that magnifiers are designed to magnify 
a real object and oculars to magnify the image formed by another 
optical system." The property of principal interest in either case 
is the magnifying power, and this can be discussed without mak¬ 
ing any distinction between the two instruments. 

171. Magnifying Power.^—The magnifying power of any optical 
instrument was defined in general terms in Chap. XIX as the ratio 
of the size of the image formed on the retina when the instrument 



B 

Fig. 229. 


is used to the size of the retinal image for the unaided eye. It 
remains merely to interpret this definition in terms of the con¬ 
stants of a magnifier or ocular. In Fig. 229A, let a small object 
of height y be located at a distance d from the first principal 
point of the eye. The size of the retinal image obviously depends 
on the value of d; but, since the object cannot be placed closer 
than the near point of the eye, there is a definite limit to the size 
of the retinal image that can be formed by the unaided eye. In 
specifying the magnifying power of optical instruments, the value 
of d is arbitrarily assumed to be equal to the conventional reading 
distance of 10 in. or 250 mm. 

Suppose now that a magnifier is placed before the eye as in 
Fig. 229B. To make the comparison fair, assume that the image 
P', which the magnifier forms of the object P, is located at the 
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same distance from the first principal point of the eye as before. 
In this case, the magnifying power of the instrument is simply 



where y' and y are the heights of the image and the object 
respectively. But y'/y is the linear magnification produced by 
the magnifier, and this quantity is given by Eq. (66) as 



where x' is the distance of the image from the second focal point, 
of the magnifier. This distance is negative, of course, by our 
sign convention. In general, the eye is located with its first 
principal point in the vicinity of the second focal point of the 
magnifier, and hence x' is approximately equal to 10 in. or 250 
mm. The magnifying power of a magnifier is therefore 

M = y (in.) (238) 

= (mm). (239) 

The positive sign indicates that the image is erect. It is clear 
that this equation holds also for an ocular, the only difference 
being that in this case the object is an image formed by another 
optical system. In a telescope or a microscope, for example, it 
is the image formed by the objective. 

Both magnifiers and oculars are frequently focused so that 
the image is at infinity instead of at 10 in. from the eye, as 
assumed above. However, this requires only a slight displace¬ 
ment of the object with respect to the magnifier because the focal 
length of the latter is ordinarily so short that an image distance 
of 10 in. is practically infinite by comparison. Since the image 
subtends the same angle from the second nodal point of the 
magnifier as the object does from the first, the angle subtended 
at the eye when the image is at infinity is substantially the same 
as when the image is at 10 in. Furthermore, when the image is 
at infinity, the position of the eye with respect to the magnifier 
is unimportant. It follows, therefore, that the changes in the 
magnifying power of a magnifier or an ocular that are ordinarily 
brought about by varying the image distance are negligible, 
especially in view of the arbitrary assumption of 10 in. as the 
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distance that an object would be held for examination by the 
unaided eye. An uncorrected myope would, of course, derive 
less benefit from a magnifier than an emmetrope, but he also has 
less need for one. 

172. T3rpes of Magnifiers.—An ordinary double-convex lens 
is the simplest type of magnifier and is widely ustni for reading 
glasses, watchmakers’ loupes, and inexpensive pocket magnifiers. 
As might be expected, the aberrations of a double-convex lens 
cause the definition to deteriorate rapiidly in the outer portion 
of the field—the field that is covered sharply being rarely more 
than 10° in angular extent. The system can be achromatized 
by adding a concave lens of flint glass, and some of the mono¬ 
chromatic aberrations can also be reduced. Some high-grade 
watchmakers’ loupes are cemented doublets constructed in this 
manner. Photo-engravers often use a magnifying glass consist¬ 
ing of two plano-convex elements of crown glass mounted with 
their plane sides outward and the vertices of the curved surfaces 
almost touching each other. This combination has a large field 
free from distortion and is useful for magnifications up to three 
or four times. 

The magnifiers just described are useful primarily for relatively 
low magnifying powers. For higher powders, more attention 
must be paid to the correction of the aberrations. Lateral 
chromatism is one of the aberrations that become serious in 
the margins of the field. In some magnifiers, such as the one 
shown at A in Fig. 230, this aberration is eliminated by properly 

separating the two elements (see 
Sec. 56, Chap. VI). The complete 
elimination of lateral chromatism 
requires that the object be placed 
in contact with the lens surface if 
the magnifier is to be symmetrical. 
In other words, the working distance 
Fig. 2.30. —Types of magnifiers, (^.c., the distance from the object 

nearest refracting surface) 
would be zero. Hence, in practice, 
the separation of the elements is made slightly less than the 
condition for complete achromatism requires. At best, however, 
the working distance is inconveniently short, especially in the 
high powers; and the necessary proximity of the magnifier to the 
object prevents the latter from being properly illuminated unless 
it happens to be transparent. 
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An interesting type of magnifier is commonly credited to 
Coddington although it should really be ascribed to Sir David 
Brewster. Its prototype was a magnifier designed by Wollaston, 
which consisted of two plano-convex elements separated by a 
short distance. Their curved sides were outward and a dia¬ 
phragm was interposed midway between their plane faces. 
Brewster improved this instrument by making it from a sphere 
of glass and cutting a groove about its equator to form a dia¬ 
phragm. A modern form is shown at B in Fig. 230. It is a very 
fair magnifier but expensive to manufacture. 

One of the best magnifiers now on the market is a cemented 
triplet consisting of a double-convex lens of crown glass between 
two negative meniscus kmses of flint., as shown at C in the figure. 
It. is known under the trade name ^'Triple Aplanat.’’ The 
field is large and the color correction excellent, so it may be used 
as an ocular as well as a magnifier. Since the elements are 
cemented, the loss of light is hardly more than with a single 
lens. It is especially meritorious as a magnifier because of its 
great working distance, which is nearly equal to that of a simple 
lens of the same power. A series of triple aplanats computed by 
C. S. Hastings is especially noteworthy. 

The working characteristics of the three types of magnifiers 
just described are well shown by the following excerpts from the 
catalogue of the Bausch and Lonib Optical Company. All the 
types given in this list may be obtained either in tubular mounts 
for dissecting microscopes or in folding cases for carrying in the 
pocket. 
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173. Types of Oculars.—As has l>een stated above, the only 
essential difference between an ocular and a magnifier is that 
the object for the latter is real, whereas the object for the former 
is the image formed by some other optical system. Oculars may 
therefore be designed to correct some of the residual defects in 
other elements of the system. In addition, oculars are frequently 
called upon to supply other functions not required of magnifiers. 
For example, it may be desired to introduce cross hairs or scales 
for purposes of measurement, or, if the image formed by the rest 
of the system is inverted, the ocular may be called upon to erect 
it. In the present section we shall describe the types of oculars 
that are used solely to magnify the image and then consider in 
later sections the types that perform other functions in addition. 

It is clear that any of the magnifiers described in the preceding 
section can be used as oculars, and the triple aplanat is indeed 
excellent for this purpose. Such a lens gives a beautifully sharp 
and flat field of approxirm tely 30° that is very free from chroma¬ 
tism and distortion. The loss of light and flare are at a minimum 
because there are only two air-glass surfaces, and hence this type 
of ocular is especially suitable for examining faint objects. The 
manufacturing cost is rather high, however, and the field is 
smaller than is desirable in optical instruments of high power. 

The type of ocular that enjoys the widest use is credited to 
Huygens. It consists of two elements of the same kind of glass, 
usually spectacle crown, the ratio of the focal lengths varying 
from 3:1 to 1.5:1 according to the type of correction desired. 
These elements are separated by a distance equal to one-half 
of the sum of their focal lengths, and therefore the combination 
is free from lateral chromatism. The path of the rays through 
an ocular of this type is shown at A in Fig. 231. The objective 
(not shown) forms an image in the first focal plane of the ocular. 
This image is a virtual object for the ocular, which consists of the 
field lens FL and the eye lens EL, In most visual instruments, 
the objective is the aperture stop. The exit pupil (or eye point) 
is therefore the image of the objective formed by the ocular. 
It is generally close to the second focal point of the ocular and is 
indicated in the figure by EP, 

If the image formed by the objective is at the first focal point 
of the ocular, the image seen by the observer is at infinity, which 
is usually the most satisfactory image distance for a person 
with the normal range of accommodation. It follows, therefore. 
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that the field stop S should be located at the first focal point 
of the eye lens so that its irna^ 2 :e may likewise be formed at 
infinity. Also, if the ocular is to l)e provided with cross hairs or 
a scale, it should lie in the plane of the field stop S, The scale is 
then magnified by the eye lens alone; and, since the corrections 
that are provided by the field lens are lacking, the field that is 
sharply covered is small. Nevertheless, a micrometer ocular 
of this type is used to some extent in microscopy, but the scale 
is made very short and is placed at the center of the field. 

The field of a Huygenian ocular is sharp out to about 25° 
and is very fair to 40°. Dfstortion and lateral chromatism 



Fig. 231.—Path of rays tlirough oculars. A, HuyKoiiian type; B, Ramsden 

tyi)e. 


are small, but the curvature of the field, which is convex toward 
the eye, is very pronounced. The longitudinal chromatism is 
about 50 per cent greater than that of a simple lens of the same 
focal length. To overcome these difficulties, the Huygenian 
ocular has been modified in several ways. A modification due 
to Mittenzwey, in which the field lens is meniscus, covers a 
field of approximately 50° with fair definition to the margin. 
Perhaps the most striking modification is a type patented by 
Tolies in the middle of the last century, although it was not 
original with him. It is similar in appearance to a Coddington 
magnifier, but the curvature ratio between the first and last 
surfaces is 1.5:1 instead of 1:1 and the groove that serves as 
diaphragm is at about one-third of the distance from the field 
end to the eye end. Although it is difficult to construct, it is 
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superior to the two-lens type for high powers, not only because 
of its small loss of light and its freedom from flare, but also 
because of its extensive field and exquisite definition. A further 
improvement has been described by Hastings in which the longi¬ 
tudinal chromatism is reduced by making the surface at the eye 
end concave and cementing a thin double-convex lens of flint glass 
to it. 

An ocular devised by Ramsden is commonly used in instru¬ 
ments that arc designed primarily for determining the size or 
direction of the object because it is better adapted for the use of 
scales or cross hairs. Hiis ocular consists of two plano-convex 
lenses made of ordinary crown glass placed with their plane sides 
outward. The focal length of both elements is the same, and 
the lateral chromatism is corrected by making the separation 
equal to the focal length. Since the first focal plane of such 
a system is coincident with the field lens, the cross hairs or the 
scale of the micrometer must lie against this lens. Any specks of 
dust upon the lens surface are therefore plainly evident to the 
observer. The focal plane can be moved forward at the expense 
of the correction for lateral chromatism by bringing the elements 
nearer together. The prevailing custom nowadays is to make 
the separation approximately two-thirds of tlie focal length 
of the elements. The path of rays through an ocular of this type 
is shown at B in Fig. 231. The image formed by the objective 
is at the first focal point F of the ocular, and it is here that the 
field stop S and th(i cross hairs or scale of the micrometer must 
be placed. It is evident that this type of ocular can be used as 
a magnifier, and it is therefore called a positive ocular in con¬ 
tradistinction to the Huygcnian or negative type. 

The field of the Ramsden ocular is of approximately the 
same size as that of the Fluygenian. The Ramsden ocular is 
about equally free from distortion, but its field is much flatter. 
Although the lateral chromatism is slightly greater than that of 
the Huy genian type, the longitudinal chromatism is only about 
half as great. Many modifications of the Ramsden ocular have 
been devised, the purpose of most of them being to improve the 
chromatic correction. One of the best known of these is the 
Kellner, in which the eye lens is an achromatic doublet. In 
its modern form, this ocular gives an achromatic and orthoscopic 
field that in some models is as large as 50°. Its most serious 
disadvantage is the pronounced ghost resulting from light 
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reflected successively from the inner and outer surfaces of the 
field lens. 

Inasmuch as it is desirable to interchange oculars freely, the 
tube sizes have been standardized. For telescopes, the standard 
diameter is 1.25 in. (31.8 mm); for microscopes, the standard 
diameter is 0.917 in. (23.3 mm). 

174. Compensating Oculars.—It will be evident that the 
amount of lateral chromatism in an ocular can be readily varied 
by altering the separation of the elements, although this pro¬ 
cedure affects the other corrections to some extent also. Oculars 
for large telescopes are provided with means for adjusting the 
separation of the elements and thereby securing the most satis¬ 
factory image by trial. Special oculars are available for use 
with apochromatic microscope objectives. These oculars are 



I'lG. 232.—1‘atli of rays through a four-loiis erocting ocular. 


overcorrected for lateral chromatism to compensate for the under¬ 
correction of the objective. They arc therefore known as 
compensating oculars. It is customary to make low-power 
compensating oculars of the Huygenian type and the high-power 
of the Ramsden. They can then be designed so that the first 
focal point lies the same distance below the shoulder that sup¬ 
ports tbe ocular in the draw tube to eliminate the necessity of 
refocusing when one ocular is substituted for another. 

A special type of Huygenian ocular has been found desirable 
for photomicrography, inasmuch as the image in this case is 
at a considerable distance behind the ocular instead of 10 in. in 
front of it. The eye lens of this projection ocular, as it is called, 
is made adjustable so that the image of the field stop and the 
image of the object under examination can be focused simul¬ 
taneously upon the plate. Another type of ocular that is 
intended exclusively for photomicrography consists essentially 
of a negative lens. This gives a very large flat field when used 
with the objective for which it is designed. 

176. Erecting Oculars.—All the magnifiers and oculars de¬ 
scribed up to this point form erect images of the objects they 
magnify. This may be an undesirable feature in an ocular, 
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since the image formed by the rest of the system may have been 
inverted. Such instruments as opera glasses, field glasses, 
and terrestrial telescopes must necessarily be provided with 
erecting oculars to rcinvert the image. 

The simplest type of erecting ocular is a single negative lens. 
It will be discussed in Sec. 180 of the following chapter. A 
more complicated type that is widely used in terrestrial telescopes 
is shown in Fig. 232. The objective forms an inverted image at 
P' and the first three Jensens of the ocular form an erect image at 
P". Since this image is merely magnified by the eye lens, the 
image seen by the observer is erect also. 



CHAPTER XXIII 


TELESCOPES 

In the st.rict terminolop;y of optical theory, a telescopic system 
is one that forms an irna^e at infinity of an infinitely distant 
object. In practice, however, the object may be located at a 
finite distance and the instrument may be adjusted to form 
an image at a finite distance also. In fact, there is no sharp 
distinction between telescopes on the one hand and microscopes 
on the other. Generally speaking, an instrument that is used 
to examine objects that would be held closer to the eye than 10 
inches, if the accommodation of the observer would permit, is 
called a microscope, and an instrument that is used to examine 
objects at a grcaitcr distance is called a telescope. 



Fkj. 233. 

176. The Theory of Telescopic Systems.—Telescopes are 
constructed in a great variety of forms, but the same underlying 
principles are common to all. A very simple system will there¬ 
fore suffice for illustration. In Fig. 233, suppose that an object 
of height y is located at P (not shown) at a distance in front 
of the objective 0, which will be assumed to be thin. The 
objective forms an image at F' at a distance behind the 
objective, the height of the image being 


This image is observed by means of an ocular F, which forms a 
virtual image at P" (not shown). Assuming the ocular to be 
thin, the height of the image at P" is 

479 
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6'2 S i52 


( 240 ) 


where 8% is the distance of P' from the ocular and 6 ^ 2 ' is the distance 
of P".* 

If Si and S 2 are large compared with y and y", the magnifying 
power of the telescope is 


M - 


- y"/s,' 

y/^i 


since the numerator and denorninat-or represent the angles sub¬ 
tended at the eye by the image and the object respectively. 
Substituting the value of y"/y obtained from Eq. (240), 


M = 


81 


S2 


Since Si and are large, Si' = fi and S 2 = / 2 , where/i is the focal 
length of the objective and /2 that of the ocular. Hence the 
magnifying power of a telescope when used under the assumed 
conditions is 

M = -fy- (241) 

It is sometimes convenient to regard the magnifying power 
of the telescope as the product of the individual magnifying 
powers of the objective and ocular. Imagine a telescope used 
without an ocular. The image formed by the objective must 
then be examined by the unaided eye, which must obviously 
be placed at least 10 in, behind the image. If the focal length 
of the objective is 10 in., the angle subtended by the image 
when viewed from this distance will be the same as the angle 
subtended by the object itself. Hence, the magnifying power 
of the objective is 

(242) 

the negative sign indicating that the image is inverted. The 
magnifying power of the ocular is given by Eq. (238) as 

Ms = ^ (in.). 

* Since 82 ' is negative whereas all the other distances are positive, y" 
is negative and therefore the image is inverted. For many types of tele¬ 
scopes, notably astronomical and reading telescopes, this is no objection. 
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Hence, the magnifying power of the complete instrument is 

M = Ml Mi = -fy’ 

J2 

which is the same as Eq. (241). 

The magnifying power of a telescope can be measured very 
satisfactorily by means of the arrangement illustrated in Fig. 
234. Two glass plates and are used to enable the eye to 
view the object around the outside of the telescope and at the 
same time to see the image formed by the telescope superposed 
upon it. The magnification can be read directly by sighting 
the telescope on a suitable scale. A picket fence or a brick wall 
may be used if nothing better is at hand. Another method that 
requires no auxiliary apparatus but gives results that are suffi¬ 
ciently precise for most purposes is to look through the telescope 



Fig. 234. 


with one eye and obserte the scale directly with the other. 
With a little practice the images formed by the two eyes can be 
made to appear in superposition. 

The objective is the largest and most expensive part of a tele¬ 
scope and it should ordinarily be the aperture stop of the system. 
It is then the entrance pupil as well, since there are no lenses 
preceding it. The exit pupil is the image of the objective formed 
by the ocular. Since the objective is located at a considerable 
distance to the left of the first focal point of the ocular, the exit 
pupil is not far from the second focal point. If p represents the 
radius of the entrance pupil, the radius of the exit pupil is 



For a truly telescopic system, this becomes 



( 243 ) 
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In other words, the ratio of the size of the entrance pupil to the 
size of the exit pupil of a telescopic system is equal to its 
magnifying power. This circumstance provides an alternative 
method of measuring the magnifying power of a telescope. The 
procedure is to. focus the telescope for infinity, locate the exit 
pupil, and compare its diameter with that of the objective. 
The exit pupil can be located readily by directing the telescope 
toward the sky and moving a piece of ground glass back and 
forth behind the ocular until the point is found where the emer¬ 
gent beam is smallest and most clearly defined. This sharply 
defined disk of light formed at the exit pupil is sometimes called 
the eye circle or Ramsden circle. 

The useful magnifying power of a telescope is limited by its 
resolving power, as was made clear in Chap. XIX. It was 
there shown that if the entrance pupil of the eye lies in the plane 
of the exit pupil of the instrument, full advantage is taken of 
the inherent resolving power of the instrument when its exit 
pupil is no larger than the entrance pupil of the eye. On the 
other hand, the illumination of the retinal image is a maximum 
when the pupil of the eye is filled, and it decreases in proportion 
to the area of the exit pupil when the latter is smaller than the 
pupil of the eye. From the standpoint of optical theory, there¬ 
fore, the magnifying power of the instrument should be chosen 
so that the exit pupil is of the same sizc^ as the entrance pupil 
of the eye. Practical expcuaence has indicated, however, that 
it is usually desirable to depart somewhat from this condition. 
In other words, the better seeing conditions that result from 
using a magnifying power slightly higher than normal more 
than compensate for the loss of illumination in the retinal image. 
For the examination of terrestrial objects in daylight, the 
optimum size of the exit pupil is found to be in the neighborhood 
of 1.6 mm, which corresponds to a magnifying power approxi¬ 
mately twice normal. For the examination of double stars, 
which are distinguished by means of their overlapping diffrac¬ 
tion patterns, an even smaller exit pupil (or higher magnifying 
power) is generally employed. The usual practice for a telescope 
of moderate size is to use a magnifying power of 50 per inch of 
aperture, which results in an exit pupil only 0.5 mm in diameter. 
The fact that magnifying powers so much higher than normal 
are used in practice indicates that the resolving power of a good 
telescope is limited by diffraction rather than by aberrations, 
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The resolving power of a telescope depends upon the diameter 
of the objective and is independent of its focal length. Since 
the magnifying power depends upon the ratio of the focal length 
of the objective to that of the ocular, it is clear that varying 
both focal lengths in the same proportion merely varies the over¬ 
all length of the telescope without affecting either the resolving 
power or the magnifying power. For obvious reasons teh^scopes 
are made as short as possible, and therefore the objective should 
have as high a relative aperture as is consistent with the type of 
correction required. The relative aperture of the objective is 
usually in the neighborhood of //15 and rarely exceeds //T2. 
It should be noted that the focal length of the ocular that is 
required to produce normal magnification depends only on the 
relative aperture of the objective. Thus normal magnifying 
power is attained with an //15 objective when the focal length 
of the ocular is 1.5 in. (40 mm) regardless of the focal length 
of the objective. For the reason set forth above, a magnifying 
power somewhat higher than the normal is usually desirable. In 
practice, therefore, the focal lengths of telescope oculars range from 
1.5 in. down to 0.25 in., although 0.75 in. is the most common. 

The field of view of the simple telescope illuslTated on page 479 
is limited theoretically by the diameter of the ocular. In 
practice, of course, the maximum field of view is limited by the 
aberrations of either t he ocular or the objective, and it is desirable 
to insert a stop to limit, the field to the region where the image is 
sharply defined. This stop in the case of the telescope on page 
479 should be located at P' to make the image of the stop seen by 
the observer coincide with the image formed by the telescope. 

If the eye is placed elsewhere than in coincidence with the 
exit pupil of the instrument, it may, of course, limit the field 
of view. In the simple type of telescope sketched on page 479, 
the exit pupil is at a considerable distance behind the ocular. 
This is an exceptional condition, and the eye point of most oculars 
is uncomfortably close to the eye lens. There are occasions, 
however, when it is desirable to locate the eye point well behind 
the eye lens. The outstanding example is the telescopic sight 
used on rifles, which must be designed with a view to protecting 
the eye from injury due to the recoil of the gun. 

It has been assumed thus far that the telescope is to be used 
visually with an ocular to magnify the image formed by the 
objective. If the telescope is used to record the image on a 
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photographic plate, the ocular is removed and the plate is inserted 
in the plane of the image formed by the objective. Manifestly, 
there is no essential difference between a telescope used in this 
manner and a camera, except that the focal length of the objective 
is ordinarily longer than that of photographic objectives. If a 
contact print made in a photographic telescope is viewed at the 
conventional reading distance of 10 in., the magnifying power is 
simply the ratio/i/lO given by Eq. (242). 

177. Refracting Telescopes.—The earliest telescopes were 
of the simple type discussed in the preceding section, and their 
performance, judged on the basis of our present-day standards, 
was very poor because of aberrations. The spherical and chro¬ 
matic aberrations were the most serious, but their effect was 
found to be greatly reduced by increasing the focal lengths of the 
lenses. As a result, instruments over 200 ft. long came into use 
for astronomical observations. With the invention of the 
achromatic objective early in the eighteenth century, the tele¬ 
scope became a more practical instrument because its over-all 
length could be greatly decreased. Thus the refractor at the 
Yerkes Observatory, which is the largest of this type in the 
world, is only 65 ft. long, although its objective is ft. in 
diameter. Smaller telescopes of the same general form are used 
for a great variety of purposes, but they are still said to be 
of the astronomical type because this type was first used by 
astronomers. The image is inverted, of course, but this handicap 
is more than offset by certain other advantages that will be 
apparent later. One advantage that may be mentioned here, 
however, is the ease with which cross hairs or a scale can be 
inserted in the ocular. This, together with the simplicity of 
construction, accounts for the wide use of the astronomical type 
in surveying instruments, such as levels and theodolites; in 
instruments for reading the deflection of a galvanometer mirror; 
and in many other scientific instruments, such as spectrometers 
and goniometers. 

The principles underlying the design of all astronomical 
telescopes are generally the same notwithstanding the diversity 
in size and purpose of the various types. The modern develop¬ 
ments have been in the direction of improving the corrections 
of the instrument and adapting it to new purposes. Since 
oculars have been discussed in the preceding chapter, we shall 
confine our attention to the design of objectives. 
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The aberrations of modern telescope objectives are ordinarily 
eliminated so completely that the resolving power approaches 
closely that of an ideal system. This is possible because tele¬ 
scopes for visual use are not required to have a high relative 
aperture and also because the field that must be covered is small. 
The field of view seen by the observer is rarely greater than 35° or 
40°, being limited chiefly by aberrations in the ocular. The 
corresponding field in the object space is less in proportion to the 
magnifying power of the instrument. Thus the objective of a 
telescope with a magnifying power of 35 or 40 is required to cover 
a field of only 1°—that is, half a degree on either side of the axis. 
For this reason, the only aberrations that are of serious conse¬ 
quence in the objective are spherical aberration, coma, and 
longitudinal chromatism. The last aberration is the most diffi¬ 
cult to correct, and the glasses should be chosen so that the 
secondary spectrum is eliminated as compk^tely as possible. 

Telescope objectives are so relatively simple in construction 
that sernidirect methods can be followed in designing them. 
The classical treatment of the subject is by Harting^ but many 
valuable papers, of which one by Moffitf^ may be mentioned, 
have appeared since. Satisfactor 3 ^ corrections of the three 
aberrations mentioned above can usually be obtained with a 
doublet, which in small instruments consists of a double-convex 
crown element cemented to a plano-concave flint. The quality 
of an objective can be determined by the methods described in 
Sec. 139, Chap. XVII, but a better estimate of its performance 
under working conditions can be made by examining the image 
of a distant point source with an ocular of sufficient power to 
make the diffraction pattern visible. The appearance of this 
pattern when the ocular is racked back and forth through the 
focal point can be interpreted in terms of the individual aberra¬ 
tions by considering the principles discussed in Chap. VI. 
It may be added that the performance of many types of objectives 
is seriously affected by a relatively slight error in centering or 
squaring on, and that an objective should not be adjudged inferior 
until it is ascertained that these faults are not present. 

When photographic methods were first introduced into astron¬ 
omy, the photographic plate was simply inserted in the focal 
plane of the objective of an existing telescope. The chromatic 

1 Zeiis. Instrumenienk.y 18 , 357 ( 1898 ). 

^ Jour. Optical Soc. Amer. and Rev. Sci. Instruments, 11 , 147 ( 1925 ). 
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errors of an objective designed for visual use are serious in the 
violet region, where the photographic plate is most sensitive. 
The other corrections are also inferior in this region of the spec¬ 
trum, so it was found necessary to use color-sensitive plates and 
to remove the violet rays with a yellow filter. As soon as the 
importance of photographic methods was realized, special 
astrographic objectives were developed. In comparison with 
objectives designed for visual observations, these have a higher 
relative aperture, a larger field, and a dithu’ent type of chromatic 
correction. It was found impractical to use the new glasses 
because the indices are so similar that, deep curves are required. 
The elements would therefore have to be very thick and corre¬ 
spondingly expensive. Although the same difficulty arises 
when it is attempted to eliminate the si'condary spectrum by 
using more than two elements, some notable triplets and even 
quadruplets have been produced. An (especially interesting 
triplet is due to Steinheil. It is made in dianu^ters up to 4 in. 
and works at a relative aperture of f/4 to //5. This sort of 
objective must not be confused with an ordinary photographic 
objective of the same relative aperture because the former gives 
needle-sharp definition over a small field, whereas the latter 
gives mediocre definition over a large field. Wide-angle objec¬ 
tives are used for such purposes as the systemat ic survey of the 
heavens. An excellent objective of this type has been described 
by F. E. Ross.^ It has a relative aperture of //14 and gives 
critical definition over a field of approximately 30°. 

The method of focusing a telescope deserves brief considera¬ 
tion. Figure 235 shows schematically the construction of the 

eye end of a telescope. The 
ocular E fits smoothly into a 
tube T to which the field stop 
S and the cross hairs X are 
permanently secured. The 

Fig. 235. — The eye end of a spectrom- Operation is to direct the 

eter telescope showing adjustments. tclcSCOpe toward an illuminated 

surface and slide the ocular E back and forth until the cross 
hairs are in sharp focus. It is generally found to be most 
restful when the final image is placed as near the far point 
of the eye as possible. This can be accomplished by relaxing 



^Jour, Optical Soc. Amer.^ 6 , 123 ( 1921 ). 
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ihe uocoinmodation^ and withdrawing the ocular until the image 
is on the point of becoming blurred. With this adjustment made, 
the objective must be focused so that the image of the object is 
formed in the plane of the cross hairs, do accomplish this, the 
tube T is provided with a rack and pinion R. By turning the 
knob Kj this tube can be moved back and forth in the main 
tube at whose far end the objective is mounted. 

For such instruments as theodolites, which are exposed to the 
(‘lemenis, a draw tube of this sort is undesirable. Nowadays 
such instruments are frequently made with a fixed tube length 
and have a negative lens inserted between the objective and 
the ocular for focusing; as shown in Fig. 236. This lens is 
mounted in a tube fitted with a rack and pinion, and as the shaft 
t hat, carries the jiinion can be equipped with a stuffing box where 
it projects through th(^ main tube, the instrument is water-tight. 



Fi<i. 2S(i.—Tho optical system of a weather-proof theodolite telescope. The 
focusing is afioomplished by moving the negative lens along the tube. 


178. Reflecting Telescopes.—The first practical reflecting 
telescope appears to have been designed by James Gregory in 
1663, but the first to be actually constructed appears to have 
been made about five years later by Newton, whose experiments 
had led him to believe that achromatic objectives were impossible. 
Although Gregory seems to have understood that the mirror 
should he paraboloidal to eliminate spherical aberration, the 
early makers did not know how to realize such a figure in practice. 
These mirrors were made of speculum metal, which is an alloy 
of copper and tin. Its disadvantages were that its reflectance 
was only about 65 per cent when new and that the mirror had to 
be refigured when it became tarnished. Present-day mirrors are 
made of glass on which silver is deposited chemically. They 
have a reflectance of upwards of 90 per cent when new, and when 
tarnished the old silver can be dissolved away and a new coat 
deposited. 

With a reflecting telescope, some sort of apparatus must be 
introduced in front of the mirror to bring the image outside the 

^ Observers with little experience involuntarily accommodate for the 
ordinary reading distance when looking into an optical instniment. 
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tube where it can be examined. Sir William Herschel con¬ 
structed many reflecting telescopes, the largest of which had an 
aperture of 48 in. and a focal length of 40 ft. To observe the 
image, he tilted the mirror slightly in its mount and looked at it 
over the edge of the tube through an ocular, as shown at A in 
Fig. 237. This arrangement has the advantage that the loss 
of light is at a minimum, but it is impractical for small telescopes 
because the observer’s head would obstruct an appreciable 
proportion of the light. The commonest, arrangement is that 
devised by Newton, which is shown at B in the figure. It consists 
merely of a first-surface mirror or a right-angle prism placed in 




Fig. 237.- —The optical systems of reflecting telescopes. A, Hcrschelian; 
Newtonian; C, Cassegrainian. 




the tube to reflect the light through a hole in the side. The 
type of mounting devised by Cassegrain is shown at C in the 
figure. In this arrangement, the mirror is drilled with a central 
hole into which the light is reflected from a small hyperboloidal 
mirror, whose focus coincides with that of the large mirror. 
Thus the effective focal length is considerably increased. The 
type of mounting originally proposed by Gregory is somewhat 
similar except that the small mirror is ellipsoidal. Many of the 
large reflectors can be used in either the Newtonian or the 
Cassegrainian form. 

The field of a reflecting telescope is exquisitely sharp in the 
center, but it is extremely limited in extent because the oblique 
aberrations, such as astigmatism and coma, are pronounced 
at only a short distance from the axis. The superior covering 
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power of the refractor has therefore caused this type to be 
adopted for all but the very largest telescopes. The practical 
limitation to the size of refracting telescopes is set by the difficulty 
of obtaining disks of optical glass that are sufficiently homo¬ 
geneous and free from striae and other defects. Moreover, 
unless the disk is annealed with extreme care, stresses will be set 
up that may prevent it from retaining its figure after it leaves the 
optician’s hands. The difficulty of obtaining a satisfactory 
disk is also encountered in the case of the reflecting telescope, 
of course, but to a lesser degree because the light does not pass 
through the glass. On the other hand, the reflecting telescope 
presents some inherent difficulties. As it is swung from one part 
of the heavens to another, the mirror changes its position and the 
consequent flexure alters the figure of its surface. The same 
effect is produced on the objective of a refractor, but the changes 
in curvature of the various surfaces tend to compensate. 
Thermal changes are also more injurious to the performance of 
a reflector for a similar reason and therefore must be kept as 
small as possible. Many of these difficulties can be eliminated 
by using a material having a low temperature coefficient 
of expansion, and the improvements in the manufacture of fused 
quartz have led to experiments on the feasibility of making a 
2()0-in. mirror of this material. 

The advantage of the reflecting telescope lies in the fact that 
it is free from spherical aberration at its focus and is also inher¬ 
ently achromatic. It can therefore be made to have a very 
high relative aperture, usually in the neighborhood of //5, the 
limit being set by the ability of the optician to work to the 
close tolerance that such a high relative aperture entails. Thus 
the exposures are short in comparison with those required 
by the ordinary refractor. 

The mounting of a mammoth telescope is an engineering task 
of no small magnitude, but, as such instruments are few in 
number, it must suffice to state here that the tube is mounted on 
mutually perpendicular axes, one of which is parallel to the 
axis of the earth to enable objects to be followed as the earth 
rotates. A clockwork or motor keeps the instrument trained on 
the object under observation. 

179. The Terrestrial Telescope. —The term ^'terrestrial tele¬ 
scope” is specifically applied to the type of telescope in which an 
erecting ocular of the type shown in Fig. 232 is used This type 
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of instrument was very common before the invention of the prism 
binocular and is well known to everyone as the spy-glass of the 
old-time sea captain. The loss of light and the veiling glare 
caused by reflection at the large number of air-glass surfaces are 
serious faults. Moreover, the instrument must be inconveniently 
long, and it has therefore become practically obsolete. 

180. Galilean Telescopes. —The first telescopes about which 
we have definite information were those built by Galileo in 1609. 
These were of the type shown in Fig. 238, the distinguishing 
feature being the negative ocular. The optical principles of this 
type of telescope are sufficiently different from those discussed in 
Sec. 176 to warrant some discussion. 



If an object of height y is located at P at a distance si in front 
of the objective, the image formed by the objective is at P' at a 
distance to the right. The height of the image at F' is 


This image is a virtual object for the ocular. If the distance of 
P' from the ocular is and if its image at F" is at a distance , 
the height of the final image seen by the observer is 



52 5i52 


which is identical with Eq. (240). If both P and P" are at a 
great distance, the magnifying power is 



as before. However, /2 is negative in this case, so the final image 
is erect. 

If it be assumed, as before, that the objective is the aperture 
stop, it will be seen that the exit pupil, which is then the image 
of the objective formed by the ocular, is within the instrument 
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at approximately the second focal point of the ocular. ^ It Is 
therefore impossible to locate the eye at the exit pupil of the 
instrument, and the best that can be done is to place it as close to 
the ocular as possible. Even so, the pupil of the eye ordinarily 
becomes the aperture stop of the entire system. The entrance 
pupil is then the image of t.he pupil of the eye formed by 
the objective. It is located behind the observer and is magnified 
in the ratio/ 1 // 2 . As this ratio is equal to the magnifying power 
of the instrument, it will b(^ seen that the magnifying power is 
always normal, as it should be. 

If the eye is placed in coincidence with the ocular, the objective 
is obviously the field stop of the system. The half-angle of the 
field of view in the image space is therefore 


d 

2(/i + 72) 


where d is the diameter of the objective. Now 



and with this substitution 


a' = tan“^ 



(244) 


The fraction 1 /M is negligible in comparison with unity for larg(i 
values of M, and in this case the equation becomes 

a' = tan~^ * (245) 

The field of view in the image space of a Galilean telescope 
is therefore determined by the relative aperture of the objective. 
For an objective with a relative aperture of //12, which is approxi¬ 
mately the highest used in telescopes of the astronomical type, 
the total field angle 2a' in the image space is only about 5°. 
To attain the field angle of 40° that is common for astronomical 
telescopes, the relative aperture of a Galilean telescope objective 
would have to be approximately //1.4. Although the negative 
lens enables the designer to correct the instrument for a higher 
relative aperture than would be practical in an astronomical 
telescope, it is clear that the Galilean type cannot compete 
^ The focal points of a negative lens are crossed. 
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with the astronomical type in respect to the field of view. Since 
for small values of a\ the field of view in the object space is 

. 2a' 

2a = j 

M 

it will be seen that the use of the Galilean type is limited to low 
powers. 



Fiu. 239.—A typical prism binocular. One tube is cut away to show the 
arrangement of the optical parts. {By courtesy of Bausch and Lornb Optical 
Company.) 


The chief advantage of the Galilean telescope is its short over¬ 
all length, which makes it admirably suited for opera glasses. 

Moreover, since there are only four air- 
glass surfaces, the images are very 
brilliant and free from flare. On the 
other hand, the small field of view is a 
serious disadvantage, and consequently 
the highest practical magnifying power 
is but a little more than two. One 
noteworthy type of Galilean telescope 
is marketed under the name Sport 
Glass.” Its magnifying power is only 
two, but, by careful design, its relative 
* aperture has been made very high. It 

is therefore very short and compact, and its field of view in the 
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object space is approximately 13°. The objective of this instru¬ 
ment was sketched in Fig. 205 of Chap. XIX. 

181. Prism Binoculars.—The need for a compact erecting 
telescope magnifying six to ten times and covering a large field 
is met by the prism binocular. Such an instrument is shown in 
Fig. 239. As can be seen, it is essentially an astronomical 
telescope fitted with prisms which serve to diminish the length 
of the instrument and to invert and reverse the final image. 
Various types of prism systems are used, but the Porro system, 
shown in ihe figure, is the most common. It consists of two 
right-angle prisms, and, as can be seen from P’ig. 240, one inverts 
the image but leaves it still reversed right and left. A second 
prism oriented in a perpendicular azimuth reverses the image. 
Prism binoculars are commonly made with magnifying powers of 
six, eight, and ten, the useful power being limited chiefly by the 
difficulty of holding the instrument steady. The diameter 
of the objective is commonly 25 mm or 30 mm for the six- and 
eight-power instruments. The size of the field of view varies 
somewhat, but it is approximately 6° to 8° in the object space. 
It is made large, at the expense of good marginal definition if 
need be, because otherwise moving objects would be difficult to 
follow. 



CHAPTER XXIV 


MICROSCOPES 

The magnifiers described in Chap. XXII are sometimes called 
simple microscopes and, although they are eminently satis¬ 
factory for magnifying powers up to about twenty times, a 
compound microscope must be used when a higher magnification 
is desired. In its simplest form, the compound microscope is 
of the same type of construction as the astronomical telescope, 



Fig. 241.—The essential featnros of a compound microscope, showiuK the path 

of the rays. 


the chief point of difference being that the objective of a micro¬ 
scope is especially corrected for objects at a very close distance 
rather than for objects at infinity. The compound microscope 
is used so much more often than the simple microscope that 
the tendency is to use the term '^microscope” to designate the 
former and magnifier,” the latter. 

182, Magnif 3 dng Power. —The optical system of a typical 
compound microscope is illustrated in Fig. 241. It consists of 
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an objective and an ocular, the specimen being laid on the 
stage under the objective. As in the astronomical telescope, 
the objective forms a real image at or near the first focal plane 
of the ocular, which in turn forms a virtual image for the eye 
to observe. A microscopic specimen is almost never self- 
luminous, and hence some means of illuminating it must be 
provided. For transparent specimens, the method shown in 
the figure is very widely used. A lamp illuminates a piece of 
ground glass, which acts as a, secondary source. The light 
diffused from this glass is reflected at the plane mirror and is 
focused on the specimen by means of the substage condenser. 
The methods of illuminating opaque objects will be discussed 
in Sec. 184. 

The magnifying power of a microscope is determined by the 
product of the individual magnifying powers of the objective 
and the ocular. Since the function of the objective is merely 
to form a magnified real image that is e.xamined by the ocular, 
the magnifying power of the objective is evidently equal to the 
linear magnification between the object and its image. Thus 


where x' is the distance of the image from the second focal point 
and /' is the focal, length' of the objective. The demands upon 
the objective are so severe that it can be corrected for only a 
single image distance. The present tendency among microscope 
manufacturers is to adopt 180 mm as the distance from the second 
focal point of the objective to the first focal point of the ocular. 
This is called the optical tube length. Since the image is formed 
by the objective very close to the first focal point of the ocular, 
x' may be taken equal to 180 mm and hence 

15^0 

Ml = — j— (mm). (246) 

Ji 

The magnifying power of the objective expressed in this manner 
is frequently called the initial magnification^ since the objective 
is the first element in the magnifying system. The magnifying 
power of oculars was discussed in Sec. 171, Chap. XXII, where it 
was shown by Eq. (239) that 

^ If the objective is of the oil-immersion type, the first and second focal 
lengths are different and the quantity f in this (equation is, of course, the 
jjecond focal length. 
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M 2 


250 


(mm). 


The magnifying, power of the complete microscope is therefore 


M = M,M2 = 


180 250 

h * /2 


(mm). 


(247) 


An alternative method of computing the magnifying power of a 
compound microscope is to regard it as a single thick lens and 
apply Eq. (239) to the entire system. Thus 



(mm), 


where/ is the focal length of the entire system. It is easily shown 
that, if the image formed by the objective lies in the first focal 
plane of the ocular, the focal length of the entire system is given 

by 

7 = - ^ (mm). (248) 

J hh 


Hence, on substitution, 

M = 


^0 
■ /r 


250 

/2 


(mm), 


which is the same as Eq. (247). 

183. Resolving Power.—The objective of a microscope, like 
that of a telescope, should be the aperture stop of the entire 
system, and the exit pupil is therefore the image of the objective 
formed by the ocular. Since the objective is at a considerable 
distance from the first focal point of the ocular, the exit pupil is 
near the second focal point. This point is approximately 10 mm 
behind the eye lens, and consequently there is no difficulty in 
satisfying the primary requirement of visual instruments— 
namely, that the entrance pupil of the eye should lie in the same 
plane as the exit pupil of the instrument. 

The early work of Airy on the resolving power of the telescope 
led to the suspicion that the finite length of a light wave must 
impose a similar limitation to the useful magnification of a micro¬ 
scope. That such was the case was found by the early experi¬ 
menters with the microscope, who noticed that, when the 
magnification was increased beyond a certain limit, the image of a 
point became a spurious disk of light. The size of this disk was 
found to increase in proportion to the magnification as soon as 
this limit was reached, and hence no additional information about 
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the object could be gained. It will be recalled from Chap. VII 
that the image of a point formed by a centered system of spherical 
refracting, surf aces with a circular aperture stop consists of a 
central disk surrounded by rings of rapidly decreasing intensity. 
The central disk is the most important part of the diffraction 
pattern, and its radius was given by Eq. (164) of Chap. VII as 

, _ 0.61 X 
^ n' tan 0' 

This can be written as* 

, _ 0.61 X cos d' 

^ n' sin 

In microscopy, 0' is ordinarily so small that cos B' can be assumed 
to be equal to unity. Also, n' sin 6' can be transferred to the 
object space by means of the sine law, Eq. (129); whence 


2' 


0.61 X 


n sin 0 


(249) 


According to the criterion discussed in Chap. VII, z' is the 
distance between two points in the image that can just be 
resolved. The corresponding separation of the points in the 
.object is 

2 = -~* 
m 


The quantity z also gives a rough indication of the radius of the 
smallest circle in the object space that can just be distinguished 
from a point. Substituting z' in terms of z, 

0.61 X 

Z = r—r 

n Sin 6 


0.61 X 
N.A. ' 


(250) 


This treatment of the resolving power of a microscope is based 
on the assumption that the object is self-luminous, whereas 
microscopic specimens are almost invariably illuminated from an 
external source. Abbe was the first to show that it is not 
permissible to assume in the case of a microscope that a single 
point of the object radiates light in all directions. By means of 
an elaborate analysis, he found that the fine structure of the 
object produces a diffraction pattern instead. That such must 
be the case will be evident when it is recollected that the fine 
periodic structure of a microscopic object will produce spectra 
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just like a diffraction grating. Abbe showed that perfect images 
can be obtained only if all the spectra are collected by the objec 
tive and take part in the formation of the retinal image. If the 
spectrum of zero order alone is allowed to enter the system, no 
detail in the object appears. At least one of the side spectra 
must enter the system if any detail in the object that produces 
it is to be distinguished. As the numerical aperture of the micro¬ 
scope is increased, more spectra enter it and the resolving power 
increases in proportion. ^ 

It would be out of place here to attempt to reproduce the work 
of Abbe on the subject of microscopic vision. The chief result 
of practical importance is that the highest resolving power is 
obtained when the source of light is focused on the object with a 
condenser of such size that the beam fills approximately two- 
thirds of the aperture of the objective. This is called critical 
illumination, Abbe showed further that the finest detail which a 
microscope can resolve is 


^ (N.A.W + (N.A.).„„,. ■ 

If the numerical aperture of the condenser is equal to that of 
the objective, as it is approximately for critical illumination, 
this expression becomes 

^ A'.) ■ 

As a useful rule, therefore, the smallest separation of lines in 
the object that can be resolved is equal to the wave length 
of the light divided by twice the numerical aperture of the objec¬ 
tive. If 4'he substage condenser is omitted, as it frequently 
is for low-power work, the light striking the specimen is of 
random phase. Since (N.A,),:ond. = 0 in this case, the resolving 
power of the microscope is only half as great. The fact that 
the resolving power is found by experiment to depend upon the 
numerical aperture indicates that the optical system is so highly 
corrected that diffraction and not aberrations limits the resolution. 
It must be realized, however, that, although the diffraction of 
light follows definite laws, the criterion upon which any formula 
for resolving power is based must be arbitrary. The important 
feature to remember is that a limit does exist beyond which the 
magnifying power cannot profitably be increased. This limit 
can be recognized very easily in any particular instance after a 
little experience. 
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The question of the relationship between the magnifying power 
and the resolving power of visual instruments was discussed 
in Sec. 147, Chap. XIX, where it was shown that the normal 
magnifying power of a microscope is roughly 250 times its 
numerical aperture. At normal magnification, the exit pupil 
of the microscope is of the same size as the entrance pupil of the 
eye. Since the latter is then filled with light, the brightness 
of the object is the same as though the object were observed 
with the unaided eye, neglecting, of course, the absorption of 
light within the system. For reasons that are very similar to 
those discussed in the preceding chapter, experienced microsco- 
pists find that the best results are obtained with a magnifying 
power considerably higher than normal. This reduces the illu¬ 
mination of the retinal image in proportion to the square of the 
number of times that the actual magnifying power exceeds 
the normal, but the loss of light is not serious because plenty 
can always be obtained for visual w^ork. However, if too high 
a magnifying power is used, the exit pupil of the system becomes 
so small that any minute particles floating in the humors of the 
eye cast shadows on the retina. These arc sometimes mistaken 
by novices for particles floating in the specimen. 

184. Types of Objectives. —A microscope intended for serious 
work is always provided with a battery of oculars and objectives. 
Since it is very desirable to substitute one ocular or objective 
for another without causing the image to go out of focus, some 
convention must be adopted for the positions of the focal points 
of both elements. For instruments whose optical tube length 
is 180 mm, which is the most common to-day, the second focal 
points of objectives (except those of very low power) are placed 
32 mm below the shoulder that seats on the end of the microscope 
tube. The first focal points of the oculars are placed 12 mm 
below the shoulder that rests on the upper end of the tube. 
The distance from this end of the tube to the lower end, which 
is known as the mechanical tube lengthy is therefore 160 mm. The 
simplest microscopes have a fixed tube length, but the more 
elaborate ones have an adjustable draw tube engraved with a 
scale to indicate the mechanical tube length. 

It has long been customary to designate objectives in terms 
of their focal length in millimeters. According to Eq. (246), 
this value gives the initial magnification when divided into 180. 
More recently, certain manufacturers have begun to designate 
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their objectives in terms of the initial magnification itself, 
which is a great convenience because the magnifying power 
of the entire microscope is simply the product of this quantity 
and the magnifying power of the ocular. 

Even the simplest microscope objectives are achromatized for 
two wave lengths and are corrected for spherical aberration and 
coma. They are known as achrornats, and a modern low-power 
objective of this type is shown in cross section at A in Fig. 242. 
For most purposes these objectives are eminently satisfactory, but 
when the finest definition is required, apochromats^ must be used. 

As was stated previously (see 
page 116), such objectives are 
achromatized for three wave 
lengths and are corrected for 
spherical aberration at two. 
A cross-sectional view^ of the 
lower portion of a 2-mn) 
apochromat having a numer¬ 
ical aperture of 1.40 is shown 
at B in the figure. The most 
serious obstacle to the wide 
use of apochromats is their 
high cost, and therefore semi-apochromats, so called, in which 
fluorite is used for some of the lens elements, have been 
developed. Although their performance is but slightly inferior 
to that of the apochromats, their cost is considerably less. 

Objectives for photomicrography must be selected by a dif¬ 
ferent criterion than that applied to visual work. Since color 
filters are almost invariably used, it might seem that the chro¬ 
matic errors of the objective would be less important. Even 
here, however, the superiority of the apochromat manifests itself 
because usually several filters must be tried, and the technique 
becomes involved unless the objective performs equally well with 
each. On the other hand, certain objectives, known as mono- 
chromutSy have been designed to function with light of but a single 
wave length. They are used for work in the ultraviolet at 275 
m/x because of the impracticability of achromatizing quartz 
lenses. Monochromats have even been designed for visual use, 
and because the monochromatic corrections can be so greatly 
improved, numerical apertures as high as 1.6 have been attained. 

^ The compensating oculars described on page 477 must be used with these 
objectives to correct the outstanding lateral chromatism. 


Fig. 242. —"i'ypieal micToacopo objec¬ 
tives: A , a achromat, full size; H, a 

2-mm apochromat, 1^2 times full size. 
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The characteristics of microscope objectives are shown by 
Table XXIX below, which is taken from the catalogue of a 
leading manufacturer. To make the relationships clear, the types 

Table XXIX.— Characteristics o¥ the More Common Microscope 
Objectives Made by the Batjsch and Lomb Optical Company 


Achromatic objectives 


Focal length, 
millimet(3rs 

Numerical 

aperture 

Type 

Initial 

magnification 

Working 

distance, 

millimeters 

48 

0.08 

Dry 

2 

53 

40 

0.08 

Dry 

2.6 

43 

32 

0.10 

Dry 

4 

38 

16 

0.25 

Dry 

10 

7 

8 

1 0.50 

Dry 

21 

1.6 

4L 

0.65 

Dry 

43 

0.6 

4S 

0.85 

Dry 

45 

0.3 

3 

0,85 

Dry 

60 

0.2 

7 

0.50 

Water 

26 

2.0 

4 

1.00 

Water 

44 

0.6 

2.2 

1.10 

Water 

81 

0.15 

1.9 

1 25 

Oil 

97 

0.15 

1.9 

0.80 

1 Oil 

97 

0.35 


Semi-apochromatic ol)j ectiv(‘s 


4 

0.85 

Dry 

43 

0.34 

1.8 

1.30 

Oil 

100 

0.13 

1.8 

0.80 

Oil 

100 

0.35 


Apochromatic objectivt‘s 


16 

0.30 

Dry 

10 

4.80 

8.3 

0.65 

Dry 

20 

0.60 

4 

0.95 

Dry * 

45 

0.18 

3 

0.95 

Dry* 

62 

0.14 

3 

1.40 

Oil 

62 

0.12 

2 

1.30 

Oil 

90 

0.12 


* With graduated collar to correct for cover-glass thickness. See page 506. 


designed for special purposes are omitted. It will be noticed that 
the objectives of the very highest power are of the oil-immer¬ 
sion type, the purpose being to increase the numerical aper¬ 
ture by raising the value of the refractive index in the object 
space. ^ The immersion liquid is usually cedarwood oil, but 
^ Physically, the effect is to shorten the wave length of the light. 
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n. 



Fio. 243.—Standard typos 
vertical illuminators. 


of 


different manufacturers dilute it to obtain an index best suited 
to their particular objectives. For the best results, there¬ 
fore, the oil supplied by the manufacturer should be used. 
The objective having a numerical aperture of 1.40 gives the 
highest resolving power, of course, but it is not a plaything for the 
novice because it is so likely to be injured. The front lens is 
hyper-hemispherical and therefore it cannot be securely mounted. 
The working distance is very short, and, if i-hc objective should 
touch the cover glass, this lens might easil}^ be knocked out of 
position. The water-immersion objectives are made because 
biologists frequently must study living specimens immersed in 

water and not because superior correc¬ 
tions can thereby be obtained. 

The proper method of cleaning 
objectives is to use lens paper or a 
soft lintless cloth. Only a very light 
pressure should be applied because the 
elements may otherwise be knocked 
loose. The back lens can be reached 
by a sliver of wood padded with lens 
paper or cloth. An objective should 
never be taken apart because the elements cannot be centered 
when they are replaced without special apparatus. If an 
objective is still cloudy after the first and last surfaces have been 
cleaned, it should be returned to the manufacturer for repairing. 

In the past, the microscope has been especially identified with 
biology, but other sciences are now finding it to be a valuable 
tool. When modified somewhat by suitable devices for illu¬ 
minating the specimen, it is widely used by metallographers. 
In this case, the light illuminating the specimen must be incident 
from above. The working distance of very low power objectives 
is so great that the specimen can be illuminated by directing a 
beam of light on it from a source beside the microscope. This is 
impossible with objectives of short focal length because the 
mount of the objective interferes. To overcome this difficulty, 
the illuminating beam is directed through the objective itself 
by means of a vertical illuminator. This apparatus consists 
optically of either a right-angle prism or a clear glass plate, 
as shown in Fig. 243. The objective is screwed into the illu¬ 
minator and the combination is screwed into the body tube of 
the microscope. The illuminator occupies a considerable 
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amount of space^ and consequently the objectives used with it 
are made with especially short mounts. Even so, the standard 
mechanical tube lenj^^th for these objectives is usually 190 mm. 
It is evident that both forms of vertical illuminator possess 
serious disadvantages. If the prism is used, the resolving power 
of the objective is diminished because the illuminating beam 
occupies one-half of the aperture. If the clear glass mirror is 
used, a certain amount of stray light is introduced. Neverthe¬ 
less, excellent results can be obtained with cither form. 

Objectives are marked with their focal length or initial magni¬ 
fication, their numerical aperture, and, occasionally, the thickness 
of cover glass and the mechanical tube length for which they are 
corrected. It was formerly the custom to designate objectives 
by symbols, and if the maker’s catalogue is not at hand, the focal 
length and numerical aperture must be determined experimen¬ 
tally. The focal length can be determined from the magnifica¬ 
tion produced by the objective. A stage micrometer, which 
consists of a slide on which a minute scale is engraved, is laid on 
the stage, and a micrometer ocular^ is fitted to the instrument. 
The magnification between the stage micrometer and its image 
as seen in the ocular is measured for two different mechanical 
tube lengths. Then, by applying Eq. (52), it can be shown that 
the focal length of the objective is equal to the difference in the 
mechanical tube lengths divided by the difference in magnifica¬ 
tion. The numerical aperture can be found by suspending the 
objective at some distance above a dark-colored table top. The 
back lens of the objective is observed from a distance of 180 inm 
while a piece of paper is slid along the table top until its image 
just appears at the edge of the back lens of the objective. The 
numerical aperture can then be computed directly from the 
geometry of the arrangement. Evidently this method is suitable 
only for dry objectives. A special device invented by Abbe 
and called an apertometer must be used for oil-immersion 
objectives. 

Although an objective made by a reputable manufacturer 
may be assumed to be of high quality, it is occasionally desirable 
to test its performance. The customary test objects are certain 
diatoms whose structure is well known. The method of using 
these to test objectives will be found in any textbook on micros¬ 
copy. A few firms have on the market a device called an 

1 If the ocular is of the Huygenian type, the field lens must be removed. 
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Abbe test plate, which provides more definite information 
about the performance of an objective. This plate has six 
silvered spots under cover glasses of various thicknesses, the 
silver being ruled with a dividing engine in such a manner as 
to leave clear spaces of the same width as the intervening silver 
lines. No general rules can be laid down for the use of this 
t est plate because the behavior of the different types of objectives 
is so different. It may be stated, however, that with a good 
apochromat or semi-apochromat, the edges of the linos should 
show hardly any trace of color when they are in focus. When 
they are inside the focus, a slight purple haze should encroach 
upon the dark lines, and when they are outside the focus, an 
apple-green haze should appear. When the lines are properly 
focused, the image should leave nothing to be desired. It must 
be remembered, however, that both apochromats and serni-apo- 
chromats have a noticeably curved field, and hence the outer 
portion and the center will not be in focus together. 

186. Types of Condensers. —It is (wident from Sec. 183 that, 
for critical illumination, the cone of light incident on the specimen 
should nearly fill the objective. For low magnifying powers, 
the numerical aperture of the objective is small and no condenser 
is needed. All microscopes arc furnished with a double mirror 
as shown in Fig. 241, and the concave side can be used as a 
condenser in this case. For objectives having a focal length 
shorter than about 16 mm, some sort of condenser is required, 
the function of the mirror then being merely to deflect the light 
upward into the instrument. The so-called Abbe condenser 
is widely used. It is, however, neither chromatically nor 
spherically corrected, and at high powers pronounced color 
fringes appear at the edge of the field, which becomes ill defined. 
Both aplanatic and achromatic condensers are now available, 
and one or the other of these types should be used where critical 
definition is required at high power. 

To avoid stray light, it is desirable to make the image of the 
source of light on the specimen no larger than the field covered 
by the objective. A certain amount of adjustment can be 
obtained by moving the lamp, but this procedure is usually 
inconvenient. Consequently, most condensers are constructed 
so that for low-power work, where a large field must be illumi¬ 
nated, the upper lens can be removed and the focal length thus 
increased. 
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A condenser that is used with an oil-immersion objective 
must have a drop of immersion oil placed on it before it is racked 
into position. If the slide on which the specimen is mounted is 
excessively thin, the oil will not fill the space between it and the 
front lens of the condenser. The remedy is to fill part of the 
space with a piece of cover glass oiled to the slide. It is possible 
to use an objective as a condenser, and adapters are available 
for fitting an objective in the condenser mount. Since the 
working distance of an objective is short, the specimen cannot be 
mounted on an ordinary slide in this case but must be mounted 
between two cover glasses. Special metal slides arc available 
for mounting specimens in this manner. 

186. The Adjustment of a Microscope.— The microscope is 
perhaps the finest example of the optician’s art, but all the 
skill and care of designer and artisan will be brought to naught 
if the user does not adjust the instrument to operate under the 
conditions intended. If the instrument is fitted with a draw 
tube, the first adjustment is always to withdraw the tube to the 
graduation marked The elements of the microscope 

must be brought into alignment, but, fortunately for the novice, 
most microscopes are aligned once and for all at the factory. 
Sometimes the condenser can be centered, and if the objectives 
are fitted with sliding changers, they can be centered also. 
When such is the case, a suitable method of centering the con¬ 
denser and objectives can be devised by a little thought. 

After the instrument is aligned, the specimen should be placed 
in position and the source of light focused upon it by means of 
the condenser. The image of the source should be just large 
enough to cover the field. This condition can be brought about 
by using a condenser of the proper focal length and either moving 
the lamp or adjusting the diaphragm of the latter if it is provided 
with one. The next operation is to adjust the substage dia¬ 
phragm. When it is wide open, the specimen will be seen to be 
bathed in a glare of light; but, as it is closed, this glare gradually 
disappears and the details in the specimen stand out sharply. 

1 If the instrument is provided with auxiliary apparatus, such as a sliding 
objective changer or a revolving nosepiece, the spa(^e occupied by it must 
be allowed for unless this has been done by the manufacturer. This pre¬ 
caution applies with especial force to old microscopes. Nowadays micro¬ 
scopes are almost invariably equipped with revolving nosepieces, and 
therefore the manufacturer makes the necessary allowance when graduat¬ 
ing the draw tube. 
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As was stated above, the optimum results are produced when 
the aperture of the objective is approximately two-thirds filled. 
By removing the ocular and looking into the tube, it can be seen 
when this condition obtains. The ocular is then replaced and 
the instrument is ready for use. If the light is too bright, it 
may be reduced in intensity with neutral filters—never by closing 
down the substage diaphragm because this procedure lowers 
the resolving power. 

Binocular microscopes are becoming popular. They possess 
two important adjustments in addition to those described. 
The separation of the oculars must be made to suit the inter¬ 
pupillary distance of the observer, and one ocular, which has a 
graduated collar, must be set to compensate for any anisome¬ 
tropia of the observer. In addition, the focusing must be done 
with due regard for the observer’s accommodation-convergence 
relationship. 

For the most exacting work it is necessary to correct for 
variations in the cover-glass thickness. Objectives are usually 
corrected for a thickness of 0.17 mm to 0.18 mm, and cover 
glasses especially selected for thickness can be obtained. If the 
cover glass varies much from the correct thickness, the resulting 
spherical aberration must be corrected by altering the length of 
the microscope tube. When the cover glass is too thick, the 
draw tube must be pushed inward; when it is too thin, the draw 
tube must be pulled outward. Experience is required to enable 
one to determine when the proper correction has been obtained, 
and the Abbe test plate mentioned above is useful for practice 
because the cover glasses of the separate specimens are of different 
thicknesses. This correction increases in importance as the focal 
length of the objective decreases. It is especially important 
for the 4-mm and the 3-mm objectives, and some microscopists 
do not use these objectives for this reason. In the case of oil- 
immersion objectives, the correction is almost negligible because 
the index of the oil is similar to that of the glass. Even in this 
case, however, it is desirable to adhere to the proper cover-glass 
thickness because the dispersion of the oil is somewhat different 
from that of the glass. Some high-power dry objectives are fitted 
with correction collars to compensate for variations in the cover- 
glass thickness by altering the separation of the lens elements. 

One of the chief precautions to be observed in microscopy 
is not to allow the objective to come into violent contact with 
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the slide. In focusing a dry objective having a focal length of 
8 mm or less, the proper procedure is to lower the microscope 
until the objective is seen to be almost in contact with the cover 
glass, and then to rack it backward until the specimen comes 
into focus. For a 4-mm or a 3-mm objective, this should be 
done with the slow-motion knob. If the objective is of the oil- 
irnmersion type, the microscope should be lowered until the drop 
of oil just mal^s contact and then carefully lowered further with 
the slow-motion knob until the specimen comes into focus. 
Microscopes are constructed nowadays so that the slow-rnotion 
mechanism ceases to function when the objective touches the 
slide. 

187. Photomicrography.—The technique of making photo¬ 
graphs with the aid of a microscope is called photomicrography. 
From an optical standpoint, the only change required is to form 
a real image that can be recorded on a plate rather than a virtual 
image to be observed by the eye. Since objectives are commonly 
corrected for a single working distance, it is clear that the real 
image should be obtained by withdrawing the draw tube rather 
than by refocusing the objective. A very sat isfactory procedure 
is to compute a table giving the tube length required at each 
magnification to keep the working distance of the objective 
constant at the value for which it was corrected. 

One important problem in photomicrography is to obtain 
sufficient illumination to make the exposures reasonably short. 
With a source of a given brightness, the illumination on the 
plate depends, of course, upon the size of the cone of light 
that comes to focus there, as was shown in Chap. XIX. 
Now, from the sine law, the ratio of the numerical aperture in 
the object space to that in the image space is exactly equal 
to the linear magnification between the object and its image 
on the plate (for a dry objective). In photomicrography there 
is no quantity that corresponds to the normal magnifying power 
of a visual instrument, and hence there is a distinct advantage 
as regards time of exposure in making the magnification as small 
as is consistent with the graininess of the emulsion. In Fig. 
241, the effective source of light is a piece of ground glass or 
the equivalent, and, although its brightness is high enough for 
the visual use of a microscope, the time of exposure would be 
very great if this system of illumination were used in photo¬ 
micrography. As a consequence, 'most workers employ what 
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is known as Kohler illummaiion, which is produced by a 
system like that sketched in Fig. 244. The source in this case 
is a ribbon-filament lamp like that shown in Fig. 79 of Chap. IX. 
An enlarged image of the filament is formed on the diaphragm 
of the substage condenser by means of the collector lens, and the 
substage condenser in turn focuses an image of this lens on 
the specimen. With this arrangement, the diaphragm at the 
collector lens acts as the field stop of the illuminating system 
and the diaphragm at the substage condenser acts as the aperture 
stop. The former can therefore be closed down until only the 
region of the object to be photographed is illuminated, and the 
latter can be regulated until the objective is properly filled and 
the image appears most satisfactory. If tlie collector lens 
and substage condenser are free from aberrations, it can be 


Collector lens 
and dlaphro(0ni 

fdbbon 


Subsfotge condenser 
and diaphragm 


Coimera 



fUamenf 

Specimen 

Fig. 244. —Apparatus for making photomi(trographs using Kdhler illuniiiiatiou. 


shown that this method of illumination gives a resolving power 
equal to that obtained by the conventional arrangement. 

An idea of the time of exposure reqxiired in photomicrography 
can be obtained by calculations involving the data on light 
sources given in Chap. IX and the sensitivity of photographic 
materials given in Chap. XI. Suppose, for example, that it is 
desired to make a photomicrograph of a specimen containing 
significant detail that is 0.0005 mm in size. Equation (252) 
indicates that for green light of a wave length of 500 mp, the 
numerical aperture should be approximately 0.5. Most micros- 
copists find it convenient to use a magnification approximately 
500 times the numerical aperture. According to this rule, the 
magnification in this case should be 250 times, and the smallest 
detail in the object will be represented by a diffraction disk a 
little more than 0.1 mm in diameter. Although photographic 
materials are capable of recording somewhat finer detail, magni¬ 
fying to this extent makes the graininess of the plate of little 
consequence. With a magnification of 250, the numerical 
aperture in the image space Is 
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0 ^ 

250 


0 . 002 . 


Now, from Eq. (223) of Chap. XIX, the illumination on the 
plate is 

E' ~ ttB 

where sin 9 ' is the numerical aperture in the image space. At 
the temperature at which the filaments of lamps used in micros¬ 
copy are generally operated, the brightness is in the neighbor¬ 
hood of 1000 candles/cm^. The illumination on the plate in this 
case is therefore approximately 0.01 lumen/crn^ or 100 lumens/ 
meter‘d in the clear areas of the specimen. These areas should 
ordinarily receive an exposure approximately 100 times the 
inertia of the plate^ in order that detail in the entire specimen 
may be recorded. With a photographic material having an H 
and I) speed of 500, the inertia is 0.02 lumen-sec./meter‘d and the 
required exposure is therefore 2 lumen-sec./ineter^. The time 
of exposure must the^'efore be * 50 sec. This calculation makes no 
allowance for losses witliin the system, which are very great 
because of the large number of air-ghtvss surfaces. In addition, 
the specimen is frequently stained and a color filter may be used, 
thus increasing the time of exposure still further. 

It is coming to be n^alized that the combination of a micro¬ 
scope with a motion-picture camera is an exceedingly useful tool 
for both instruction and research. Processes that take place 
so slowly that they cannot be observed with the eye can be 
photographed at a slow speed. They can then be projected at- 
the normal projection si)e(»d to accelerate the action and thus 
facilitate its study. The magnification required in cine-photo- 
micrographyj as this technique is called, is ordinarily low because 
of the great magnification of the image projected on tlie screen. 
Sometimes the ocular may be dispensed with entirely and the 
image formed by the objective allowed to fall directly on the film. 

The most annoying feature about cine-photomicrography is 
the tendency of the image to quiver or to go out of focus because 
of the vibration of the camera. This can be greatly reduced 
by placing the microscope on a table and mounting the 
camera on a wall above it. With the usual type of optical 

^ This exposure gives a density of two when the plate is developed to a 
gamma of unity. If the plate is developed to a higher gamma, as it fre¬ 
quently is for the sake of increasing the contrast, the exposure may be 
somewhat less. 
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system, the slight relative displacements of camera and micro¬ 
scope due to the vibration will still be recorded on the film, but 
this can be avoided by a method described by one of the authors. ^ 
It consists in focusing the microscope visually, taking great care 
that the image is formed at infinity, and equipping the camera 
with an ordinary objective that is likewise focused for infinity. 
The apparatus is shown schematically in Fig. 245. By actual 
test, the camera can be moved by as much as ^ i in. either parallel 
to the optical axis or perpendicular to it without causing the 
image on the film to move perceptibly or to go out of focus. 




Fig, 245.—Apparatus for fiiie-photoiniorography. 


Even for ordinary photomicrography, this arrangement is very 
convenient because a single camera will serve any number of 
microscopes, and no additional adjustments are needed before the 
photographs are made. 

188. Depth of Field. —It was shown by Flq. (235) of Chap. 
XXI that the total depth of field of any system forming a real 
image of an object that is not too distant is 

m p 

where z' is the permissible radius of the circle of confusion, m is the 
linear magnification between the object and its image, p is the 
distance from the object plane that is in focus to the entrance 
pupil of the system, and p is the radius of the entrance pupil. The 

^ Jour. Soc. Motion Picture Eng., 17 , 216 ( 1931 ). 
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ratio p/p will be recognized at once as the cotangent of where 
sin B is the numerical af>erture of the system for a dry objective. 
Since z' should be proportional to m, the depth of field is obviously 
fixed by the numerical aperture of the system. Stopping down 
the objective—a procedure that is permissible in ordinary 
photography—cannot be employed because the resolving power 
is reduced. Neither is it of any advantage to make a small 
negative and subsequently enlarge it, because vi appears as the 
first power and not as the square.^ 

It is not often appreciated how extraordinarily small the 
depth of field of a phototnicrographic camera really is. The 
smallest detail of the specimen that can be resolved is given by 
l^:q. (252) as 

^ X 

^ “ 2(n.'a;) ■ 


There is no reason for requiring the circle of confusion to be 
smaller than the image; of an object of this size, and we may 
therefore set the value of 2' in hiq. (235) equal to m times the 
value of z computed from the above equation. With this substi¬ 
tution, Eq. (235) becomes 


But 


and 


Hence 





-= cot B = 


cos B 
sin B 


z 


X _ 

271 sin B 


X cos B _ X \/n^ — (N.A.)2 
?isin^0 (N.A.)“ 


(253) 


(254) 


For small values of the numerical aperture, the depth varies 
inversely as the square of the numerical aperture. 

The depth of field of a microscope when used visually is much 
greater than it is when used photographically for two reasons. 
In the first place, the range of accommodation of the eye corre¬ 
sponds to a considerable depth of field, which can be added to 
the ordinary depth of the system itself. A more important 

1 The difference between this case and the one discussed in Sec. 169, 
Chap. XXI, is that photographic objectives were compared on the basis 
of equal exposures, whereas microscope objectives must be compared on 
the basis of equal resolving power and hence equal numerical aperture. 
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reason, however, is that the microscopist in studying a three- 
dimensional object is able to rack the microscope up and down 
so as to bring the various planes of the specimen into focus in 
succession. As a result, there is built up in the brain a mental 
picture of the specimen that cannot be obtained from a photo¬ 
graph. This factor is, of course, incapable of numerical evalua¬ 
tion, but we can evaluate the two other factors: first, the depth 
of field in a visual microscope for an observer lacking the power of 
accommodation; and, second, the additional depth resulting 
from the observer's power of accommodation. 

Let us imagine first an observer focused on a real object at a 
distance of 250 mm in front of his eyes. Since the resolving 
power of the unaided eye is about one minute of arc, it follows 
that the smallest circle that can be resolved in the object has a 
radius of 0.036 mm. If we substitute this value for z in Eq. 
(110) of Chap. V and assume that the entrance pupil of the 
observer’s eye is 2 mm in diameter, the total depth of field is 19 
mm. Therefore, if the observer looks through the microscope 
with a 2-mm exit pupil at a virtual image that is 250 mm from 
his eye, he is able to see distinctly all objects whose images lie 
within this range of 19 mm. The corresponding range in the 
object space depends upon the longitudinal magnification of the 
system. By combining Eqs. (94) and (96) in Chap. IV and 
assuming the medium at each end of the system to be air, it is 
easy to show that 

dx = -%■ (255) 

In other words, if the image is displaced by a distance dx'y 
the corresponding displacement dx of the object is obtained 
by dividing by the square of the magnification. Since the 
image is assumed to be formed at 250 mm, m is equal to the 
magnifying power given by Eq. (247). Thus, if an observer 
has an unaccommodated depth of 19 mm with the unaided eye 
when viewing a real object at 250 mm, the corresponding depth 
in a microscope is simply this quantity divided by For a 

microscope with a magnifying power of 100, the depth of field is 
0.0019 mm. 

Now consider the effect on the depth of field if the observer 
is able to accommodate for an object at infinity as well as one 
at 250 mm. If a microscope is to form a virtual image at 
infinity, the object must, of course, lie in the first focal plane of 
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the entire system. On the other hand, when it forms an image 
at 250 mm, which can be assumed to be measured from the second 
focal point of the system since that is very close to the eye point, 
the object must be located inside the first focal point of the 
system by a distance 



But since/ is given by Eq. (239) in Chap. XXII as 


/ 250 , , 

f = M ’ 


and since :r' = 250 mm, the displacement of the object plane 
required to form an image at 250 mm instead of at infinity is 

T = (mm). (256) 

Thus for a microscope with a magnifying power of 100, the 
depth of field due to the observer’s accommodation is 0.025 mm, 
which is considerably in excess of the factor calculated previously. 

A comparison of this depth with that obtained in a photo¬ 
micrograph is of int('rest. To secure the assumed 2-mm exit 
pupil in a visual microscope magnifying 100 times, the numerical 
aperture of the objective would be 0.4. Substituting this value 
in Eq. (254), the depth of field in the photomicrograph is 0.0024 
mm, whicl^ is only about one-tenth of the depth of the visual 
microscope. 

189. Dark-field Illumination. Ultramicroscopy.—According 
to Abbe’s theory, the details in a microscopic specimen are 
visible by virtue of the diffraction patterns they produce. If a 
particle is too small to be resolved by the instrument, the result 
is a diffraction pattern on the retina whose size is independent of 
the size of the particle. However, the amount of light diffracted 
by the particle depends upon its size, so very small particles are 
invisible when viewed against the bright background. It is 
clear, therefore, that if the brightness of the background is 
diminished, particles can be distinguished that would otherwise be 
invisible. Of course, the shape of the particles cannot be deter¬ 
mined but their existence can be recognized. 

The method of reducing the brightness of the background is 
to use an illuminating system such that the direct beam will not 
enter the objective. This result can be achieved with an ordinary 
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condenser by moving the substage diaphragm to one side, in 
which case the only light entering the objective is the light that is 
diffracted by the specimen. A method that makes a more 
efficient use of the condenser is to open the diaphragm fully and 
insert a centTal stop that, is just large enough to block off the rays 
that would enter the objective. The type of illumination thus 
produced is known as dark-field illumination in contradistinction 
to the oblique illumination produced by moving the diaphragm 
sidewise. A type of condenser especially adapted for dark-field 
illumination is shown at A in Fig. 246. It consists of a plano¬ 
convex block of glass, the curved sides forming a paraboloid of 
revolution. The entering rays of light are reflected to its focus, 
which is brought into coincidence with the specimen. The 



Fia. 246.—Coiuioiisera for dark-fiold illumination. .1, u jxarxiboloidal type; 

IS, Sicdentopl’B cardioid. 

diaphragm S blocks off the central rays, so the numerical 
aperture of the condenser varies from 1.1 at the diaphragm to 
1.4 at the outer edge. It is evident that, if the numerical 
aperture of the objective is less than 1.1, the only light entering 
the objective is that diffracted by the specimen. A better type 
of dark-field condenser is the cardioid of Siedentopf, shown at B 
in the figure. As can be seen, the illuminating rays are reflected 
first at the spherical surface a and then at the cardioid b. This 
condenser, like the one just described, is free from both chromatic 
and spherical aberration, and, since it obeys the sine condition, it 
may properly be termed aplanatic. Under favorable conditions, 
particles as small as 0.000004 mm (4 m/x) in diameter can be seen 
under dark-field illumination. 

190. Ultraviolet Microscopy. —It seems doubtful that it will 
ever be possible to make objectives having numerical apertures 
much greater than 1.4. On the other hand, the resolving power 
depends also upon the wave length of the light, which can be 
varied within wide limits. By using an apochromatic objective, 
it is possible to make photographs in violet light having a wave 
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length in the neighborhood of 434 m/x (the wave length of the 
rr'-line of hydrogen), and the resolving power is thereby increased 
25 per cent over its value for green light at the maximum of 
visibility. The possibility of bettering this value by using 
ultraviolet light immediately suggests itself, and in 1904 Kohler 
designed an apparatus for making photomicrographs in light 
having a wave length of 275 m/x- The apparatus consists of a 
cadmium spark and a quartz monochromator to isolate the 
desired radiation. The optical elements of the microscope are 
similar to those of an ordinary microscope, but, of course, th(^y 
are made of cpiartz and cannot be achromatized. Quartz must 
be used for the slide and the cover glass also, and the specimen 
must be mounted in glycerine because both glass and Canada 
balsam are opaque to ultraviolet light of this wave length. 

The chief difficulties that present themselves in connection 
with this apparatus are those of aligning it and of focusing 
accurately. Once it is aligned it can be fixed in position, but it 
must be focused anew for each specimen. This can be accom¬ 
plished by using an ocular furnished with a fluorescent ground 
glass, making a preliminary visual adjustment, and then taking 
several photographs, moving the slow-motion knob slightly 
between each. Trivelli and Foster^ have recently devised 
photomicrographic equipment for light of 365 m/x that simplifies 
the technique enormously. The light is furnished by a mercury 
arc operating under conditions that make the radiations at 365 
mg very intense. The objectives are achromatized for 365 mg 
and 546 mg to permit the apparatus to be focused visually by 
light of the latter wave length. Since glass is fairly transparent 
at 365 mg, no extensive changes are recjuired in the accessory 
equipment. The specimens can be mounted with glass slides 
and cover glasses as usual, and Canada balsam can be used as the 
medium. Sandalwood oil is used as the immersion liquid because 
it is more transparent at 365 mg than cedarwood oil. The resolv¬ 
ing power of this apparatus with a numerical aperture of 1.40 is 
only 75 per cent of that of Kohler's apparatus, but it is a question 
whether the greater convenience does not more than compensate 
for this disadvantage. 

Aside from furnishing greater resolving power, ultraviolet 
microscopy provides a means for studying specimens when all 
parts are equally transparent in the visible region but not in the 

^Jour. Optical Soc. Amer.y 21 , 124 ( 1931 ). 
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ultraviolet, thus obviating the necessity of staining the specimen. 
Ultraviolet light must be used with caution in the study of 
living specimens, such as bacteria, however, because of its 
powerful bactericidal action. Nevertheless, it is safe to say that 
a vast field for research will be opened by a convenient method 
of using short wave-length ultraviolet radiation in microscopy. 



CHAPTER XXV 


STEREOSCOPY 

In monocular vision, information is obtained with respect 
to the distance of an object in a variety of ways. If the size 
of the object is known, its distance can be estimated from the 
angle it subtends. Even if its size is not known, the amount of 
accommodation required to bring it into focus gives some infor- 
mation regarding its location, provided it is not too distant. 
If the observer happens to be in motion, as on a railroad train, 
the distance of the object can be estimated from its apparent 
velocity, extremely distant objects appearing to be stationary and 
those in the foreground appearing to move rapidly. The same 
effect is produced to a lesser extent by simply moving the head. 

A person possessing binocular vision ordinarily makes but 
slight use of these methods of estimating distances, as is easily 
demonstrated by attempting to thread a needle with one eye 
closed. Since the entrance pupils of the two eyes are not in 
coincidence, the images on the retinas are slightly dissimilar and 
this dissimilarity enables the brain to construct a mental picture 
of the scene in three dimensions. This circumstance is the basis 
of several important instruments that utilize the principles of 
binocular vision to enable the observer to form a three-dimen¬ 
sional picture of the object space. The entire psychophysical 
process leading to the interpretation of the object space by the 
brain of the observer involves physiology and psychology quite 
as much as physics, and therefore lies beyond the scope of the 
present volume. Nevertheless, the principles of stereoscopy 
itself—the method of representing a three-dimensional object 
space by means of an optical instrument adapted for use with 
both eyes—can be discussed from purely geometrical con¬ 
siderations. The binocular microscope and telescope and the 
stereoscopic camera are the principal stereoscopic instruments, 
and, for reasons that will appear later, they are becoming of 
increasing importance. 

r>i7 
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191. The Theory of Stereoscopy. —The principles upon which 
stereoscopic instruments operate are the same for all, but for 
simplicity the stereoscopic camera will be taken as an illustration. 
In Fig. 247, the pyramid ABC is photographed with a camera 
containing two lenses separated by a distance df, both lenses 
being focused on the plane AB at a dist ance xq from the entrance 
pupils. The image of A formed by the lens on the left is at 
Alj and the image formed by the lens on the right is at A^. 
Similarly, the images of B are at Bl and Bk respectively. The 
images of C are out of focus; but, if the depth of field is sufficiently 
great, the image formed by the lens on the left is at Bj, and that 
formed by the lens on the right at * 

Now suppose that the photographic plate is developed and 
that transparencies are made from it, which are enlarged m> times. 
Let the transparency made from the negative produced by th(^ 
lens on the left be mounted as in Fig. 218 at a distance s' from the 
entrance pupil of the observer’s left eye. Lei the transparency 
made with the lens on the right be mounted at the same distance 
from the right eye. The point A^ corresponds to the point 
in the negative, Bl to Ak to Ar, and Br to Br. By sup¬ 
position, of course, 

(Al'Bj:) = JLJ 

and 

(Ar'Br) = 


Now it follows from tiie geometry of Fig. 248 that 


(V 

Xo' 


(Al'Bl') 

? 


{Ar'Br') 

■ ' o'-'" ^ 


where d' is the interpupillary distance of the observer. 


and 


from which 


AlBl ^ Al'Bl' 
s ms 


ArBr _ Ar'Br' 
s ms 



msd 


But 


(257) 


* This example is, of course, a very .special case, but, as it leads to the 
same result as the more general treatment, it is chosen because of the 
simplification of the algebraic operations. 
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In other words, the observer looking at a pair of transparencies 
in the manner illustratcid in Fig. 248 sees a pyramid whose base 

A B 




Fig. 248. 

A'jB' appears to be at a distance xo'. If the quantities in Eq. 
(257) are properly chosen, xq' can be made equal to xq —that 
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is, the base of the pyramid will appear to be at the same distance 
from the eye as the actual object was from the camera. 

To represent the spatial relationships properly it is necessary 
in addition that the pyramid should not appear to be distorted. 
In other words, the ratio x'/A'B' must be equal to x/AR. From 
the geometry of the two figures, it is easily shown that 


x' ___ X s' 

AW “ AB'ms' 


(258) 


The quantity s'/ms will be recognized as the reciprocal of the 
apparent magnification. In other words, if the observer views 
a transparency enlarged m times from a distance s', the visual 
angle subtended by the image is M times as great as the angle 
subtended at the camera by the object. Setting 


M ms 


(259) 


Eqs. (257) and (258) can be rewritten in the form 


Xo' = .To 


d' 

Md 


and 


A'B' AB ’M 


(260) 

(261) 


It is clear from Eq. (261) that, if the pyramid is to appear 
undistorted, M must be equal to unity. With this assumption, 
Eq. (260) indicates that, if the pyramid is also to appear at the 
proper distance, d must be equal to d'. It will be recalled from 
Sec. 170, Chap. XXI, that M must be equal to unity if the spatial 
relationships are to be properly represented in a single picture. 
Therefore the only additional requirement for orthostereoscopic 
results is that the separation of the camera objectives must equal 
the interpupillary distance of the observer. 

Since the above conditions are rarely fulfilled by binocular 
instruments, it is of interest to consider the types of distortion 
that may result. If the magnifying power of the instrument 
is greater than unity, as is generally the case, Eq. (261) indicates 
that the depth of an object is magnified less than its transverse 
dimensions. The apparent distance of the object depends not 
only upon the magnification but also upon the separation of the 
entrance pupils of the instrument. For example, if the sep¬ 
aration is too great, the reproduction has the appearance of a 
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model on a reduced scale situated at a proportionately diminished 
distance from the observer. 

It is clear that if M is equal to unity and the separation of the 
entrance pupils of the instrument is the same as that of the eyes, 
the ability to recognize relief in 
the object space with a perfect 
instrument is the same as with 
the unaided eyes. The minimum 
relief that is perceptible with the 
unaided eyes can be computed 
by the aid of Fig. 249. Let the 
point A lie at a distance a from 
the observer and the point B 
at a distance 6, where a and h are 
both very large compared with 
the interpupillary distance d'. It 
can then be shown that 




(262) 



Fig. 249. 


If A and B are to he visible in 
relief, it is reasonable to assume that a must be equal to or 
greater than the minimum angle that can be resolved, which has 
heretofore been considered to be approximately one minute of arc 
(0.00029 radian). From the above equation, the distance 

ab 


AB 


a — 


d' 


(263) 


Thus, if a is 100 ft. and the observer has a normal interpupillary 
distance (62 mm), the distance AB is 14 ft. If B is at an infinite 
distance, Eq. (262) becomes simply 


whence 


d' 

a == —^ 
a 


a = 


(264) 


In this case, a is the distance beyond which no relief is discernible. 
This is frequently called the radius of stereoscopic vision, and 
equals 200 meters (700 ft.) when d' = 62 mm and a == 1'. 

If an optical instrument has a magnifying power M and a 
pupillary separation d, it can be readily seen that Eq. (263) 
becomes 
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AB 


= 6 - 




( 265 ) 


In corresponding fashion, Eq. (264) becomes 

dM 

a =-- 

a 


( 266 ) 


The manner in which this increased ability to perceive relief is 
utilized in practical instruments will be discussed in the sections 
that are to follow. 

An interesting type of distortion of the spatial relationships 
is produced when the binocular instrument is so arranged that 

the images arc transposed. This is 
illustrated in Fig. 250, which is similar 
to Fig. 248 except that the trans¬ 
parency made with the lens on the 
right is placed before th(^ left eye, and 
that made with the lens on the left is 
placed before the right eye. Since C' 
then appears to the left eye to coincide 
with A' instead of with 5', and since 
to the right eye it seems to coincide 
with instead of A', the brain is led 
to assume that C is located behind the 
plane of AB, In other words, the relief 
is reversed—near-by objects appearing 
to be far away and distant objects 
appearing to be close at hand. This 
effect is said to be pseudoscopic in 
contradistinction to stereoscopic. A 
true pseudoscopic illusion is produced only when the brain is 
unable to obtain information about the spatial relationships in any 
other manner. In a landscape, for example, a previous knowledge 
of the relative sizes of the various objects and a realization of the 
positions of the shadows they must cast prevent the pseudoscopic 
effect from being produced. The best objects for exhibiting the 
pseudoscopic effect are those lacking any well-marked char¬ 
acteristics, such as spheres, cylinders, and other geometrical 
models. The effect is particularly wStriking in the case of a 
sphere, which takes on the appearance of the inner wall of a 
rubber ball Stereoscopic photographs were made by aerial 
photographers during the war, and many of these exhibit striking 
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pseudoscopic effects when transposed. Not only is the topog¬ 
raphy of the country reversed, but shell holes take‘on the 
appearance of mounds and the water in a reservoir stands 
higher than the top of the dam. 

192. Binocular Telescopes. —Because the magnifying power 
of a telescope is always greater than unity, it follows from P]q. 
(261) that a true-to-nature representation of the object space is 
impossible. Fortunately, however, this inherent limitation is 
more than offset by the increased ability to separate the various 
planes in the object space when they lie at a great distance from 
the observer, as is shown by Eq. (265). This increased stereo¬ 
scopic effect is brought about partly as a result of the magnifica¬ 
tion and in some cases partly by separating the objectives more 
than the oculars. In prism binoculars, for example, the separa¬ 
tion of the objectives is approximately twice the interpupillary 
distance. Thus an eight-power binocular increases the radius 
of stereoscopic vision from 700 ft. to sixteen times this value or 
approximately two miles. Of course, the image appears to be 
sixteen times nearer, and the ratio of the depth dimension to the 
transverse dimensions is reduced eight-fold. 

Although the primary purpose of separating the objectives in 
ordinary prism binoculars is to enable an erecting prism system 
to be introduced, certain types of telescopes are made with 
objectives separated by comparatively large distances to attain 
a pronounced stereoscopic effect. These stereoscopic binoculars 
are of especial value to an artillery commander because they 
enable him to estimate with great accuracy the spots where 
shells land. 

One form of range-finder consists essentially of a binocular 
telescope with a scale in each ocular. This scale appears to the 
observer like a zigzag row of dots receding to infinity. These 
dots are superposed upon the scene itself, and every object in the 
scene appears to lie in the same plane as some one of them. It is 
not difficult to determine which dot coincides with an object, and 
the stereoscopic sense of a normal individual is so acute that the 
determination can be made very quickly. This is of importance 
in locating rapidly moving objects, such as airplanes, for which 
the coincidence type of range-finder is not suited because of its 
slowness of operation.^ 

^ The coincidence type of range-finder is essentially a binocular telescope 
in which the image in one half of the field is formed by one objective and 
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One result of an increased separation of the entrance pupils 
in a binocular telescope is to increase the so-called penetration 
effect. It is clear that if observations must be made in a snow¬ 
storm or through underbrush, the object toward which tho 
instrument is directed may be momentarily obscured from one 
eye but not the other. The greater the separation of the entrance 
pupils of the instrument, the greater the ability to sec around an 
obstruction. Of course, the penetrating power of even a monocu¬ 
lar instrument is ordinarily greater than that of the eye alone 
because of its larger entrance pupil. 

193. Binocular Microscopes. —The principles just discussed 
apply with equal force to the binocular microscope. However, 

the objects examined by the micro¬ 
scope are frequently invisible to the 
unaided eye, so it is impossible to 
set up any standard of true-to-nature 
representation. Nevertheless, binoc¬ 
ular microscopes arc being used to 
an increasing extent. For magnify¬ 
ing powers below approximately 
seventy times, an instrument of the 
type shown in Fig. 251 is eminently 
satisfactory. Since the images must 
be inverted and reversed, an optical 
system similar to that of the prism 
binocular is used. At high powers, 
the working distance is so short that 
a single objective is used, the beam 
being divided so that the light enter¬ 
ing each half of the objective passes 
into the corresponding ocular. This 
is done by means of a suitable prism system, which also assumes 
the duty of inverting and reversing the images. Such an instru¬ 
ment has in effect two entrance pupils of semicircular form, the 
centers of which subtend a considerable angle at the object. 



Fig. 251.—A typical two- 
tiibe binocular microscope for 
low powers. {By courtesy of 
Bausch and Lomb Optical 
Company,) 


that in the other half is formed by the other. The angular movement of a 
prism that is required to bring the images in the two halves of the field into 
coincidence is a measure of the distance of the object. An excellent dis¬ 
cussion of range-finders will be found in the English translation of Gleichen^s 
*‘The Theory of Modem Optical Instruments.^^ 
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Many binocular microscopes that are not stereoscopic are on 
the market, and they are becoming popular among those who use 
microscopes for long periods at a time because of the increased 
comfort of viewing an image with both eyes rather than with one. 
Figure 252 shows the optical system 
that is frequently used in such micro¬ 
scopes. The beam from the objec¬ 
tive enters a prism as shown, where 
part of it is reflected at the half- 
silvered interface AB and part of it 
is transmitted. The two beams are 
then reflected into the oculars 
and Eji. The coating of metal on the 
face AB is of the proper thickness to 
transmit approximately the same proportion of light that it 
reflects and thus the two images have the same brightness. 
When a stc^reoscopic effect is desired, a cap can be placed on each 
ocular to cover one half of each exit pupil. 

Stereoscopic photomicrographs can be made with the instru¬ 
ment shown in Fig. 251 by attaching a camera to record both 
images. The method of viewing the photographs will be 
described in the following section. If this type of instrument 
is not at hand, or if the magnifying power is so great that it can¬ 
not be used, two photographs can be made in succession, the 
specimen being moved between the exposures. This movement 
can be a rotation about an axis parallel to the 
stage of the microscope or it can be a translation 
of the specimcm along the stage. A much more 
satisfactory procedure is to place a diaphragm 
of the shape shown in Fig. 253 against the back 
lens of the objective and to rotate it through 
180° between the exposures. By all these 
methods, the entrance pupils for the two photographs are effec¬ 
tively separated and a stereoscopic result is therefore produced. 

It is difficult to lay down any exact rules for the amount of 
stereoscopic effect that is desirable in either microscopy or 
photomicrography. At best the appearance of relief is obtained 
only within the limited depth of field of the system. Hence 
the proper correlation of magnification with the stereoscopic 
viewing angle varies considerably with the type of specimen and 
must be found by experiment. 
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194. Stereoscopic Photography. —The essential principles of 
stereoscopic photography were set forth in Sec. 191 in connection 
with the theory of stereoscopy. It was there shown that if a 
pair of stereoscopic photographs is placed before the eyes 
in the proper manner, as in. Fig. 248, a three-dimensional repre¬ 
sentation of the object space is obtained. Unless some sort of 
viewing apparatus is used to assist the accommodation process, 
it is obviously necessary to place the transparencies or prints 
at least 10 in. from the eyes. Even so, the observer’s accommo¬ 
dation-convergence sense would cause him to rotate his eyes 
until their axes intersect at the distance for which the eyes are 
accommodated rather than to diverge as shown in the figure. 
With practice, some observers are able to overcome their accom¬ 
modation-convergence sense sufficiently to fuse the two images 



Fig. 254.—The path of the li|z:ht rays in a prismatic stereoscope. The sept,urn 
prevents the picture Pl on the left from heini; seen by the ri^ht eye and vice 
versa. 

while keeping them sharply focused at the same time. Unless 
an observer is especially trained, however, an instrument known 
as a stereoscope is required for viewing stereoscopic photographs. 
About a generation ago, every parlor table boasted a stereoscope 
and a set of slides, but with the increased use of magazine 
illustrations and the introduction of the motion picture, the 
stereoscope went thoroughly out of fashion. This abandonment 
of the instrument was entirely undeserved because it is possible 
with two pictures to produce a lifelike representation that is 
beyond the ability of even the motion picture. 

The most common type of stereoscope is shown in Fig. 254, 
and its operation is self-evident. Inasmuch as the objectives 
of stereoscopic cameras have focal lengths of approximately 5 
in., the apparent magnification is unity only when they are viewed 
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from this distance. Lenses of some sort are therefore necessary 
to assist the accommodation process of the observer. If these 
lenses have a focal length of 5 in., the axes of the eyes will be 
parallel. The individual photographs could then be no wider than 
the interpupillary distance, but, by introducing prisms as shown, 
the axes can be diverged so as to permit larger pictures to be 
viewed. In inexpensive stereoscopes, the prismatic effect is 
obtained by (fecentering the lenses. In precision instruments, 
rhombs are preferable because they avoid the distortion intro¬ 
duced by prisms. 

An early type of stereoscope, invented by Wheatstone in 
1838, is sketched in Fig. 255. The two pictures Pl and Pji are 
seen in the mirrors M l and Afji, This type of apparatus is 
used to-day for viewing X-ray stereograms, which are so large 



Fiti. 255.—A type of Htereoseope used for viewing X-ray stereograms. 

that they cannot bo conveniently mounted side by side. They 
are illuminated by the lamps and pieces of opal glass 
Gf, and Gjt being placed as shown to make the illumination 
uniform. 

Stereoscopic photographs can be made with an ordinary 
camera by photographing the scene twice, the camera being 
moved sidewise by the proper amount between the exposures. 
This procedure cannot be used if the object is in motion, so 
cameras especially designed for making stereoscopic photographs 
have two objectives of the same focal length, both shutters being 
arranged to operate simultaneously. Both pictures are made on 
the same film. By following through the various processes of 
development and printing, it will be seen that contact prints 
made from a plate or film exposed in such a camera must be 
cut apart and transposed to satisfy the primary requirement 
of stereoscopy—namely, that the left eye view the positive 
made with the left-hand lens and the right eye view the positive 
made with the right-hand lens. Ingenious cameras for making 
the original exposures in the proper relative positions on the 
film have been devised, but they are little used. 
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If there is no motion in the object space to record, stereoscopic 
photographs with a greatly enhanced relief can be made with a 
single camera by photographing from two widely separated 
points of view. This ability to enhance relief was used to great 
advantage by aerial photographers during the war. To keep 
out of range of anti-aircraft guns, it was necessary to fly at 
elevations of 10,000 ft. or more, and from such elevations the 
ground and objects upon it lie beyond the radius^of stereoscopic 
vision for the unaided eyes. However, by making two photo¬ 
graphs with the same camera several seconds apart, a stereoscopic 
pair can be obtained in which the relief is greatly exag¬ 
gerated. One would expect the practical limit to the amount of 
exaggeration to be reached when the stereoscopic base is such 
that the nearest object appears to be at the conventional reading 
distance. Equation (260) shows that if two photographs are 
made with a stereoscopic base equal to one-fourth of the elevation 
above the nearest plane in the object space, this plane will appear 
to be only 250 mrn from the eye when the prints are viewed under 
an apparent magnification of unity. That this is the practical 
limit to which relief can be enhanced is borne out by experience. 
It has been found that, when the base is equal to the altitude, 
an excessive strain is required on the part of the observer; but, 
when the base is reduced to one-tenth of the altitude, the observer 
feels that the relief could be enhanced still further without 
discomfort. 

These stereoscopic photographs with enhanced relief were 
exceedingly useful during the war in locating gun emplacements, 
which, although skillfully camouflaged, necessarily extended 
several feet above the ground. In the stereoscope, the exaggera¬ 
tion of the depth dimension caused these emplacements to become 
conspicuous. In other words, the scene in the stereoscope 
appeared to the observer exactly as the original scene would have 
appeared to a giant with an interpupillary distance equal to the 
stereoscopic base. 

One detail in the mounting of aerial stereograms is of sufficient 
interest to justify mentioning. The photographs are generally 
made with the camera pointed vertically downward, so the 
center of each picture can ordinarily be assumed to lie directly 
below the airplane at the time the exposure was made. Thus 
the two photogrj^phs represent slightly different portions of the 
terrain, and the stereoscopic effect is obtained only in the portion 
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that is common to both. This is illustrated in Fig, 256, which 
shows two such photographs overlapped in register. The line of 
flight of the airplane is the line joining the centers A and B of the 
two prints, which, for obvious 
reasons, must be mounted on the 
stereoscopic slide so that the line 
of flight is horizontal. The dotted 
rectangle indicates the method by 
which a stereoscopic pair of photo¬ 
graphs could be cut out. 

Stereoscopic photography is used 
to a limited extent in surveying. It 
is possible to prepare a map in this 
way from photographs made on the ground, and, if the camera 
is properly constructed and the base is accurately measured, 
excellent results can be obtained. Several ingenious instruments, 
known as stereo-comparators, have been devised for rapidly 
tracing the contours from a pair of stereoscopic pictures. 

Many astronomical phenomena can be exhibited in a very 
striking manner with the aid of stereoscopic photography, the 
moon being one of the most interesting subjects. The period of 
rotation of the moon on its axis is exactly the same as its period of 
revolution about the earth, and hence, if its orbit were circular, it 
would always present the same side to the earth. Actually its 
orbit is somewhat elliptical and, as a consequence, it appears to 
oscillate slightly.^ By making two photographs of the moon 
several days apart, the effect of a very great stereoscopic base 
is obtained. 

A very interesting method of making a photograph that pro¬ 
duces a stereoscopic effect without the use of a stereoscope was 
patented in 1903 by F. E. Ives. It is shown diagrammatically 
in Fig. 257, where Oi and O 2 are the objectives of the camera, 
P is the plate, and 22 is a grating that causes alternate strips 
of the plate to be exposed through the two objectives. If 
the apparatus is properly designed, the plate when proc¬ 
essed and viewed through a similar grating R' will produce a 
stereoscopic effect because each eye sees only the strips that 
constitute the image made through one of the objectives. Stereo¬ 
grams of this type were called by their inventor parallax 
stereograms.’^ 

^This apparent motion is what astronomers term “libration.^^ 
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Many attempts have been made to devise a satisfactory 
method for projecting stereoscopic pictures, especially stereo¬ 
scopic motion pictures. It is desirable, of course, to project 
both images on the same screen; and, to satisfy the requirements 
for stereoscopic vision, some means must be provided to enable 
the left eye to see only the picture taken with the left-hand 
objective of the camera and the right eye only the picture taken 
with the right-hand objective. One method of doing this is to 



Fig. 267. 


project the two pictures, either simultaneously or in rapid alter¬ 
nation, through red and green filters respectively. If the 
observers wear spectacles with a red filter over one eye and a 
green filter over the other, the requisite separation is obtained. 
If the filters are approximately complementary in color, the screen 
looks white. Stereograms of this type are known as anaglyphs. 
Another method of separating the pictures is to project the left- 
hand and right-hand pictures alternately and to provide each 
observer with spectacles in which a shutter covers first one eye 
and then the other in synchronism. The outstanding disad¬ 
vantage of any of these methods is that the spectator must wear 
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some viewing device. To avoid this difficulty, H. E. Ives^ has 
devised a method based upon the principle of the parallax stereo¬ 
gram mentioned above. Although this method in its present 
form is hardly suitable for commercial projection, it embodies 
many ingenious tricks that are highly suggestive. 

It may be remarked in passing that almost every invention 
for improving the motion-picture art is accompanied by the claim 
that it produces a stereoscopic effect. Not infrequently the 
term is used to describe the impression of depth that is produced 
when a single photograph is viewed under the proper conditions. 
If the meaning of the term is restricted, as it should be, to the 
reproduction of the spatial relationships by the aid of the 
observer’s binocular sense, it is clear that such claims are absurd. 
An understanding of the requirements for producing truly 
stereoscopic results would save much time and trouble for both 
the inventors of stereoscopic'' projection schemes and the 
examiners in the patent office. 

196. The Measurement of Binocular Sense.—A numerical 
evaluation of the binocular sense is an important part of the 
examination of aviators and may occasionally be required in 
c€>rtain clinical cases. Persons suffering from strabismus lack 
this sense entirely, of course, because the images do not fall on 
corresponding parts of their two retinas. Even persons suffering 
from heterophoria frequently lose it to some extent, partly 
because of the constant distortion of the accommodation- 
convergence relationship, but more because such persons tend 
unconsciously to suppress the image formed by one eye. 

An ordinary stereoscope, such as is shown in Fig. 254, is suitable 
for a quantitative determination of the acuity of the binocular 
sense when suitable test slides are used. Such a slide might 
consist of a series of photographs of a double row of rods arranged 
as shown in Fig. 258, the separation of the two rows and hence 
the angle a being different for each photograph. When only a 
qualitative determination is required, simple figures like a hollow 
cylinder or an arrow piercing a ring are satisfactory. For 
children, a drawing of a bird in a cage is commonly used. A very 
effective object is a rock pile in which one of the rocks is slightly 
displaced sidewise between exposures. A person lacking binoc¬ 
ular sense sees nothing unusual in the resulting picture, but to a 

^Jour. Optical Soc. Amer. and Rev. Sci. histrumentSy 18 , 118 (1929); 
Jour. Optical Soc. Amer.y 21, 109 (1931). 
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person possessing binocular sense, the rock that was moved 
appears to stand out in mid-air.^ 

Stereoscopic slides can be used to train the eyes to work 
together in cases of strabismus and severe heterophoria. One 



type of slide that is often used for this purpose consists of a series 
of words that appear to approach the observer from infinity. As 

^ The binocular sense of an individual is frequently utilized to detect a 
small change in a complicated scene or configuration. For example, a 
carpet may be compared with its master pattern by i)hotographing both 
to the same scale and mounting the prints in a stereoscope with a red 
filter in front of one eye and a green filter in front of the other. Wherever 
the prints are identical, the two complementary colors are fused by the 
brain into a single image in black and white. On the other hand, the 
slightest difference between the two prints is immediately evident because 
the parts in question appear in color. This method was used to good 
advantage during the war for the detection of signs of activity by the enemy, 
a comparison of two aerial photographs taken on successive days indicating 
at a glance the trenches that had been dug during the interval. Astronomers 
used this method for the detection of new stars until the invention of the 
blink microscope. In this instrument, the new plate and an old plate are 
brought into register in the field of the ocular by means of a suitable optical 
system. The illumination is then switched from one to the other at a rate 
that is well below the critical frequency. This causes the new star to blink, 
since its image appears on only one of the plates, whereas the star images 
that appear on both plates remain constant in intensity. 
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the observer reads downward, he continues to fuse the image 
seen by the two eyes until the convergence required becomes 
excessively great, when the images are thereafter seen separately. 
The same result can be accomplished by using an ordinary slide 
and placing a Risley prism in front of one eye. This prism con¬ 
sists essentially of two ophthalmic prisms of equal power mounted 
so that they can be simultaneously rotated in their own plane 
at the same rate but in opposite directions. A ray of light 
passing through the pair of prisms is therefore deviated by a 
variable amount. 

The least perceptible value of the angle a has been assumed 
in the discussion to be one minute of arc, because this is the 
approximate value of the resolving power of a normal eye. It is 
found, however, that a normal observer can perceive a much 
smaller angle than this stereoscopically, and a good representative 
value is 30". Many people can detect an angle of 10", and some 
especially keen individuals can detect an angle as small as 5". 
Perhaps the most striking illustration of the extraordinary 
acuteness of the binocular sense is one given in 1859 by Dove 
and confirmed by Helmholtz. If two medallions cast from 
different metals but struck with the same die are viewed, one with 
the left eye and the other with the right, the resultant image 
appears curved simply because of the slight difference in the 
amount by which the two metals recover from the pressure 
exerted by the die. 
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PROJECTION SYSTEMS 

In general, a projection system is characterized by two dis¬ 
tinguishing features: It usually forms a real image which is inter¬ 
cepted by a receiving surface, and it contains a source of light 
of high intrinsic brightness. The most typical instruments of 
this type are lantern-slide and motion-picture projectors, which 
form on a projection screen an image of the lantern slide or motion- 
picture film. Some projection systems, such as searchlights, 
spotlights, and signal lights, merely project an image of the 
source, which is usually formed at infinity. Others, which 
are used chiefly in the laboratory, record the deflection of a 
galvanometer or other measuring instrument by means of a spot 
of light that is projected on a screen or on a piece of photographic 
material. 

196. Searchlights. —The optical system of the searchlight 
is represented schematically in Fig. 259. The source is the 

positive crater of an arc, which is 
located at the first focal point 
of the lensL, and hence the image 
of the arc is formed at infinity. 
This type of system was discussed 
in Sec. 146, Chap. XIX. It was 
there shown that, if the source obeys Lambert^s law and the 
lens is aplanatic, the illumination at a point on the axis is given 
by the product of the brightness of the source and the solid angle 
subtended by the lens at the point in question.^ This result leads 
at once to two rather important corollaries: first, the illumination 
at a point on the axis varies inversely as the square of its distance 
from the lens; second, the illumination depends only on the 

^ This is not true if the point is so close to the lens that the source is the 
aperture stop of the system. In this case, the exit pupil of the system is at 
infinity, and hence the illumination is independent of the position of the 
point. 


L 
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intrinsic brightness of the source and not at all on its dimensions. 
In other words, increasing the size of the source merely produces 
a greater spread of the beam without increasing the illumination 
on an object within the beam. 

Most light sources obey Lambert^s law fairly well except for 
the obstruction of the light produced by the negative carbon or 
the supporting mechanism. Furthermore, lenses of 
low relative aperture are so nearly aplanatic, even 
when they are not especially designed with this end 
in view, that the conclusions reached above hold 
in practice to a close approximation. When the 
relative aperture is excessively high, however, the 
aberrations become so serious that an ordinary lens 
is inefficient. To remedy this difficulty, lenses 
of a type originally designed by Fresnel for light¬ 
houses are commonly used. As can be seen from 
Fig. 260, a Fresnel lens may be regarded as a plur¬ 
ality of lenses, the curvature of the back surface 
of each zone being so chosen as to eliminate spherical 
aberration. Since Fresnel lenses are comparatively 
thin, their weight is less than that of an ordinary 
lens and they absorb a comparatively small amount 200 . 

of light. ^ 

The Fresnel construction can be modified to distribute light 
in almost any desired manner. Thus, in a lighthouse lens, 
the light that would pass uselessly into the sky is directed 
horizontally where it can be seen from the surface of the water. 
Perhaps the best known modification of the Fresnel construction 
is in lenses for automobile headlights. These lenses are designed 
to distribute over the roadway the light that would otherwise 
reach the eyes of approaching motorists. 

Large searchlights, such as are used for military purposes, 
usually contain a mirror instead of a lens. One important 
reason for this is the reduction in weight that can be effected, the 
difference in weight between a lens and a mirror 5 ft. in diameter 
being considerable. Moreover, the mirror is inherently free 
from chromatic aberrations; and, if it is paraboloidal in form, it is 
also free from spherical aberration when the source is imaged 

^ A similar type of construction is used in the lenses of signal lights to 
keep the thickness approximately the same for all zones, so that the color 
will appear to be uniform over the entire surface of the lens. 
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at infinity. ^ It goes without saying that the underlying principles 
are the same for both lenses and mirrors. 

The mirrors used in projection systems are commonly silvered 
on the second surface, a procedure that is permissible because 
the glass of which such mirrors are constructed is so thin that it 
has no appreciable effect on the course of the light rays. Before 
practical methods of making aspheric mirrors were invented, 
spherical mirrors had perforce to be used. These suffer severely 
from spherical aberration when the image is formed elsewhere 
than at the center of curvature. This defect was remedied in 
large measure by the Mangin mirror, which is essentially a nega- 


Screen. 



tive meniscus lens whose second surface is silvered. By choosing 
the radii properly, the spherical aberration can be corrected for 
any given position of the image. 

197. Lantern-slide Projectors. —A lantern-slide projector con¬ 
sists essentially of an illuminating system behind the slide and a 
projection lens which forms an image of the slide on the screen. 
A very simple sort of projector is shown diagrammatically in 
Fig. 261. The source of light and a suitable reflector serve to 
illuminate an opal glass, which, because of its diffusing properties, 
becomes a secondary source of illumination. The projection lens 
is designed to form a sharp image of the slide on the screen. A 
photographic objective used in the reversed position would make 
an excellent projection lens, but, si^ice the field to be covered 
is small, a simple triplet construction is generally used for reasons 
of expense. 

The illumination on the screen depends only on the brightness of 
the opal glass and the solid angle subtended at the screen by the 

^ If the source is to be imaged at a point at a finite distance, the mirror 
should be ellipsoidal, the source being placed at one focus. 
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exit pupil of the projection lens.^ This solid angle is deternuned 
by the projection distance (throw) and the diameter of the lens.^ 
The focal length of the lens is determined by the size of the 
picture/ which should be chosen to satisfy the requirements of 
true-to-nature representation. From the principles that were 
discussed in Sec. 170, Chap. XXI, it follows that the reproduction 
on the screen should subtend the same angle at the eye of the 
observer that the original scene subtended at the entrance pupil 


Screen 



Fig. 262.—Tlio optical system of a lantern-slide projector. 


of the camera objective. In practice, the lantern is generally 
placed at the rear of the auditorium, and the focal length of the 
projection lens is about twice that of the camera lens. This 
fnakes the perspective correct at a point midway between the 
lantern and the screen. 

The maximum brightness of a diffusing glass is so low that, 
although the system shown in Fig. 261 is used in projection 
printers for motion pictures and in enlarging cameras, it rarely 
provides enough screen illumination for lantern-slide projection.^ 
For best results, the screen illumination should be approximately 
10 foot-candles. If the aperture of the projection lens 18 2^46 lig¬ 
and the throw is 20 ft., the necessary brightness of the diffusing 
glass can be computed by means of p]q. (223) to be 150 can- 
dles/cm^. A brightness as high as this could scarcely be obtained 
with an illuminating system containing a diffusing element, and 

^ The screen illumination is always measunxl with the slide removed. 

Projection lenses are made in certain standard diameters. The standard 
diameter adopted by one leading manufacturer for lenses having focal 
lengths of 10 in. or less is 1 Jb iii- (41 mm) and for those having focal lengths 
of 10 in. or more, 2yiQ in. (58 mm). 

3 In this country, the dimensions of lantern-slide plates are in. X 4 in. 
and the opening in the mask seldom exceeds 2^4 X 3 in. 

^ The same difficulty is encountered in the projection of opaque objects, 
which can be done only with lenses having a very large aperture and even 
then is practical only when the throw is short. 
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it is therefore common practice to make use of a system like 
that of Fig. 262. In this case, the source of light, which is here 
assumed to be the crater of a carbon arc, is imaged on the entrance 
pupil of the projection lens by means of a condenser. If the 
image of the crater more than fills the entrance pupil of the 
projection lens, it is obvious that the aperture stop of this lens 
is the aperture stop of the entire system. If the diameter of the 
condenser is larger than the diagonal of the slide, the mask in 
the slide is the field stop of the system, as it should be. Since 
the brightness of the crater of an arc is approximately 13,000 
candles/cm‘^, it is clear that this system provides ample screen 
illumination even for very great projection distances. 

It is evident that the size of the source is immaterial provided 
its image fills the entrance pupil of the projection lens. From a 
practical standpoint, however, it is desirable to employ as small 
a source as possible because the amount of current required to 
operate an arc depends upon its size. This means that the 
magnification between the source and its image should be as 
great as possible. The limit is set by the aberrations of the 
condenser, which become serious as the focal length of the con¬ 
denser is reduced. Moreover, to obtain a high magnification, the 
source must be placed so near the condenser that there is danger 
of pitting the latter by hot particles thrown off from the arc or 
even cracking it by the heat. Ordinarily, a magnification of 
approximate!}^ six times between the source and its image is 
found to represent the useful limit. 

Nowadays, incandescent lamps are used more than arcs in 
lantern-slide projectors because they are much more convenient 
to operate and provide ample illumination unless the throw is 
excessively great. Special projection lamps are made with the 
type of filament shown in Fig. 263, all the coils of which lie in a 
single plane. By placing such a filament at the center of curva¬ 
ture of a spherical mirror located behind the lamp, an image of 
the filament can be formed between the coils of the filament 
itself. The result is a nearly uniform rectangle of light having a 
brightness approaching that of a tungsten surface at the tem¬ 
perature at which the lamp is operated. Since the filament is 
imaged at the aperture stop of the projection lens, it is clear that 
an image of the filament is not formed on the screen. Hence 
the illumination of the screen is uniform even though the bright¬ 
ness of the source is not. 
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198. Motion-picture Projectors. —The optical system shown 
in "Fig. 262 is seldom used for projecting motion pictures because 
a frame of motion-picture film is smaller than the projection lens. 
Hence, with a condenser that is capable of a given magnification, 
a smaller source can be used if its image is formed on the film 
gate rather than on the projection lens. Imaging the source on 
the film gate imposes the additional requirement that the source 
shall be of uniform brightness. This condition is fulfilled 
by the high-intensity arc.^ In case the light source is not 
sufficiently uniform in brightness to permit it to be focused upon 



Fio. 263.—The filament of a projection lamp. A spherical mirror behind 
the lamp forms an image of the filament in the interstices between the coils 
themselves. (By courteny of General Electric Company.) 


the film itself, as frequently happens, the usual procedure is to 
form an image somewhere between the film gate and the pro¬ 
jection lens—as close to the former as possible without causing 
the screen illumination to become appreciably non-uniforip. 

The requirements for a motion-picture projection lens are 
somewhat different from those for the lantern-slide projection 
lenses described above. The focal length is commonly in the 
neighborhood of five or six inches, and, since the frame is approx- 

1 With this type of source, an ellipsoidal reflector is frequently used instead 
of a condenser. The arc is placed at one focus and the film gate at the other, 
the constants of the reflector being such that the image is magnified six or 
seven times. 
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imately one inch across, the angular field to be covered is very 
small. On the other hand, to produce sufficient screen illumina¬ 
tion, the relative aperture must be high, a value of//2.5 being not 
uncommon. Until comparatively recently, a modified Petzval 
type of construction was used, but the higher magnification 
required by the smaller frame size of sound films has made it 
increasingly difficult to correct the aberrations of this type of 
lens satisfactorily. With the possible necessity for projecting a 
wider film in mind, some designers have abandoned the Petzval 
construction in favor of types which, although more expensive to 
manufacture, give a much superior definition. For the sake of 
interchangeability, projection lenses for theaters are made in two 



standard sizes, the external diameter for one series being 23-^2 
(52 mm) and that of the other series, 22^32 in. (71 mm). 

The correction of the condenser is of considerable importance 
because, if spherical and chromatic aberrations are present, the 
homogeneity of the illuminating beam is destroyed—in other 
words, the film is not uniformly bright when viewed from the 
projection lens. Now that practical methods for figuring 
aspheric surfaces in quantity have been developed, motion- 
picture condensers are commonly made of two elements, each 
having a weak spherical curve on the side toward the light and a 
strong parabolic curve on the other side. 

199; The Optical System of Recording Instruments. —There 
are many measuring instruments of such delicate construction 
that a record of their deflections can be obtained only by optical 
means. These instruments may be classed as projection systems 
because they usually contain a mirror that serves to project a 
spot of light on either a scale or a piece of photographic material. 
A typical arrangement, such as might be used for recording the 
deflection of a galvanometer, is shown in Fig. 264. The light 
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from a tiny lamp is reflected from a plane mirror attached to the 
galvanometer suspension and is brought to focus on the surface 
of the film by the lens. The film is assumed to be wound on a 
rotating drum to produce a record of the deflection as a function 
of time. 

It is easily shown that the angular deflection of the beam 
reflected from the mirror is equal to twice the angle through which 
the mirror is rotated. The linear deflection of the spot on the 
film is, of course, proportional to the distance of the film from the 
mirror. The accuracy with which the trace can be read depends 
upon the ratio of the deflection to the size of the spot. Ordinarily, 
the lower limit to the size of the spot is set by the size of the 
diffraction pattern that is produced by the system. Since 
the diameter of the diffraction pattern increases at the same 
rate as the deflection when the distance of the film is increased, 
and, furthermore, since the illumination decreases approximately 
as the square of the distance of the film from the mirror, it is 
decidedly advantageous to place the film as near the mirror as 
possible. The ultimate limit is set by the graininess of the film. 

A numerical example will make this point clear. Suppose that 
the mirror is 1 mm in diameter, which is not excessively small for 
an instrument with a delicate suspension. If the film is placed 
1 meter away, the diameter of the diffraction disk is approxi¬ 
mately 1.2 mm. By increasing the distance to 2 meters, the 
deflection would be doubled, but the size of the spot would be 
doubled also. Consequently, the uncertainty in reading the 
record would remain constant. It goes without saying that the 
figure given for the size of the diffraction disk represents a 
minimum value which is realized only if the optical system is 
perfect and the mirror is accurately flat. 

In the system just described, the illumination and the size of 
the spot are limited by the condition that the mirror is the 
aperture stop, and one naturally wonders whether in some way 
this restriction cannot be removed. An analysis of this problem 
was published by one of the present authors^ in connection with 
the optical system of the oscillograph and similar recording 
instruments. It was there shown, in effect, that if the system is 
designed with a view to making the exit pupil subtend a larger 
solid angle at the film, the result is inevitably to decrease the 
deflection just enough to compensate for the greater illumination 

^ Jour. Optical Soc. Amer. and Rev. Set. InstrumentSy 14 , 505 (1927). 
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and smaller area of the spot of light. In the limit, the mirror 
itself might be imaged upon the film, but in this case the deflec¬ 
tion would evidently be zero. The simple system shown in 
Fig. 264 is therefore as efficient as any system of spherical lenses 
that can be devised. 

If cylindrical lenses are used in the system, the condition that 
the mirror shall be the aperture stop can be removed in part. 
Although the mirror must always be the aperture stop in the plane 
that is perpendicular to the axis of rotation, it need not be the 
aperture stop in the plane of the axis. In a syst em composed of 
spherical lenses, the one condition imposes the other, but this is 
not true of a system like that shown in Fig. 265. In this figure, 



the upper diagram is a view in a plane perpendicular to the axis of 
rotation of the mirror, and the lower diagram is a view in the plane 
of the axis of rotation. With the ordinary vertical suspension, 
the upper diagram represents a plan view and the lower diagram, 
a side elevation. For simplicity, the mirror is represented merely 
as an aperture—that is, as though it produced no deviation of 
the beam. The source of light is assumed to be imaged by a 
spherical collector lens on the mirror in such a manner as to fill it 
completely. The lens at the mirror, which performs the same 
function as the one shown in Fig. 264, is drawn twice because, 
since the light traverses it twice, it behaves like two lenses. A 
cylindrical lens is inserted somewhat in front of the film so as to 
image the mirror on the film in the lower diagram, but it has no 
effect in the upper diagram. FIvidently this lens permits the slit 
to be made very long without increasing the size of the spot. 

The principles just outlined are applicable to other types of 
recording instruments. Instruments for recording sound on 
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ttiotion-picture film have assumed especial importance of late.' 
An oscillograph, which is essentially a high-frequency galva¬ 
nometer, is used in one method, and a modified form of the 
ICinthoven string galvanometer in another. Both instruments 
can be used to produce records of either the variable-width or the 
variable-density type, although the oscillograph is better suited 
to the former and the string galvanometer (or light valve) to the 
latter. 

' The peculiar problems iJiiil, ari.se in flits eoiiiiectioii are (liscussed in a 
paper by one of the present authors in Trans. Soc. Motion Picture Eng., 12, 
760 (1928). 
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SPECTROSCOPIC APPARATUS 

All the image-forming instruments discussed in the preceding 
chapters are at least partially achromatized. We come now to a 
consideration of a class of instruments that are purposely made 
non-achromatic, usually by the insertion of a prism or other 
dispersing element, for the purpose of studying the spectral 
character of the radiation traversing the instrument. For 
obvious reasons, the object to be imaged by these instruments 
must be simple, so, unless the source is a point (such as a star) or 
a narrow line (such as the filament of a lamp), a slit is introduced 
in the apparatus where it can be focused either on the retina of 
the eye or on a photographic plate. 

The most versatile instrument of the class we are about to 
study is the spectrometer. It was shown in Sec. 138, Chap. 
XVII, that this instrument can be used for measuring the angle 
of a prism by reflecting light first at one face and then at the 
other. If light is allowed to traverse the prism instead, the 
observer sees in the telescope a spectrum of the source; and, by 
setting the cross hairs on the image of a given spectr^.! line, he 
can determine the deviation suffered by a beam of light of this 
particular wave length. The index of the prism can then be 
computed from the measured deviation and the refracting angle 
of the prism. Conversely, if one particular prism is always used, 
the divided circle can be calibrated to read wave lengths directly, 
and the instrument becomes a spectroscope. If the ocular is 
removed from a spectrometer or spectroscope and a second slit 
is placed in the plane of the cross hairs, radiation of any desired 
wave length can be isolated. An instrument arranged in this 
manner is called a monochromator. If the telescope is removed 
entirely and a camera is substituted for it, an image of the 
spectrum may be formed upon the photographic plate. Such an 
instrument is known as a spectrograph, and the photographic 
record of the spectrum is called a spectrogram. Most of the 
principles underlying these instruments have been discussed 
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previously in other connections, and it only remains to develop 
the principles that are peculiar to the dispersing system. 

200. The Theory of the Dispersing Prism. —A prism is used in 
spectroscopic apparatus so much more frequently than any other 
dispersing element that we shall consider it first. In Fig. 266, 



let a ray of light be incident at an angle i with the normal to one 
of the faces of the prism. We shall assume that this ray lies in a 
plane perpendicular to the line of intersection of the refracting 
surfaces. Let the angle between these surfaces be A. If the 
refractive index of the prism is the angle of refraction at the 
first surface is given by 


1 . . 

sm r = - sin ^. 
n 


(267) 


From the geometry of the figure, the angle of incidence at the 
second surface is 

A ~ r. (268) 

The ray emerges again into the air after being refracted at this 
surface, the angle of emergence being given by 

sin r' — n sin i', (269) 

Although these three equations can be combined in such a manner 
as to give r' directly as a function of i, n, and A, it is generally 
easier in a numerical case to compute each angle in turn by 
means of the separate equations.^ 

It is obvious that the deviation of the ray produced by the 
refraction at the first surface is 


2)i = ~ 

* Even in ao simple a calculation as this, it is usually worth while to prepare 
in advance an argument like those shown in Chap. IV, especially if the 
calculation is to be repeated many times. 
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Similarly, the deviation at the second surface is 

D 2 = r' - i '. 

Hence the total deviation of the ray is 

Z> = + Z )2 = « - r + r' - i'. (270) 

Combining this equation with Eq. (268), we have 

I) = i + r' ~ A, (271) 

When the prism is thin and the incident ray makes only a small 
angle with the normal, a very simple expression for the deviation 
can be obtained. In this case, Eqs. (267) and (269) become 
respectively 

i = nr 

and 

r' = 7ti'. 

Substituting these values in Eq. (271) and noting from Eq. 
(268) that 

?■' + r == i4, 

the deviation is found to be simply 

Z> = (/i - 1)A. (272) 

This equation is of use in determining how nearly parallel the 
two faces of a plane-parallel plate must be to keep the deviation 
within given limits. For example, if the plate is to be placed 
before the eye, which may be assumed to have a resolving power 
of 1 minute of arc, the angle between the faces must not exceed 
about 2 minutes of arc if no perceptible deviation is allowable when 
the plate is introduced (assuming the eye is focused on an object 
at infinity). If the plate is to be placed before an optical instru¬ 
ment, the maximum permissible angle is less in proportion to 
the magnifying power of the instrument. 

The variation in deviation with wave length is called the 
dispersion of the prism. If the prism is thin, an analytical 
expression for the dispersion can be obtained by differentiating 
Eq. (272) with respect to n, which gives 

dD == dn-A. (273) 

This equation can be expressed in a different manner by sub¬ 
stituting for A its value in Eq. (272), which gives 
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(iZ)=-^£>. (274) 

n — 1 

If we substitute ~ Uc for duy this becomes 

(ID = -^D, (275) 

where l/v is the dispersive power of the glass. Since the v- 
value of the more common types of optical glass varies from about 
28 to approximately 65, it will be seen that the dispersion from 
the C- to the jF'-line in the spectrum formed by a thin prism is 
from }4s to tfis of the deviation. 

Except for the case of minimum deviation, which will be 
discussed presently, it is impossible to find a simple expression 
for the dispersion produced by a thick prism. For the general 
case, the dispersion can be determined when required by differ¬ 
entiating Eqs. (267), (268), (269), and (271) with respect to n, 
assuming the value of i to be constant. 

Differentiat ing Eq. (271) gives 

dl) = dr'. 


Equations (269) and (268) when differentiated give respectively 


and 


sin i' + n cos / 


dr' = 


,d^ 

dfi 


cos r 


dn 


di' _ dr 
dn dn 


Combining these equations, we have 


sin ? ~ n cos i 


dD = 


dr 

dn 


cos r 


dn. 


dr . 


From Eq. (267), the value of is found to be 

dr _ sin r 
dn n cos r^ 


(276) 


(277) 


since the value of i is assumed to be constant. P^quations (276) 
and (277) suffice for computing the angle dD subtended by a 
portion of the spectrum for which the difference of index of the 
prism is dn. In terms of wave length, the dispersion dD/d\ of 
the prism can be computed by dividing Eq. (276) by d\. The 
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value of dn/d\ api)earing on the right-hand side of the resulting 
equation may be determined from the dispersion curve of the 
glass; but since it is equivalent to the quantity o* in Sec. 56, 
Chap. VI, it can be computed by means of Eq. (152) if the 
constants in Hartmann^s formula are known. The values of a* 
for some representative types of glass are given in Table V, 
page 113. 

It will be evident that by combining two or more prisms, a 
deviation can be produced without dispersion or a dispersion 


Sftf CofUmorlor 
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Fig. 267.—The optical system of the direct-vision spectroscope. The crown 
and flint elements of the prism are indicated by C and F respectively. 


without deviation. Prisms of the latter type are used in direct- 
vision spectroscopes, which produce a dispersion of the light 
without deviating the central portion of the spectrum. The 
optical system of such an instrument is shown in Fig. 267. 

There is one special case of considerable practical importance 
for which the mathematical relationships become simple. This 
is the case where the angle of incidence is so chosen that, for some 
specified wave length, the deviation produced by the prism is at 
a minimum. It can be shown that minimum deviation occurs 
when 

i = r\ (278) 

This means that 


r 




so that minimum deviation is obtained, as might be expected, 
when the ray traverses the prism in the symmetrical fashion 
illustrated in Fig. 266. The angle of incidence corresponding to 
minimum deviation is then 


From Eq. (268) 


, A D 

(279) 

II 

II 

(280) 

_ sin i __ sin yUA + D) 
sin r sin 3^^ A 

(281) 


and hence 
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This form of the equation is convenient because the refractive 
index is so often determined experimentally by measuring the 
angles A and D with a spectrometer. The procedure required 
for measuring A was discussed in Sec. 138. To measure the 
angle of minimum deviation, one has merely to mount the prism 
as shown in Fig. 268, so that the image of a given line in the 
spectrum is visible in the telescope, and then to rotate the prism 
until the deviation becomes a minimum. The deviation is 
determined by reading the divided circle with the cross hairs set 
on the line in question, removing the prism, and resighting the 



Fici. 208.—The optical system of the conventional spectroscope. 


telescope on the undeviated beam. The difference between the 
two readings is the angle of minimum deviation. 

When a prism is set at minimum deviation for a given wave 
length, the dispersion can be found by simply differentiating 
Eq. (281), which gives 

dD = ~ tan ^ ^ - • dn (282) 

71 ^ 

2 

= - tanz • dn, (283) 

n 

The usefulness of this equation will be clear from a numerical 
example. Suppose that a 60° prism is constructed from an 
ordinary silicate flint like 0-103 in Table V, Chap. VI. Equation 
(281) shows that the angle of minimum deviation at 500 m/z is 
approximately 50°, and Eq. (279) shows that the corresponding 
angle of incidence is 55°. From the value of a given in Table V 
for the assumed wave length, the value of dn corresponding to a 
difference of 1 m/x in wave length is 0.0001471. The index of 
refraction at this wave length is 1.6302, and hence the change 
in deviation dD corresponding to a difference of 1 m^ in wave 
length is approximately 0.00025 radian or about 0.9 minute of arc. 

The. case of minimum deviation is of considerable practical 
importance. As was shown above, it furnishes a convenient 
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means for determining the refractive index of a substance. 
Indeed, this is a fundamental method since it depends only upon 
the measurement of angle and not upon the properties of any 
particular substance. Even when the prism is to be used for 
analyzing radiation, it should ordinarily be set for minimum 
deviation because the loss of light by reflection at the surfaces 
is then at a minimum. Moreover, the resulting symmetrical 
arrangement of the prism ordinarily gives the largest effective 
free aperture for a prism of a given size. 

When the prism just discussed is used in a spectroscope, as 
shown in Fig. 268, it is obvious that even if the slit is infinitely 
narrow, the image of the slit in the plane of the cross hairs 
formed by light of a definite wave length is a diffraction pattern 
whose width depends upon the diameter of the telescope objec¬ 
tive, assuming it for convenience to be the aperture stop of 
the system. The ability of such an instrument to resolve two 
spectral linos depends upon the dispersion produced by the 
prism and the resolving power of the telescope. For example, 
with the 60° prism considered above, the angular separation of 
two spectral lines that are 1 niM apart in wave length is about 
0.9 minute of arc. Since the resolving power of the unaided eye 
is 1', the resolving power of the telescope must equal that of 
the eye to utilize the full resolving power of the prism. With 
a telescope of normal magnifying power, the diameter of the 
objective would be 3 mm and the prism need obviously be only 
large enough to fill the objective wit h light, i f higher resolution 
is required, the entire system, including the collimator, prism, 
and telescope objective, must be proportionately increased in 
size. The resolving power of a prism evidently depends not 
only on its effective free aperture but also on its angle and the 
dispersive power of the glass from which it is made. A mathe¬ 
matical expression for the resolving power of a prism can be 
readily derived; and, on the basis of this expression, it is fre¬ 
quently stated that the resolving power of a prism made from a 
given type of glass depends only upon the length of the base. 
This statement is true provided the prism is the aperture stop 
of the system and the base is perpendicular to the bisector of 
the refracting angle. 

In practice it is clearly impossible to use a slit that is infinitely 
narrow, and the calculation of the resolving power becomes 
exceedingly complex for a slit of finite width. The difficulty 
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arises from the fact that the slit itself is rarely self-luminous—a 
difficulty similar to that encountered in connection with the 
resolving power of the microscope. As the apparatus is cus¬ 
tomarily arranged, the source is focused on the slit by means 
of a collector lens. If the source and the collector lens are 
sufficiently large to fill both the slit and the collimator lens, the 
system would at. first glance appear to be used most effectively. 
If the source emits a continuous spectrum so that no question of 
re^solution is involved, this system is indeed perfectly satis¬ 
factory. In fact, any other system can be used equally well 
provided both the slit and the collimator are filled with light. 
However, in work requiring the resolution of the fine structure 
of spectral lines and especially the measurement of the relative 
intensities of such lines, the most careful consideration must 
be given to the choice of the proper method of illumination and 
the proper width of slit to use under a given set of conditions. 
Recent papers by van Cittert^ and by Stockbarger and Burns^ 
may be consulted for references to the literature of the subject. 
The former paper is largely mathematical while the latter 
gives a very convincing experimental proof of the necessity for 
choosing the proper slit width for a given set of conditions. 

We have so far considered the behavior of rays lying in prin¬ 
cipal sections of the prism—that, is, in planes perpendicular to 
the line of intersection of the two refracting surfaces. It can 
be shown that the rays traversing the prism in other planes are 
deviated more than these rays. The result is that the rays from 
the top and bottom of the slit are deviated more than the rays 
from the center, and therefore the spectral lines are curved. This 
curve has been shown to be a parabola, the radius of curvature 
at the vertex for the case of minimum deviation being 


P 


nV 

2(n2 - 1) 


cot i, 


(284) 


where / is the focal length of the telescope or camera objective 
and ^ is the angle of incidence on the prism. The curvature 
changes but slowly with wave length, and hence in commercial 
apparatus the slit is often given the proper curvature to 
approximately neutralize the curvature of the spectral lines 
throughout the spectrum. This correction is of especial impor- 


1 Zeils. Physik, 66, 547 (1930). 
* PV- 37, 920 (1931). 
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tance in a monochromator, in which case either the entrance slit 
or the exit slit may be curved. 

201. Prismatic Instruments. —A dispersing; prism is used in 
so many different types of instruments that only the salient 
features of the more important types can be described here. 
The spectrometer has already been discussed in Sec. 138, Chap. 
XVII. It may be worth while, however, to mention Schuster’s 
method of focusing such an instrument, which is useful if a 
Gauss ocular is not at hand. In this method, the telescope is 
set for a deviation somewhat greater than the minimum, in 
which case a given spectral line will be coincident with the cross 
hairs for two positions of the prism. The procedure is to turn 
the prism until the angle of incidence is greater than that for 
minimum deviation and to adjust the telescope to bring the image 
into focus. The prism is then turned to the other position, and 



Fig. 269.—The optical system of the Abbe autocollirniitinK spectrometer, 

the collimator is adjusted to focus the image. This procedure 
is repeated until the line is in focus for both positions of the 
prism. 

The method of determining the refracting angle of the prism 
was described in Sec. 138, and it only remains to add that this 
method is preferable to the method described in many textbooks 
in which the beam from the collimator is split at the refracting 
edge of the prism. The reason is that aberrations in the colli¬ 
mator and telescope reduce the accuracy of the latter method. 

The Abbe autocollimating spectrometer is of considerable 
importance because of its convenience of operation. As shown 
in Fig. 269, light from the source S is reflected at the right-angle 
prism R through the lower end of the slit Z, the lens L serving to 
focus the source upon the slit. The beam from the slit is colli¬ 
mated by the objective 0 and enters the prism P. Part of this 
beam is reflected at the second face AB and is brought to focus 
by the objective in the plane of the slit. The image thus formed 
is observed by means of an ocular E. The slit projects a trifle 
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above the prism R, and consequently it serves as an index for 
locating the image. Since the light is always reflected normally 
from the face AB oi the prism P, it always traverses this prism 
at minimum deviation; and since it traverses the prism twice, 
it is evident that a 30° prism in this instrument is equivalent to a 
60° prism when used in the ordinary manner. 

The prism is mounted with its face on a ring that can be 
rotated in its own plane and can also be tilted in a perpendicular 
plane. To adjust the instrument, the prism table is first rotated 
until the face AB is nearest the objective. Then the prism is 
tilted until the imago of the slit appears in the ocular between 
the jaws of the slit itself, the lower end of the image being coin¬ 
cident with the upper edge of the prism R. The prism table 
is then rotated until the face AC is nearest the objective, and 
the ring on which the prism is mounted is rotated until the 
image reflected from this face is in the same position as before. 
It is clear that the angle through which the prism table is turned 
between these two positions is the supplement of the refracting 
angle of the prism. The prism table is then turned until the 
image formed by refraction is located, and the amount of rota¬ 
tion necessary is, of course, the angle of incidence i. It can 
easily be shown that the index of the prism is 


n 


sin i 
sin A 


(285) 


where A is its refracting angle. The great advantage of this 
type of spectrometer is the comparative facility with which 
determinations can be made. It also contains fewer moving parts 
and is less affected by mechanical strains, but it has the slight' 
disadvantage that the light reflected at the face of the objective 
appears as stray light in the field. 

A spectroscope is ^milar to a spectrometer except that the 
divided circle can be reduced to a mere rudiment or even dis¬ 
pensed with altogether. The spectrum is explored by moving 
either the prism or the telescope. If the telescope is movable, 
it can be provided with cross hairs, and then its angular position, 
when the cross hairs intersect the image of the slit, is a measure 
of the wave length of the line under examination. Another 
method is to use an auxiliary wave-length scale in such a manner 
that it appears to be superposed upon the spectrum. 

The constant-deviation type of spectroscope, in which both the 
collimator and the telescope are fixed and the prism alone is 
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movable, is of considerable importance. In this instrument, 
the rays entering the telescope must traverse the prism at a con¬ 
stant deviation for every wave length. This can be accomplished 
with the apparatus shown in Fig. 268 by reflecting the rays into 
the telescope from a plane mirror linked mechanically to the 
prism table so that it rotates simultaneously. Wadsworth^ has 
designed several mechanisms by which this can be done, and 
he finally hit upon the very elegant arrangement shown in Fig. 



Fig. 270.—Sketch showing the principle of the Wadsworth prism system. 

270. Here tha prism ABC and the plane first-surface mirror 
DE are mounted on the prism table as shown. It can be demon¬ 
strated mathematically that the emergent ray that traverses 
the prism at minimum deviation makes an angle of 90° with the 
incident ray no matter what the wave length of the light or the 
dispersion of the prism may be. The angle between the inci¬ 
dent ray and the emergent ray can be made to have any value 
whatever depending upon the position of the mirror, the 
only requirement being that the intersection between the plane of 
the mirror and a plane bisecting the angle A of the prism shall 
coincide with the axis of rotation O. In practice, of course, the 
^Phii Mag., 38, 337 (1894). 
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prism table is not a complete circle but has the form indicated 
by LMN, It may be noted that the autocollimating spectrom¬ 
eter described on page 552 is only a special form of the Wads¬ 
worth type. 

A type of prism that itself performs the function of a mirror is 
shown at a in Fig. 271. This prism may be considered to be 
composed of the two 30° prisms ABE and BCD and the 90° 
prism EAD, The path of a ray traversing this prism at mini¬ 
mum deviation is shown. Since the angle i equals the angle r' 



Fio. 271. 

and* the face AB is perpendicular to the face BCj it is evident 
that the emergent ray is perpendicular to the incident ray. 
Unlike the Wadsworth type, this prism causes a slight lateral 
displacement of the emergent ray as it is rotated, but this dis¬ 
placement can be minimized by properly locating the axis of 
rotation. One objection to this typo of prism is the absorption 
of light due to the long glass path, which is serious in the violet 
region when flint glass is used. In addition, the free aperture of 
the prism is small compared with the dispersion that it produces. 
A system that avoids these difficulties is shown at h in the same 
figure. It consists of two 30° prisms so connected mechanically 
that they can be rotated simultaneously by equal amounts in 
opposite directions. This system is especially useful in instru¬ 
ments designed for the ultraviolet, partly because of the difficulty 
of obtaining large pieces of quartz and partly because a prism 
of right-handed quartz and one of left-handed quartz must be 
used in any case. 

By substituting a slit for the ocular and cross hairs, a spectro¬ 
scope becomes a monochromator. The constant-deviation type 
is especially convenient because the beam emerging from the 
instrument proceeds in the same direction regardless of its wave 
length. The requirements for a monochromator are rather 
different than for a spectroscope. In the first place, the usual 
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function of a monochromator is merely to isolate a relatively 
narrow portion of the spectrum. For this reason, the slits can 
be wider than the slit of the spectroscope and the tolerances in 
the construction and calibration of the instrument are less severe. 
In the second place, a monochromator is generally used in con¬ 
junction with another optical system and must be desij^ned with 
repjard to the characteristics of the remainder of the system. If 
the monochromator forms part of a visual instrument, the 
requirements discussed in Sec. 147, (^.hap. XIX, for visual instru¬ 
ments must be met. If it is to be used for photoj^raphy, it must 
usually have a high relative aperture. If, on the other hand, it 
is to be used in connection with photoelectric cells, whose 
response depends only on the total flux transmitted, the relative 
aperture is unimportant and the free aperture of the system is 
all that matters. 

A monochromator becomes a spectrograph when the exit slit 
is replaced by a photographic plate. Since it is desirable to have 
all the lines in sharp focus, the plate must be tilted at the proper 
angle and must be given the proper curvature to suit the chro¬ 
matic correction of the objective. In the ultraviolet, for which 
it is impractical to make achromatic objectives, the foci for the 
short wave lengths lie so much nearer the objective than the foci 
for the long ones that the plate must be tilted at a rather steep 
angle (approximately 60°) to bring the entire spectrum into 
focus. To facilitate focusing, the instrument should be provided 
with means for moving the camera lens parallel to the axis and 
for rotating the plate about an axis in its own plane intersecting 
the axis of the lens. 

Spectrographs of many different types have been devised, 
especially for exploring the ultraviolet. One form due to F6ry^ 
is noteworthy because the prism itself serves not only as the 
dispersing element but as collimator and objective as well. As 
shown in Fig. 272, the refracting faces of the prism are spher¬ 
ical. The center of curvature of the first surface PQ is at A. 
Consider two rays of monochromatic light CP and CQ emerging 
from a slit at C so placed that Z.CPA == LCQA = i. After 
refraction at the first surface, the rays continue to M and N 
respectively as though they had come from B without being 
refracted. By making B the center of curvature of the second 

^ Jour, PhysiquCy 9, 762 (1910). Reprinted in Astrophys. Jour.y 34, 
79 (1911). 
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surface MN (which is silvered), the rays reflected from this face 
traverse their original path and come to focus at C. It can be 
shown that B and C lie on a circle through Aj P, and Q; and, if 
the light is heterochromatic, it can be shown further that the foci 
for the various wave lengths all lie on this same circle. In 
practice, the slit is placed a little to one side of C and the plate 
a little to the other side. 

A more common form of spectrograph was devised by 
Lit trow. Its optical system is similar to that of the auto- 



Fig. 272.—Sketch showing the principle of the F6ry spectrograph. 


collimating spectrometer shown in Fig. 269. Sometimes the 
objective is replaced by a concave mirror behind the prism. 

Spectrographs are sometimes used for spectrophotometry. 
If the light entering one end of the slit passes through a cell 
containing a substance that absorbs selectively, and the light 
entering the other end of the slit passes through a neutral filter 
or rotating sector wheel, there are, in general, certain points 
along the juxtaposed spectra where the densities of the plate are 
equal. By making several spectrograms with the neutral filter 
or sector wheel absorbing a diiOferent proportion of light for each, 
it is evident that data can be obtained for plotting a spectro- 
photometric curve of the sample. 
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The spectrographs used in astrophysics are in a class by them¬ 
selves because most of them are merely attachments for existing 
telescopes.^ They are usually mounted at the eye end of a 
telescope in such a position that the image formed by the objec¬ 
tive is focused on the slit. It is obvious that such an arrange¬ 
ment is not entirely satisfactory for making stellar spectra, not 
only because the telescope must be trained very accurately but 
also because only one star can be examined at once. For making 
rapid surveys of stellar spectra, therefore, a prism is usually 
placed over the objective of the telescope. Then a photographic 
plate in the focal plane of the objective records the spectra of all 
the stars in the field. To make these spectra consist of a series 
of lines instead of points, the telescope is allowed to drift in a 
direction parallel to the refracting edge of the prism during the 
exposure. 

The performance of any spectroscopic instrument depends 
to some extent upon its mechanical design, but we can discuss 
only the single feature that is common to all types—namely, the 
slit. The jaws must be extremely sharp, smooth, and free from 
dust. The preparation of a first-class slit, especially if it is 
curved, is an operation that tests the skill of the best mechanic. 
Even the design of the mechanism for opening the jaws requires 
some thought. Both jaws should be in the same plane and 
should be parallel to each other so that when closed they touch 
along their entire length. The mechanism should be such that 
they cannot be closed violently because this is likely to dull the 
edges. A unilateral slit, in which only one jaw moves, is satis¬ 
factory if settings are always made on the fixed edge.^ Bilateral 
slits, in which both jaws move simultaneously in opposite 
directions, are more diflBcult to construct. Both jaws must move 
at the same rate, remain parallel to themselves, and yet have no 
lost motion. 

The difficulty in using a spectroscope or spectrometer of the 
usual type is that, if the slit is narrow, the cross hairs are difficult 
to see. Guild has proposed to use a very wide slit with a spider 
web in the middle between the jaws. In this case, the position 

^ See a series of papers in Astrophys, Jour, for 1895. The spectrographs 
for some of the famous telescopt^s have been described in this publication 
in 1900, 1902, 1904, 1912, and 1919. 

2 A slit of this type that is especially meritorious because of the delicacy 
with which the adjustments can be made has been constructed by de 
Gramont. It is described in Rev, JOptiquey 7, 68 (1928). 
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of each spectral line is represented by a dark line in the middle 
of a bright band and the cross hairs can be very readily set to 
intersect the dark line. Another suggestion has been to use a 
comparatively wide slit and to place in the focal plane of the 
ocular a straight wire that nearly fills the image of the slit. The 


•Mj 



eye is able to estimate very accurately when the bright areas on 
the two sides of the wire are equal. 

202. The Diffraction Grating.—The simple theory of the 
diffraction grating is illustrated in Fig. 273. Light entering a 
slit at the left of the figure is rendered parallel by the collimator 
lens and falls on the grating, which 
we shall assume for the present is 
merely an opaque screen containing 
a large number of infinitely narrow , A 
rulings equally spaced. We shall 

make the further assumption that —* - 

the light entering the slit is mon¬ 
ochromatic. Then, from Huygenses 
principle, the rulings of the grating 
may be considered as secondary 
sources from which light radiates 
in all directions. Some of this 
light will of course continue in its 
original direction and will be brought to focus at Mo by the 
telescope or camera objective. Let us now consider the rays 
diffracted at an angle a with the original direction. These rays 
are brought to focus at Mi by the objective; and, for the sake of 
clearness, an enlarged view of the grating showing two such rays 
A A' and BB^ is given in Fig. 274. Manifestly, if the distance 
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BC in this figure is equal to one wave length, the disturbance 
from B will arrive at Mi exactly one period behind the dis¬ 
turbance from A. Reinforcement will therefore take place. 
Now, from the geometry of the figure, 

BC = AB sin a. 

Designating the distance AB by for convenience, the condition 
for reinforcement at Mi is simply that 

e sin a = 

Since all the rulings of the grating are assumed to be separated 
by the same interval, it is clear that they will all contribute 
disturbances of the same phase at Mi. An image of the slit will 
therefore be formed at this point. This would be true also if the 
distance BC were equal to 2 X, 3 X, or any ot her integral number 
of wave lengths. Thus the general condition for reinforcement 
is 

e sina = mX, (286) 

where m is any integer. p]vidently a number of images, such 
as Ml, M2, M_i, M_2, etc., will be formed on both sides of Mo, the 
limit to the number being set by the fact that sin a cannot exceed 
unity. 

If the slit is illuminated by white light instead of monochro¬ 
matic light, it is apparent that light of all wave lengths will be 
combined at Mo to form a white image of the source. If now 
we assume m to be unity, it is clear that, since a varies with X, 
two spectra will be formed on opposite sides of Mo, the blue 
ends lying closer to Mo than the red ends. These are called 
the first-order spectra. With m = 2, a second pair of spectra 
are formed, the corresponding portions of which lie at a greater 
distance from Mo than those of the first order. The spectra of 
different orders overlap, of course. For example, the image of a 
yellow line at 600 m^i in the first order coincides with the line 
at 300 m/i in the second order, 200 m^ in the third order, etc. 
This is ordinarily a disadvantage, although it was turned to 
good use by Rowland in his classical determination of the wave 
lengths of the lines in the solar spectrum. 

The dispersion produced by a grating can be determined by 
differentiating Eq. (286) with respect to X, which gives 
da _ m 1 
dX e cos a 


(287) 
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It will be seen that the dispersion is approximately proportional 
to the order of the spectrum and to the fineness of ruling of the 
grating. 

The image of a spectral line formed in the plane of the cross 
hairs of the telescope or on the photographic plate is, of course, 
a diffraction pattern whose size depends upon the aperture of 
the system. Hence, it is clear that the resolving power of a 
grating depends upon both its size and the dispersion which it 
produces. A little consideration will show that the resolving 
power in the spectrum of a given order depends on the total 
number of lines of the grating that are effective in producing 
the spectrum. We may therefore write that the resolving 
power 

a - "’»• 

where N is the total number of rulings and m is the order of 
the spectrum. If we consider the numerical example discussed 
in Sec. 200, where a prism was required to separate two lines 
1 m^t apart at a wave length of 500 m/x, it will be seen that a grat¬ 
ing containing only 500 lines will suffice in the first order, one of 
250 lines in the second order, ei c. Rulings as fine as 20,000 lines 
per inch are not uncommon, and hence, even in the first order, a 
grating less than 1.5 mm in size will resolve two lines that are 
1 rn/x apart. 

Another consequence that can be deduced from Eq. (287) is 
that the spectrum produced by a grating is normal. In any 
practical application, the angle a is usually small, and conse¬ 
quently the value of cos a is sensibly constant over a reasonably 
short angular interval. The value of da/d\ is therefore approxi¬ 
mately constant, and the linear separation of two lines in a 
spectrogram made with a diffraction grating is therefore very 
nearly proportional to the corresponding difference in wave 
length. It will be recalled that this is far from being true for 
the spectrum produced by a prism, which is much extended at 
the blue end in comparison with the red end. 

We have assumed in this discussion that the grating consists 
of infinitely narrow rulings, but in practice such gratings would 
transmit an infinitesimal amount of light even if they could be 
prepared. The grating will function, however, if the rulings 
have a finite width and even if the intervening spaces are not 
completely opaque; in fact, the theory just developed holds 
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equally well if the grating has any sort of periodic structure 
whatever. The only effect of varying the ratio between the 
transparent and the opaque portions of the grating is to vary 

the distribution of light among the 
various orders of spectra. For ex¬ 
ample, by making the opaque and trans¬ 
parent portions equally wide, the spectra 
of (^ven orders disappear. 

To see that the simple theory ap¬ 
plies regardless of the type of ruling, 
let us consider the case of a reflection 
grating, which consists of a mirror 
scratched with parallel equidistant lines 
by means of a diamond point. A cross 
section of such a grating when enlarged 
might have the appearance shown in 
h'ig. 275. The light incident upon the 
grating will be diffracted by each infini¬ 
tesimal area of a grating element, but in any specified direction 
and for some point of each element indicated by A, C, etc., 
the disturbance produced in the resultant image will have the 
same phase as the resultant disturbance from the entire element. 
Since the simple theory applies to the rays diffracted at A, B, C, 
etc., it also applies to the rays diffracted by the entire grating, 
flere again the only effect of the form of the ruling is to vary 
the distribution of light among the various orders of spectra. 
Hence, by properly selecting the diamond point with which the 
grating is ruled, practically all the light can be concentrated in a 
single order. 

The ruling of a grating is done with the aid of a dividing engine, 
which consists essentially of a carriage that can be moved along 
a track by means of a very accurate screw. The mechanical 
difficulties that are involved in the manufacture of a fine grating 
are of unbelievable magnitude. The most serious fault pro¬ 
duced by a dividing engine that is anything less than perfect is a 
periodic error in the ruling. This may be due to a periodic 
error in the screw or in some part of the driving machinery. A 
ruling containing a periodic error produces not only the spectra 
characteristic of the nominal grating interval but also spectra 
corresponding to the interval of the periodic error. Such false 
spectra are termed ghosts. They can be detected by placing 
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the grating in a spectroscope as usual, substituting a hole for 
the slit, and placing a prism against the grating with its refract¬ 
ing edge perpendicular to the ruling of the grating. The prism 
draws out each spectrum into a curve similar to the dispersion 
curve of the glass, and a little consideration will show that any 
images of the pinhole that, do not lie upon this curve are due to 
ghosts produced by t he grating. 

A few gratings wit h 50,000 lines per inch have been ruled and 
at least one with 100,000 lines per inch. The ghosts in such 
fine gratings are so pronounced, however, that better results 
are obtained with coarser rulings. Most of the work on the 
fine structure of spectral lines is being done with gratings having 
15,000 lines per inch. Buch a grating 8 in. long, used in llie 
fifth ord(U-, has a theoretical resolving power of 600,000. In 
other words, at -1000 A., t wo lines 0.007 A. apart should just be 
resolved. 

The cost of even a moderately good grating is very high, but 
for many puri)oses replicas made by Thorp’s process as modified 
by Wallace' are (juite satisfactory. This process consists in 
pouring a layer of collodion upon an ordinary reflect ion grating, 
stripping it from the latter when it- is dry, and mounting it 
between glass platc's. The possibility of injuring a replica during 
the process of manufacture is considerable, and the price varies 
according to the quality. 

Nowadays, reflection gratings are more widely used than 
transmission gratings.*^ If a grating is ruled on a concave 
mirror, it can be made to serve as its own collimator and camera 
objective. This was done by Rowland in 1882, and it was by 
means of such a grating that he made his classical determina¬ 
tion of the wave lengths of the Fraunhofer lines in the solar 
spectrum. The essential features of Rowland’s mounting'' 
are shown in Fig. 276. The grating G forms an arc of a circle 
AGB (really a cap of a sphere of which AGE is the trace). The 
slit S and the photographic plate P lie on a circle SGP whose 
diameter is equal to the radius of curvature of the grating. It 
can be shown that the spectra also lie upon this circle. Sharp 

^ Astrophys. Jour.^ 22 , 123 (1905). 

2 Replicas can be coated with platinum by cathodic sputtering for use by 
reflection. 

^ For the details of construction and adjustment, see a paper by Ames in 
Phil. Mag., 27 , 369 (1889). 
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images of the slit can therefore be produced by curving the 
plate to coincide with the circle. The dispersion of the grating 
is so great iViat only a portion of even a single order can be 
photographed at one time. Some mechanical arrangement- is 
therefore necessary to enable the entire gamut of spectra to 
be investigated. If tlie lines SO and SP represent two tracks 
mounted at right angles and the line P(I represents a tie rod 
holding P and G at a fixed distance from each other, it is evident 
that the plate can be kept in focus by placing a swiveled truck 
under the grating G to ride on the track SG and another truck 
under P to ride on the track SP. This type of mounting has the 
advantage that a line in the second order coincides with the 



Fig. 270.— Sketch showing the principle of Rowland’s mounting of the concave 

grating. 

line in the first order having twice the wave length, and thus 
the spectral lines can be measured by the method of coincidences. 
On the other hand, the apparatus is large and is therefore diffi¬ 
cult to maintain at a constant temperature. Moreover, the 
angle of obliquity for spectra of high order is so great that only 
the first few orders can be studied. 

The method of coincidences has been shown by Kayser to be 
inaccurate, and therefore a form of mounting due to Eagle ^ is 
nowadays considered superior. In this mounting, the slit and 
plate are placed together as shown in Fig. 277. The various 
spectra are brought into focus by sliding the grating in the 

^ A sirophys. Jour., 31, 120 (1910). 
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direction PG and at the same time rotating it. The photographic 
plate must also be rotated about an axis in its own plane 
so that botti ends of the spectrum will be in focus. ^ 

It would take us too far afield to discuss the technique of 
spectroscopy in the infrared and ultraviolet regions. The 
instruments used in the infrared are essentially spectroradiom- 
eters; those used in the ultraviolet are spectrographs. The 
chief difficulty in exploring the extreme ultraviolet (300-100 mg) 
is atmospheric absorption. The absorption of the gelatin of 
the photographic plate is also troublesome, but this can be over¬ 
come by the methods discussed in Sec. 93, Chap. XI. The 
pioneer in ultraviolet spectroscopy was Schumann, who devised 
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Flu. 277.— Tlie optical system of the concave grating in Eagle's mounting. 
The plate i.s above tlie right-angle prism to prevent the latter from obstructing 
the beam returiiiug from the grating. 

a vacuum spectrograph to avoid atmospla^ric absorption. Ilis 
apparatus was improved by layman,^ who made the classical 
wave-length determinations in this region. 

203. Applications of the Spectroscope. —The sj^ectroscope'^ is 
undoubtedly the most powfu’ful tool for investigating th(' nature 
of the universe that man possesses. In the early part of the past 

‘ The similarity betweiai tin* F6ry, Littrow, and Eagle mountings is 
apparent at once. This circumstance has been turned to advantage by the 
firm of Hilger in the design of their “Univijrsar’ spectrograph. Tliis versatil(‘ 
instrument can be used in a wide variety of ways by merely interchanging 
a few optical parts. 

2 A.sirophys. Jour., 23 , 181 (1906). This entire subject is well cov(*red in 
his ‘‘'Phe 8pectros(a)py of the Extreme lUtra-Violet.” 

3 Although strictly the term “spectroscope” should lie applied only to 
instruments in which the spectrum is viewed with the eye, it is fr(H[uent]y 
used loosely to mean spectroscopic instnunentK in general. 
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century, Auguste Comte remarked: “There are some things of 
which the human race must forever remain in ignorance; for 
example, the chemical constitution of the heavcmly bodies.” 
Yet ho \vas in his grave little more than a decade (1868) before an 
element (helium) unknown on the earth was discovered in the 
sun. 

We now know by means of the spectroscope not only the 
constitution of many of the stars but also their temperature, 
density, and stage of evolution. Our own star, the sun, has been 
virtually peeled into layers like an onion with the spectrohelio- 
graph,^ invented by Hale about 1890. The motion of the stars 
and even of our own solar system through space has been 
measured by means of the Doppler effect; and, in the same way, 
double stars that we could never hope to resolve with the finest 
telescope have been discovered and their orbital velocities 
measured. At the other end of the cosmic scale, the mystery 
of the atom is being solved by a veritable army of eager workers. 
But, for a detailed account of the applications of the spectro¬ 
scope in these fields, the reader must consult th(i voluminous 
literature. 

Whereas the physicist, uses the spectroscope primarily in the 
field of pure science, the chemist generally uses it in the field of 
applied science. A study of the absorption spectra of substances 
yields much information about their chemical constitution. By 
causing a substance to produce its characteristic emission 
spectrum, the elements of which it is composed can be identified. 
This is often possible even when the proportion of an element is 
so small that the element is regarded as an impurity. This 
method of detecting impurities is of especial value when other 
methods are for some reason impractical. For example, the 
melting point of fusible plugs used in sprinkler heads and in the 
safety vents of steam boilers is raised to a dangerous extent by 
the presence of exceedingly minute traces of impurities such as 

^ This is similar to a monochromator with a photographic plate at the 
exit slit. The whole instniment, except the plate, is moved across the sun’s 
image, and thus the photograph is taken in monochromatic light emitted 
by some particular element. Since the elements li(‘ in layers, the com¬ 
parison with peeling an onion is evident. See Astrophy.'^. Jour., 23 , 54 (1906) 
for the final form of the instrument. The spectrohelioscope for visual 
observations was derived from the earlier instrument by adding an ocular 
to examine the exit slit and moving the instrument at a speed greater than 
the critical frequency. See Adrophyn. Jour., 70 , 265 (1929). 
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iron. To test these plugs individually by chemical methods 
would obviously be out of the (piestion, but it is a simple matter 
to use the plugs as the electrodes of a spark gap. When this is 
done, some of the lines due to the impurities appear in addition 
to those of the predominant metals. As the proportion of the 
impurities is diminished, the lines due to them disappear in a 
characteristic order, leaving a few persistent lines or raies nltimes 
at the limit. Thus, the lines due to the impurities not only 
identify the impurities but also indicate the approximate pro¬ 
portion in which they are present. A striking feature about the 
rales uliimes is that they are not always the lines that are pre¬ 
dominant when the element producing them is present in large 
proportions. A detailed description of spectrographic analysis 
by this method will be found in the Bureau of Standards Scien- 
iijic Paper 444. 



chapti:r xxviii 


INTERFERENCE AND INTERFEROMETERS 

The principle of superposition, whicli underlies nil interference 
phenomena, was discussed briefly in Hec. 4, Chap. 1. It was 
there shown that the combination of two li^ht waves pursuing;' 
approximately the same path and having the same frequency 

Screen 



and plane of polarization produces a resultant sinusoidal dis¬ 
turbance whose fre(iuency is the same as that of the components, 
and whose amplitude is 

a — + (I'l^ H- 2(1102 cos(^, (289) 

where Oi and a^. are the amplitudes of the components and tp is 
the phase of one with respect, to the other. If both components 
have the same amplitude, the resultant has double the amplitude 
of either when 0, 2%, 47r, etc. On the other hand, when 

^ 568 
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(f — TT, Stt, Stt, etc., the resultant amplitude is zero. This 
phenomenon is known as interference. 

204. The Theory of Interference. —The phenomenon of 
interference was first correctly explained by Youn^ jibout 1807. 
He used the apparatus sketched in Fig. 27(S. Light- was caused to 
pass first through a pinhole and then through two other pin¬ 
holes .'1 and IT By Huygens’s principle, A and can be treated 
as the centers of two disturbances that impinge upon the screen. 
These disturbanc(\s reinforce each other ad all points of the 
screen for which the distances to A and B either are equal or 
differ by an integral number of wave lengths. They annul each 
oth(?r for points on the screen for which the difference between 


Screen 



the two distances is an odd number of half wave lengths. As a 
result, a system of interference fringe's is formed on the screen. 

Young’s explanation of the phenomenon was not immediately 
accepted because of the possibility that the light undergoes some 
modification in passing through the pinholes. This objection was 
removed by Fresned, who obtained interference with the appa¬ 
ratus shown in Fig. 279. The mirrors M\ and My are inclined to 
each other at an angle of almost 180°, and hc'iice images of the 
source B are produced at A and B. Where the beams from A 
and B overlap, as indicated by the crosshatching, a system of 
interference fringes appears. Since the interfering beams do not 
originate at pinholes with this apparatus, the objection to 
Young^s experiment does not apply. 

During the first half of the nineteenth century, several other 
ingenious methods of demonstrating interference phenomena 
were devised. Among these may be mentioned FresneFs 
biprism, Lloyd’s mirror, and Billet’s split lens, a description of 
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which will be found in any text on physical optics. Experiments 
with these devices invariably indicated the essential correctness 
of Young’s explanation of interference, and they played an 
important part in bringing about a general acceptance of the 
wave theory. Actually, of course, such experiments indicate 
merely that t he wave theory is capable of explaining interference. 

In all the experimental arrangements for producing inter¬ 
ference, it has been found necessary that the interfering beams 
be derived from the same source of light. This is commonly 
explained by assuming that light is emitted in wave trains having 
a finite length. Thus, although two wave trains derived from 
different sources will produce an interference pattern, two 
suc*ceeding wave trains will, in general, have a different phase 
relationship and will therefore produce a pattern that is displaced 
with respect to the first. Since a large number of wave trains 
ar(‘ required to produce an effect on either the eye or a photo¬ 
graphic plate, the screen appears to be .uniformly illuminated. 
Schuster explains this failure to observe interference with two 
independent sources by assuming that, no source emits radiat ion 
that is strictly monc^chromatic; in other words, that even a single 
spectral line represents a hand of frequencies. Since the phase 
relationships between the various frequency components are all 
different, the pattern produced by one frequency is masked by the 
patterns produced by the others.* 

Let us assume for the moment the ideal case of a source that 
emits continuously light of only a single frequency. Let this 
source be used in conjunction with suitable apparatus to form an 
interference pattern on the screen shown in Fig. 280, which may 
be eit her a ground glass or a photographic plate. A more eflScient 
arrangement for visual observation of the fringes is to dispense 
entirely with the ground glass and to look toward the oncoming 
light with the accommodation adjusted for the plane that the 
ground glass would have occupied. The interference fringes are 
then formed directly upon the retina, since it is conjugate to the 

^ If the reader is familiar .witl‘ Fourier analysis, he will immediately 
recognize that the two explanations are evssentially equivalent because a 
wave train of finite length is resolvable into a spectrum composed of infinitely 
long wave trains of all possible frequencie.s. The energy within a given band 
of frequencies is practically zero exc(‘pt in the immediate vicinity of the 
nominal fn;quency of the original wave train. The longer the original wave 
train, the narrower is the band of frequencies for which the amplitude is 
sensibly different from zero. 
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plane of the ground glass. The observations are greatly facilitated 
by using either a magnifier or a telescope to examine the fringes, 
the former being used when the fringes are 
formed close to the eye and the latter when 
they are formed at a great distance. 

At any point of the screen, such as P in 
Fig. 280, the phase difference between the 
two disturbances producing the interference 
has a definite value. This phase difference 
results from a difference in^the length of the 
optical path of the two beams. It is easy 
to see that reinforcement takes place when 
the path difference 5 = 0, X, 2X, 3X, etc., 
and annulment when 5 = ^ X, ^2 \ 

The ratio 5/X evidently determines what 
may be called the order of the interference. 

Thus the order of interference at P may be represented by 



^ L 

m = “ = A + €, 


(290) 


where K is an integer and c a fraction. 

Now let us suppose that the source emits light waves lying 
within the spectral band having a width d\ and a mean wave 
length X. By differentiating h]q. (290), it is found that 


dm _ d\ 
rn X 


(291) 


If the change in wave length represented by d\ is to produce a 
negligible effect on the interference pattern, dm must be small in 
comparison with unity. Therefore, if the order of interference 
is high, the purity of the radiation, which is measured by the ratio 
X/dX, must also be high. The green line of mercury (X = 546.1 
ni/z) is remarkably pure and produces observable fringes when the 
order of interference is nearly 800,000. This order of interference 
corresponds to a path difference of more than 40 cm. Unfor¬ 
tunately, this line is accompanied by satellites that complicate 
the interference pattern. The cadmium arc used by Michelson 
has a red line which is free from satellites and which produces 
observable fringes when the order of interference is 400,000. It 
will be recalled from Sec. 78, Chap. IX, that this radiation has 
been chosen as the primary standard of wave length. Buisson 



572 


THE PRINCIPLES OF OPTICS 


and Fabry found in 1912 that a discharge tube containing krypton 
in liquid air produces observable fringes when the order of 
interference is nearly 1,000,000. The inference is that the 
individual wave trains emitted by this source must contain at 
least one million waves. 

When white light is used as a source, d\ becomes nearly equal 
to X. The interference pattern consists therefore of a white 
central fringe with a few colored fringes on either side. The 
pattern becomes so complex at higher orders that the fringes 
gradually blend int o a uniform white field. For such purposes as 
the routine measurements in the machine shop or the testing of 
optical parts, only the first few orders are necessary and white 
light is therefore satisfactory. A greater number of fringes can 
be seen by placing a deep red filter in the path of the light. 

205. Stationary Light Waves.—In the vast majority of inter- 
ference phenomena, the interfering beams have substantially 
the same direction of propagation. This feature is not (essential, 
however, for interference is observed between beams traveling 
in opposite directions. To see how interference takes place in 
this case, it is merely necessary to write the equations for the 
two waves and add them together. Let the displacement 
produced by one wave at any point along the direction of prop¬ 
agation be given at some particular instant of time by 


y = a sinx . 

For a given value of the displacement varies with time in 
accordance with the expression 

2 / = a sin 27r/{ . 


Both expressions may be combined to give the general expression 
for a wave traveling in the positive direction of x : 

(292) 


2/1 = a sin 2x1 


( 


wherein T is the period and X the wave length. A similar wave 
traveling in the opposite direction would be represented by 


2/2 


= a sin 2x1 


{^0 


(293) 


If, in some manner, the two waves are combined, the resultant 
displacement at any point x and any time t is found to be 
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y = 2/1 + 2/2 


X t 

2 a cos27r- sin27r7^* 
A I 


(294) 



Fic. 


This equation represents a sinusoidal disturbance in time whose 
amplitude is zero where x/\ = etc. Such points are 

known as 7iodes. The amplitude attains its maximum value 2 a 
where x/\ = 0, etc., and 

such points are known as antinodes. 

The distance between successive 
nodes or antinodes is obviously 
Since the nodes and anti¬ 
nodes have fixed positions in space, 
this kind of interference is said to 
produce stationary imves. 

The phenomenon of stationary 
waves has long been known in 
the fields of mechanics and acous¬ 
tics, and it was suggested as an ex¬ 
planation of the colors exhibited 
by some of Becquerers photographs 
made in 1850. It was not until 
1890, however, that Wiener dem¬ 
onstrated conclusively the existence of stationary light waves. 
His apparatus consisted, as shown in Fig. 281, of a plane 
mirror M upon which a parallel beam of monochromatic light 
was allowed to fall. Since the reflected beam had the same 
wave length and very nearly the same amplitude as the orig¬ 
inal beam, a stationary-wave pattern was produced. This 
pattern was recorded on a thin photographic emulsion P, which 
was inclined at a slight angle to the mirror. Upon develop¬ 
ment, the emulsion was found to exhibit an interference pattern 
consisting of parallel light and dark lines. This was to be 
expected because, wherever the emulsion coincided with a node, 
as at A and B, the silver halide should be unaffected. At other 
points, however, a developable image should be produced. 

Soon after Wiener’s experiment was published, Lippmann 
employed the phenomenon of si ationary light waves as the basis 
of a process of color photography.^ The plates used for this 


Sketch Bhowiujj; 


principle of Wiener’s exi/erimont. 


^ Although the subject of color photography is beyond the scope of this 
volume, this process deserves a brief description because of its theoretical 
interest. A comprehensive account of the methods that have been devised 
for making photographs in natural colors will be found in E. J. Wall’s ^^The 
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process must be especially prepared because the grains of com¬ 
mercial plates are much too coarse. The plates are placed in 
the camera with the glass side facing the lens and the emulsion 

is backed with a reflecting layer 

6/afSS Emuf^ton r u • t 7 - 

of mercury, as shown m rig. 

XXXXX xlx xlxklxlxt of f stationary- 

* ' ' * * ' wave pattern that is formed in 

the emulsion, the developed im- 
age consists of thin laminae 

-'"''"lOOOOa)(j^^ irnTth^oTthe^ifthat 

produced them. The plate is 
prepared for viewing by coating 

/VYWYVTV JilJll back of the glass with a black 

^^^UaaUu)(^I|I^^ varnish and cementing a thin 

prism to the emulsion side to 
tf-f-f-i avoid the annoying surface re- 
Fig. 282.—The principle of Lippmanu's flection. When white light is 
procoHs „f color photoijraphy. allowed tO fall Upon the 

laminae, the condition for reinforcement is satisfied for the wave 
length that produced them but not for other wave lengths. The 
existence of the laminae can be proved by examining a transverse 
section of the developed image under a microscope. When this 
is done, it is found that a node is produced at the boundary of the 
emulsion where the reflection takes place. This is explained by 
assuming that a wave is reversed in phase when it is reflected at 
the boundary of a denser medium. Although the complica¬ 
tions of the Lippmann process have prevented it from being 
used to any great extent, it has the advantage over other proc¬ 
esses of color photography that it is capable of reproducing spec¬ 
tral colors. 

206. Interference at Thin Films. Newton’s Rings. —The 

colors exhibited by a thin film, such as a soap bubble or a layer 
of oil on water, are familiar to everyone. Certain crystals, 
notably potassium chlorate, are composed of successive layers, 
and they also appear colored although they have no selective 
absorption in the ordinary sense. The first quantitative inves¬ 
tigation of this phenomenon seems to have been made by Newton, 


History of Three-color Photography,^' American Photographic Publishing 
Company 
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who studied the colored rings produced when two spherical 
surfaces having almost the same radius of curvature are placed 
in contact. A hundred years later, Young showed that the 
phenomenon is due to interference between the beams reflected 
at the two surfaces. 

The simplest case to investigate is that of a plane surface 
in contact with a spherical surface of large radius of curvature. 
Such a combination is shown in Fig. 283, where 0 is the center 
of curvature of the spherical surface and R is its radius. If 
monochromatic light is incident from above, some will be reflected 



at the spherical surface and some at the plane surface. The 
point of contact is dark because, although there is here no path 
difference between the beams reflected at the two surfaces, 
the beam reflected at the plane surface is reversed in phase. 
This phase reversal is equivalent to a path difference of 3^^ X and 
therefore produces annulment. Annulment takes place also at 
points for which the thickness t of the air film equals X, X, 
?^X, etc. The res^ult is an interference pattern consisting of a 
dark center surrounded by alternate light and dark rings, called 
Newton^s rings. The value of t for any given ring cannot be 
measured conveniently, but it can be determined by measuring 
the radius r of the ring. Since, from the geometry of the figure, 
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= R^- {R - ty 
= 2Rt - 

and is negligible compared with 2Rt, it follows that 

'= 5 - ( 295 ) 

The radii of the rings evidently increase as the square root of 
the natural numbers. 
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Fio. 284.—Two arrangements for checking surfaces by means of test glasses. 


Evidently, the interference fringes in the arrangement just 
described form a contour map of the spherical surface. The 
application of this principle to the testing of the figure of optical 
surfaces was alluded to in Sec. 135, Chap. XVII, but we are now 
in a position to consider it in more detail. The apparatus^ that 
is ordinarily used in practice is represented schematically in 
Fig. 284a. The source S is an incandescent lamp, which illu¬ 
minates the diffusing screen D. The optical part to be examined 
is laid on the tabic with the surface to be tested uppermost and a 
test glass is placed upon it. Let it be assumed for concreteness 
that the part is being tested for flatness, and that the test glass 
has a truly plane surface. If the surface of the part is also truly 
plane, it can be made to coincide with the test glass at all points 
and the field will therefore appear uniformly dark all over. This 
procedure is not followed in practice because of the danger of 
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scratching the surfaces. Instead, the surfaces are placed in 
contact at only one point, leaving a wedge of air between. The 
result is a system of straight, parallel fringes, as shown at A in 
Fig. 285, where the point of contact is at c. Parallel fringes do 
not always indicate a true figure with the apparatus we have 
assumed because the pattern must be observed at an angle. For 
this reason, the arrangement sketched in Fig. 2846 is better. 
The diffusing glass D is placed as shown, and the light from it is 
reflected downward by means of the clear glass plate M. The 
int erference pattern can then be observed from a direction normal 
to the surfaces. 

If the surface being tested is slightly convex, a Newton’s ring 
pattern as shown at B in Fig. 285 results. Assuming that light 



Fiti. 285.“—Tyj)ical interference patterns formed with test glasses. 


with a mean wave length of 650 m// is used and that the radius 
of the fifth dark ring is 50 mm, Eq. (295) shows that the radius 
of curvature of the surface is 770 meters. A concave surface 
would produce the same pattern except for the obvious differences 
resulting from the edge being in contact instead of the center. 
If the surface is convex, the test glass can be rocked upon it to 
move the point of contact. When it is at the edge, the pattern 
appears as shown at C in the figure. 

If the surface of the part is irregular, the interference pattern 
may have an appearance like that shown at D, In this particular 
case, there are two points of contact, ci and C 2 . If the cor¬ 
responding portions of the surface under test are visualized as 
elevations on the surfaces, the similarity of the interference 
pattern to a topographic map is at once evident. 

With the increasing importance of the quantity production 
of standardized machine parts, interference methods have found 
their way into the machine shop. A set of Johansson gauges used 
in conjunction with a plane test glass in either of the types of 
apparatus shown in Fig. 284 can be used for the extremely 
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accurate measurement of thickness. In Fig. 286a is shown an 
arrangement for comparing a metal block—for example, a part 
of a machine or a gauge under construction—directly with a 
gauge of known thickness. Both block and gauge are wrung'' 
on a base plate' having a plane surface, and the test glass is 


1 - i 






P Unknown'^f(^ \ 


r 


Unknown 

Gauge 


Gauge 

Gauge 


d 

Base p/offe 

J L_ 

Base p/ake 1 


a b 

Fm. 286. 'Typical arrauMicments for tostiiig: the thickness of objects by means 
of a gauge and a test glass. 


laid upon them. The number of dark fringes at the surface of 
the gauge (neglecting the one at the line of contact) indicates 
the error in the thickness of the block in terms of half wave 
lengths of the particular light used. Thus, if red light (\ = 
650 m/x = 0.000026 in.) is used and ten fringes appear, the block 
is 10 X 0.000013 = 0.00013 in. thicker than the gauge. Another 
common problem in the machine shop is to measure the diameter 
of a spherical or cylindrical object—ball bearing, hairspring, or 
plug gauge, for example. A suitable arrangement is shown in 
Fig. 2865. If the difference in the thickness of the two gauges 
is equal to the nominal diameter of the object, it is obvious that 
the error in diameter can be computed directly from the number of 
fringes that are visible on the surface of the thicker gauge, the 
width of this gauge, and the distance of the object from the 
line of contact of the test glass and the gauge. Many other 

^ The process of wringing’^ consists in sliding one part along the other 
in such a manner as to exclude air and dust. When the operation is properly 
performed, the two pieces stick together by the pressure of the air and can 
be removed only by sliding. The surfaces must be clean and must be covered 
with alight film of moisture, which is produced by breathing upon them. 
Two parts that are “wrung ” together should be separated as soon as the test 
is completed or they may adhere permanently. It may be added that the 
Johansson gauges consist of metal blocks whose thicknesses are such that 
either singly or in combination any thickness within the capacity of the set 
can be obtained in steps of 0.0001 in. The precision of any combination 
less than 6 in. thick is said to be 0.00001 in., and the error of 0.000001 in. 
introduced by the film between the blocks is quite negligible. 
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arrangements similar to those just mentioned can be devised for 
special purposes. 

207. The Measurement of Length. Interferometers.— Con« 
sider the ray /, in Fig. 287, which is incident on a plane-parallel 
plate having a thickness t and a refractive index n'. This ray 
gives rise to the ray Ih on reflection at the first surface and the 



ray Ri on reflection at the second surface. The path difference 
between the rays R\ and R 2 is 

8 . = n'{AB + BC) - nAD + 5 

~ 2n'i cos ?•' + (296) 

where r' is the angle of refraction in the medium of index n'. 
The value of 8 can be varied by varying either t or r. The 
fringes produced by varying I are called fringes of equal thickness; 
the fringes produced by varying r are called fringes of equal 
imdination. The production of fringes of equal thickness was 
discussed in the preceding section, and the production of fringes 
of equal inclination will be discussed in the present section. 
The distinguishing feature between the two cases is that, to 
observe fringes of equal thickness, the eye must be focused on 
the plate itself, whereas to observe fringes of equal inclination, 
the eye must be focused for infinity. 

The method of producing fringes of equal inclination can be 
understood most readily in terms of an apparatus devised by 
Fizeau in 1849 for determining the separation of spectral lines. 
As shown in Fig. 288, the apparatus consists of a source aS, a 
mirror R containing a hole for observing the fringes, and two 
glass disks Mi and M^. The upper surface of Afi is inclined at a 
slight angle so that the reflected light does not enter the eye of 
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the observer, and the lower surface of M 2 is blackened. The 
interference pattern that is produced is therefore the result of 
reflections at the lower surface of Mi and the upper surface of 
M 2 . If these surfaces are exactly parallel and are separated by 
an integral number of wave lengths, the point at the foot of the 
perpendicular dropped from the eye will be dark because of the 
reversal of phase suffered by the light reflected at the surface of 
M 2 . This point is* surrounded by alternate bright and dark 
rings, since the angle of obliquity increases the path difference 
between the interfering rays. 



Fig. 288.—The optical system of the Fizeau interferometer. 


Fizeau's apparatus was provided with a screw for moving the 
lower disk to increase or decrease the thickness of the layer of 
air between the disks. {As the thickness of the layer is increased, 
the spot at the center becomes alternately bright and dark and 
the entire fringe system expands, new fringes appearing at the 
center of the field at approximately the same rate as the fringes 
disappear at the edge. As the thickness of the layer is decreased, 
the fringe system contracts, new fringes appearing at the edge of 
the field at approximately the same rate as the fringes vanish 
at the center^ Obviously, a displacement of M 2 equal to half a 
Wave length causes the center of the pattern to pass through one 
complete cycle. Hence, by counting the number of cycles 
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through which the center of the pattern passes for a known dis¬ 
placement of M 2 , the wave length of a monochromatic radiation 
can be determined. 

Consider now the case where the source emits two monochro¬ 
matic radiations having wave lengths Xi and X 2 . Suppose that 
the distance between the two disks is such that both radiations 
produce fringe systems with dark centers. The two fringe sys¬ 
tems will then be superposed upon each other near the center oi 
the field, which will liave an appearance not unlike that produced 



Fiu. 289.- -The Michelsou interferometer. 


by either radiation alone. If, however, one radiation produces a 
fringe system with a bright center and the other a system with a 
dark center, the two systems will be intermeshed in such a manner 
as to produce a uniformly bright field, provided the two radia¬ 
tions are of equal intensity. Suppose that, as the separation of 
the two disks is slowly varied, N\ fringes of the radiation whose 
wave length is Xi are observed to appear or disappear at the center 
of the field between successive positions for which the field has 
the same appearance. The change in the path difference is 
obviously iViXi, and this causes the appearance or disappearance 
of iVj ± 1 fringes of wave length X 2 , whence 
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A^iX. = (AT, + l)\i 
or 

= ^ 297 ) 

Thus it is a simple matter to determine the wave length of an 
unknown radiation in terms of one that is known. 

The instrument just described is known as an interferometer 
because it can be used to measure a length in terms of the length 
of a wave of light. The usefulness of the type just described is 



Fio. 290.—The optical system of the Michelson interferometer. 


very restricted, however, and other types having a wider range of 
applications have been devised. One of the best known is the 
one designed by Michelson^ for determining whether the earth 
is in motion with respect to the ether. Figure 289 is a photograph 
of a small model of this instrument. It consists, as shown by Fig. 
290, of two first-surface mirrors C and Z), a half-silvered mirror 
Af and a clear compensating plate B whose thickness is exactly 
equal to that of A. The lens L makes the light from the source 
S approximately parallel. The incident beam is divided at A, 
approximately one-half being reflected to the mirror C and the 
^PhiL Mag., 24, 449 (1887). 
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remainder being transmitted to the mirror D. The returning 
beams are recombined at A and enter the observer's eye to 
produce fringes of equal inclination. These fringes are observed 
through the telescope Ty which is necessary because of their 
small angular separation when the path difference is great. 
This apparatus is essentially equivalent to Fizeau's apparatus 
except for the important advantage that a substance can be 
introduced into one of the beams independently of the other. ^ 
The path difference can be varied by moving either C or D and, 
in contrast to Fizeau's apparatus, the path difference can be 
made ecpial to zero. If the virtual image of D formed by reflec¬ 
tion at A is parallel to C, the fringe system is a series of concentric 
circles as in Fizeau's apparatus. '-Sometimes the instrument is 
used with the mirrors inclined at a slight angle, in which case the 
fringes are arcs whose direction of curvature depends upon 
whether the virtual image of D is in front of C or behind it. 
When the two coincide, the line of intersection is marked by a 
straight fringe that is achromatic in white light. This fringe of 
zero path difference is easy to detect and serves as a useful point 
of reference. 

The application of this interferometer to practical problems 
can be illustrated by the procedure developed by Michelson for 
measuring the standard meter in terms of the length of light 
waves. This might have been accomplished by placing one of 
the mirrors, C for example, in coincidence wit h one of the scratches 
on the standard meter. Then by moving C until it coincided 
with the other scratch and counting the number of fringes that 
appeared or disappeared at the center of the field during the 
operation, a direct measure of the number of light waves in a 
meter could have been obtained. This procedure has two serious 
objections, f In the first place, there are 1,553,164 red cadmium 
waves in the standard meter, and to count the corresponding 
number of fringes would be a superhuman task. In the second 
place, no radiation is sufficiently homogeneous to produce 
sharply defined fringes over a path difference as great as one 
meter. Michelson therefore used nine etalons of the type shown 
in Fig. 291, each having approximately twice the length of the 
next shorter. The shortest was 0.391 mm long and the longest 

^ This fact is the basis of Twymaii^s adaptation of the instrument for 
testing optical systems. A brief description was given in Sec. 139, Chap. 
XVII. 



584 


THE PRINCIPLES OF OPTICS 


100 mm (0.1 meter). The length of the shortest was accurately 
determined in the manner described above, which was a com¬ 
paratively simple operation since only 1200 fringes had to be 
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Fig. 291.—Diagrammatic sketch of an etalon used ))y Miciielsoii in dotermining 
the length of the standard meter. 

counted. This etalon was then compared with the next longer, 
and the process was repeated until the number of fringes corre¬ 
sponding to the lOO-mm etalon was found. ^ The final operation 
was to compare this etalon with the standard meter. To do 
this, an auxiliary meter was prepared and t he etalon was provided 
with an arm on which a scratch was made. The auxiliary, meter 



Fig. 292. 


was placed on the interferometer beside the etalon, and the length 
of the auxiliary meter was stepped off ten times, the operation 
being started at one end of the auxiliary meter and finished at 
the other. Finally the standard meter was compared with the 
auxiliary meter by means of a comparator. 

The fringes obtained with either the Fizeau or the Michelson 
interferometer pass through their successive maxima and minima 
gradually, so the exact position of a fringe is difficult to estimate. 
The fringes are much sharper in interferometers that are based 

^For the details of the procedure, see Travaux et Mimoires du Bureau 
International des Poids et Mesures, 9 , (1894) or Michelson’s ‘‘Studies in 
Optics,^' University of Chicago Press, Chicago. 
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on the principle of multiple reflections between parallel plates. 
The formation of fringes in this case can be understood from 
Fig. 292, which shows two parallel plates with a light coating of 
silver on their adjacent surfaces A and B, If a ray of light is 
incident on these surfaces, the transmitted rays produced by the 
multiple reflections are parallel to each other and the path 
difference between any pair of adjacent rays is the same. These 
rays will therefore produce an interference pattern in a telescope 
focused for infinity. It can be shown that the intensity in the 
maxima of this pattern is 


U = 


rp2 

(1 ~ ry' 


(298) 


where R and T are, respectively, the reflectance and the trans¬ 
mission of the surfaces A and B. Calling 5 the path difference 
between adjacent transmitted rays (in practice, approximately 
equal to twice the separation of the surfaces), the intensity at 
any other point can be shown to be 

I = - - -(299) 

1 + C sin^TT- 

A 


where 


C = 


AR 

(1 - Ry' 


(300) 


At the minima, it is clear that the intensity is 

. _ U 



(301) 


By examining Eq. (299), it can be seen that the sharpness of 
the fringes is determined by the value of C, which in turn depends 
upon the reflectance R of the surfaces. Taking R equal to 0.8, 
which is found to be the optimum value in practice, C = 80. 
The distribution of intensity in the fringe system under these 
conditions is shown in Fig. 293, which is a plot of I against 5/X. 
The fringes are very narrow compared with the intervening dark 
spaces; and, since the intensity in these spaces is only Kgo of 
that in the maxima, the contrast is very marked. If the light 
consists of more than one monochromatic radiation, the patterns 
due to the separate radiations are clearly distinguishable, which 
is not the case for the Michelson or the Fizeau interferometer. 
This circumstance can be turned to advantage in analyzing 
spectral lines, as will be explained in the next section. 
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Fabry and Perot' have designed an interferometer based on the 
principle just discussed. It consists essentially of two parallel 



Fig. 293. —Plot of the intensity of the fringes produced by a Fabry-Perot 

interforomoter. 

mirrors whose adjacent faces are very accurately plane and 
whose reflectance is 80 per cent. The instrument is arranged 
as shown in Fig. 294, where the mirrors are represented by Mi 
and M 2 . The lens L forms a magnified image of the source S 



Fig. 294. —The optical system of the Fabry-Perot interfc'rorneter. 


near the mirrors, and the fringes are examined with a telescope T. 
Mirror Mi is movable in a direction normal to its surface. This 
instrument was used by Benoit, Fabry, and Perot in a repetition 
of Michelson^s determination of the length of the standard meter. 
The manner in which Jhe length of an etalon is measured with 
this instrument is indicated in Fig. 295. The etalon in this case 


Nj Nj M, mJ Mg 



Fig. 295. 

consists of two partially silvered mirrors Ni and JV 2 , whose 
silvered surfaces face each other. White light from k source at 
the left of the figure is sent through the etalon and the interfer¬ 
ometer mirrors Mi and M 2 in turn. Consider a ray reflected first 
at ^2 and re-reflected at Ni. This ray interferes with another 
ray reflected first at M 2 and re-reflected at Mi. If A^iiV 2 == 
M 1 M 2 , there is no path difference between the rays and the 
observer sees a uniform white field when all the mirrors are 

^ Ann. Chimie PhysiquBy 22 , 564 (1901). Reprinted in Astrophys. Jour., 
13. 265 (1901). 
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parallel. This condition can be readily detected because a 
slight motion of Mi causes colored rings to appear. If the etalon 
is slightly rotated about a vertical axis, a straight, achromatic 
fringe bordered by curved, colored fringes indicates the vertical 
plane in which the path difference is zero, as with the Michelson 
interferometer. Now consider the effect of moving Mi to Mi, 
where Mi M 2 = 3^2 ^ 1 ^ 2 . A ray reflected once between Ni 
and N 2 will interfere with a ray reflected twice betwecm M/ and 
M 2 , and a uniform white field or a straight white fringe will again 
be seen. This is true also when Mi M 2 = 3 3 , 34 AiA^ 2 , etc. 

The distance between the various positions of Mi can be readily 
measured in terms of the wave length of any desin^d mono¬ 
chromatic radiation, and thus the distance bet ween N\ and N 2 
can be computed. In determining the length of the meter, five 
similar etalons were used, each being twice as long as the next 
shorter. The length of the shortest, which was 62.5 min, was 
found directly; and the length of the longest, which was approxi¬ 
mately 1 meter, was found by comparing the etalons successively 
with one another. The 1-meter etalon was compared with the 
standard meter by means of a comparator.^ 

The interferometer is a valuable tool for the measurement of 
distances which are either excessively small or which must be 
determined with a degree of precision that makes other methods 
of measurement unsuit able. The two determinations of the wave 
length of the red cadmium line described above differed from 
each other by less than 5 parts in 10,000,000, and hence the wave 
length of this line is known to a greater degree of precision than 
is ever required in the ordinary measurements of distance. This 
establishes the wave length of this radiation as a unit of length 
whose constancy makes it unnecessary to maintain physical 
standards. To measure an unknown distance, one needs merely 
to count the number of fringes that appear or di^^appear in the 
field as th 6 interferometer mirror is moved from one end of the 
distance in question to the other.- The cadmium arc is not 
always convenient but the radiations from other sources have 

1 See Travaux et M^rnoires du Bureau International des Poids et Mesures, 
16 (1913) for the details of the procedure. 

2 There are certain adjustments that must be made to an interferometer 
before it can be used. These are made most conveniently by following a 
systematic procedure, which is given in some detail in most treatises on 
physical optics and in advanced laboratory manuals such as Mann’s ‘‘ Man¬ 
ual of Advanced Optics” and Taylor’s “College Manual of Optics.” 
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since been determined by interference methods in terms of the 
red cadmium radiation with a precision that is entirely adequate 
for all practical purposes. 

208. Interference Spectroscopes. —The interferometers de¬ 
scribed in the preceding section can be used to determine the wave 
lengths of the components of spectral lines. The procedure 
followed by Fizeau in his determination of the separation of the 
sodium lines was to count the number of fringes appearing in 
the field as the lower plate is moved between positions of uniform 
illumination. Michelson developed a method for analyzing still 
more complex radiations by means of his interferometer. | The 
method consists in estimating the variation in the distinctness 
or ^‘visibilityof the fringes as the interferometer mirror is 
moved. He defined visibility as 






(302) 


where and represent, respectively, the intensity of the 
bright fringe at a given point and the intensity of the adjacent 
dark fringes. The visibility varies in a characteristic manner for 
every type of complex radiation. Thus, for a radiation consisting 
of two components of equal intensity, the visibility varies 
periodically between zero and unity. Although the satellites of 
many lines were discovered by this method, there was no way of 
determining whether a given satellite was on the long or the short 
wave-length side of the principal line. Moreover, in the hands 
of one less skillful than Michelson, the method is quite impracti¬ 
cal. I On the other hand, the interferometers based on the 
principle of multiple reflections produce fringes of such sharpness 
that the fringe system is in effect an enlarged view of a limited 
portion of the spectrum. In this case, the problem of estimating 
the visibility does not arise. 

It will be recalled from Sec. 202, Chap. XXVII^ that the 
resolving power of a spectroscope is expressed by X/dX, where dk 
is the smallest distinguishable wave-length difference. For an 
interferometer, Eq. (291) shows that 


\ _ m 
d\ dm^ 


(303) 


where m is the order of interference. For example, if the fringes 
due to one component of the radiation are to lie midway between 
those due to the other, dm = , and therefore 
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Thus the resolving power can be increased at will by increasing 
the order of interference. In the Fabry-Perot interferometer, 
this is done by moving the mirrors farther apart. The limit is 
reached when the order becomes so great that the inhomogeneity 
of the components causes the interference pattern to become 
indistinct. When absolute values of wave length are not required 
and the only problem is to analyze the structure of a spectral 
line, the Lumrner-Gehrcke plate^ is more convenient because it is 
less complicated and therefore less difficult to keep in adjustment. 
It consists essentially of a thick plane-parallel plate as shown in 



Fig. 296. The radiation to be examined is isolated with a 
monochromator, rendered parallel by a lens, and caused to enter 
the plate as shown through one face of the prism P. This prism 
is cemented to the plate to prevent the heavy loss of light by 
reflection that would otherwise occur. The rays suffer many 
internal reflections within the plate and emerge in a condition to 
interfere. The resulting fringes are viewed by means of a 
telescope placed either above or below the plate. The surfaces 
of the plate are not silvered, a high reflectance being attained by 
causing the reflections to take place near the critical angle. A 
very high resolving power can be attained, 500,000 being a 
typical value. The chief difficulty in manufacturing and mount¬ 
ing a Lumrner-Gehrcke plate is to keep the faces parallel. A 
slight departure from strict parallelism will introduce ghosts 
similar to those produced by an imperfect diffraction grating. 
These ghosts can be detected in the manner described in Sec. 202, 
by crossing another plate with the one in question. 

Michelson^s echelon grating^ is another device for analyzing 

1 Ann. Physik, 10, 457 (1903). 

2 Astrophys. Jour.^ 8, 37 (1898) 
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radiation. As shown in Fig. 297, it consists of a pile of plane- 
parallel plates arranged in step formation. Each step is made 
to have the same height and width so that the retardation of the 
various portions of the beam varies in arithmetical progression. 
The plates usually have a thickness of approximately 10 or 20 mm 



Fi(i. 297. "The Michelson echelon 


and each extends 1 or 2 mm beyond its neighbor. As many as 
30 plates can be used before the absorption of light becomes 
excessive. The expression for the resolving power of an echelon 
is the same as that for an ordinary diffraction grating, which is 
given by Eq, (288) in Chap. XXVII as 



where m is the order of the spectrum and N is the number of lines 
in the grating. In the case of the echelon, m is the path differ¬ 
ence, expressed in wave lengt-hs, between rays passing through 
adjacent plates. This path difference is evidently 

m = {n — 1) 

A 

where t is the common thickness of the plates. Substituting 
t == 20 mm and X == 0.0005 mm, the value of m is found to be 
equal to 20,000. The corresponding value of X/dX is 600,000 
when 30 plates are used. As this resolving power can now be 
attained with ruled gratings, the echelon grating no longer 
possesses the unique importance that it did at the time of its 
invention. One of its serious disadvantages is the small separa¬ 
tion of the successive orders of spectra. 

209. Miscellaneous Applications of Interference. —Interference 
methods are generally employed whenever a length, an angle, or a 
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displacement must be measured with high precision. Many 
ingenious arrangements have been devised to mee;|. special 
conditions, but they are all based on the principles discussed in 
the preceding section.^ There are, however, two important 
applications of interference that are sufficiently different to 
warrant special mention. 

One of these applications is the determination of indices of 
refraction. Since the quantity measured by an interferometer 
is the optical path difference, it is clear that the index of a sub- 



Fig. 298.—The optical Hystem of the Jarniii interferometer. 


stance whose thickness is known can be found by inserting it in 
one of the beams of an interferometer and measuring the amount 
by which the optical path is altered. This method is especially 
valuable for gases, whose indices differ but slightly from unity. 
An early type of interferometer for this purpose was devised by 
Jamin,^ and the principle of the instrument is illustrated in Fig. 
298. It consists essentially of two thick mirrors Mi and M 2 . A 
beam of approximately parallel light is incident on Mj, where it is 
divided into two interfering beams. These are reflected at M 2 
into a telescope T, Two evacuated cells C and C' having the 
same length are inserted, one in the path of each beam. The 
gas under examination is then allowed to enter one of the cells 
slowly and the resulting displacement of the fringe system is 
noted. From the known length of the tube and the increase in 

1 The field of interference measurements is well covered by Fabry’s 
monograph, ^'Les Applications des Interf4rences Lumineuses,” published 
by the Rev. d'Optique. 

2 Ann. Chimie Physique, 49 , 282 ( 1857 ). 
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the path difference, the index of refraction is easily computed. 
A more common type of instrument was designed by Lowe^ after 
an apparatus designed by Lord Rayleigh^ for measuring the 
indices of argon and helium. These interferometers are often 
used in the analysis of a mixture of gases to determine the propor¬ 
tion in which the components are present.*^ For example, the 
Lowe type is made in a portable form for determining the 
presence of a dangerous concentration of carbon monoxide in coal 
mines. 

The second noteworthy application is to the measurement of 
the angular separation of the components of double stars. The 

D 



theory of the method was worked out by Michelson'* in 1890. A 
complete discussion of the theory would be out of place here but 
the principle will be clear from Fig. 299. Let it be avssumed that 
the two stars S and S' are so small that they can be treated as 
points. In other words, if these stars are observed in a telescope 
in the ordinary manner, two overlapping diffraction patterns 
similar to those of Fig. 60 in Chap. VII will be formed in the focal 
plane F'. If now a diaphragm D containing two apertures A 
and B is placed in front of the objective, one of the components, S 
for example, will produce a system of parallel fringes. The 
central fringe will be located at F' where the two paths AF' and 
BF' are equal. The component S' will produce a similar system 
of parallel fringes with the central fringe in a slightly different 
position. If the two components are of equal intensity, the two 
systems will intermesh to produce a uniformly bright patch of 
light when the angular separation of the two components is 

^ Zeits, Instrumentenh.j 30 , 321 (1910). See also Martin’s Optical 
Measuring Instruments,” Chap. IX. 

2 Proc. Roy, Soc,, 69 , 198 (1896). 

2 See Bur, Standards Tech, Paper 131. 

< Phil, Mag,, 30 , 1 (1890). 
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X 

2AB’ 


(304) 


Hence by varying the distance between the apertures until the 
fringe systems intermesh in this manner, the angular separation 
of the components can at once be determined. In practice, A 
and B are located at the opposite ends of a diameter of the objec¬ 
tive and their effective separation is altered by rotating the 
diaphragm about the axis of the telescope.^ 

Since the diffraction patterns that are produced when a 
telescope is used in the ordinary manner without the diaphragm 
are merely manifestations of the phenomenon of interference 
between the various portions of the wave front entering the objec¬ 
tive, it is not immediately obvious that the insertion of the 
diaphragm should increase the effective resolving power. The 
difference between the two cases is simply that in ordinary 
telescopic vision the recognition of the dual character of the over¬ 
lapping diffraction patterns is more difficult than the determina¬ 
tion of the separation of the apertures for which the interference 
patterns produce a uniformly bright field. If Eq. (304) is 
compared with the customary equation for the resolving power, 


a 



which was derived in Sec. 61, Chap. VII, it will be seen that, by 
inserting the diaphragm, the resolving power of the telescope is 
more than doubled. This method is applicable only to the case 
of objects like double stars and does not permit the resolution 
of finer detail in extended objects. 

The usefulness of this method has been extended by Michelson^ 
in an ingenious manner by mounting a system of mirrors outside 
the telescope as shown in Fig. 300. This arrangement was first 
tested with the 100-in. reflector at the Mount Wilson Observatory 
in a determination of the diameter of the star a Orionis (Betel- 
geuse), which was known to be comparatively near and was 
suspected of being very large. The interference fringes exhibited 
by a single star can be shown to vanish when the angle subtended 
by the star is 

^ A description of the application of this method to the determination 
of the angular separation of the components of a Aurigae (Capella) has been 
given by Anderson, Astrophys. Jour., 61 , 263 (1920). 

^ Asirophys. Jour., 63, 249 (1921). 
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'a =1.22^- (305) 

The distance AB in this arrangement is the distance between 
the mirrors M] and M 4 . Experiments showed that when the 
distance between the mirrors was 121 in. (3070 mm) the fringes 
disappeared. The angle a subtended by the star was computed 



Fia. 300.—The optical systoni of the Btellar interferometer as applied to the 
100-iii. liookcr reflector used in the (^assegrainian form. 

to be 0.047 second of arc, assuming the effective wave length to 
be 575 mix. This star is so close that it appears to describe an 
orbit whose semi'-diameter subtends an angle of 0.018 second of 
arc as a consequence of the motion of the earth around the sun; 
and, since the semi-diameter of the earth^s orbit is 92,900,000 
miles, it is easy to compute that the diameter of a Orionis is 
240,000,000 miles. 



CHAPTER XXIX 


POLARIZED LIGHT AND ITS APPLICATIONS 

All light sources of practical importance emit radiation that 
exhibits little evidence of polarization. For this reason, the 
optical instruments based on the phenomena of polarization are 
provided with some element, such as a Nicol prism, for polarizing 
t he natural light supplied by the source. The use of such instru¬ 
ments is therefore limited to a few highly specialized applications, 
an adequate discussion of which would be beyond the scope of 
this volume. A general knowledge of the subject is essential 
nevertheless, but this involves the comprehension of a compara¬ 
tively few basic principles. 

210. Double Refraction.—Most of the phenomena that have 
been discussed hitherto could be interpreted by assuming that 
light is some sort of wave motion, and it was not necessary to 
raise the question as to whether the displacements are longitudi¬ 
nal or transverse. The early experimenters believed the displace¬ 
ments to be longitudinal, like those of sound waves, and they were 
therefore unable to explain what Huygens called the strange 
refraction'^ of calcite, which was discovered by F]rasmus Bartho- 
linus in 1669. Bartholinus noticed that a ray passing through 
calcite is divided into two rays which are deviated by different 
amounts, and that one ray is deviated even when the incident 
ray is normal to the surface of the crystal. This effect is illus¬ 
trated in Fig. 301. The ordinary ray 0 is undeviated, but the 
extraordinary ray E is deviated in the manner shown. This 
effect is called double refraction or birefringence. Huygens 
demonstrated that the principle he had devised for determining 
the behavior of ordinary rays can be applied to the extraordinary 
rays if the wavelets are assumed to be ellipsoidal instead of 
spherical. The procedure is illustrated by Fig. 302, where the 
circles represent the wavelets whose envelope is the ordinary 
wave front and the ellipses represent the wavelets whose envelope 
is the extraordinary wave front. In other words, the ordinary 
ray travels at the same velocity regardless of its direction within 
the crystal, whereas the velocity of the extraordinary ray depends 
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Fig. 301. 


►E 

-O 


upon its direction. There is one direction, however, for which 
the two velocities are equal, and this is represented in Huygens's 

construction by making one axis 
of the ellipses (in the case of cal- 
citc, the minor axis) equal to the 
diameter of the circles. This di¬ 
rection, which is indicated in Fig. 
302 by A"A^', is called the optic 
axis of the crystal.^ It should be 
noted that the optic axis is a di¬ 
rection and not a line. 

Since the velocity of the ordi¬ 
nary ray is the same as that of the 
extraordinary ray along the optic axis, the refractive indices are 
the same also. The value of the refractive index for the ordinary 



Fig. 302.—Huygens’s construction for calcite. The optic axis is indicated })y 

XX'. 

ray is, of course, independent of the direction of propagation, and 
its value for calcite at the iAliiie is 1,6584. The refractive index 
for the extriiordinai y l ay vpiies from this value to a minimum of 
1 In many crystals, the wave fronts together form a fourth-order surface. 
The intersection of this surface with a reference plane containing the axes of 
greatest and least elasticity consists of a circle and ellipse intersecting each 
other at four points; these points, taken by diametrically opposite pairs, 
determine two directions along which waves polarized in any azimuth 
travel with the same velocity. Crystals thus possessing two optic axes 
are called biaxial in contradistinction to the degenerate uniaxial crystals 
described in the text. Although of the greatest interest to the crystallog- 
rapher, biaxial crystals are little used in optical instruments. 
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1.4864 in a direction perpendicular to the optic axis. Calcite is 
sometimes called a negative crystal because the index is less for the 
extraordinary ray than for the ordinary ray. Crystals like 
quartz, in which the ind(^x is greater for the extraordinary 
ray than for the ordinary ray, are known as positive crystals. 
In a negative crystal, the minor axis of the ellipsoidal wave¬ 
lets in Huygenses construction must be assumed to be equal 
to the diameter of the spherical wavelets. It should be noted 
that in any uniaxial crystal the direction of propagation of the 
extraordinary ray is not perpendicular to the wave front except 
when the ray is either parallel or perpendicular to the optic axis. 

Although Huygens was able to devise a construction that would 
indicate the paths of the rays in a doubly refracting medium, 
he was laboring under the belief that the vibrations are longi¬ 
tudinal and therefore he could not bring forth a convincing reason 
for the existence of the two rays. This task was not accom¬ 
plished until a hundred years later, when Young made the bold 
hypothesis that lights waves are transverse. Then it was an easy 
step to the assumption that the action of a doubly refracting 
crystal is to separate natural light into two components whose 
vibrations t ake place in mutually perpendicular planes. Experi¬ 
ments have since indicated that the direction of vibration at any 
point in the ordinary wave front is perpendicular to the plane 
('ontaining the ray in (pieslion and tlie optic axis, and that the 
direction of vibrat'on at any point in the extraordinary wave 
front lies within such a plane. 

211. Methods of Producing Plane-polarized Light. —The 

simplest device for obtaining plane-polarized light from a beam 
of natural light; is a crystal of tourmaline. This is a uniaxial 
crystal which has the peculiar property of absorbing the ordinary 
and extraordinary rays in different proportions. If the thickness 
of the crystal is more than about 2 mm, the ordinary ray is 
almost completely absorbed whereas the extraordinary ray is 
absorbed only slightly. Unfortunately, the absorption is some¬ 
what selective as to wave tength, and the transmitted beam is 
therefore colored. For this reason, tourmaline is seldom used 
except for demonstration purposes. 

The most widely used device for producing polarization is the 
Nicol prism, which was devised early in the nineteenth century 
ly William Nicol. In its original form, it consisted of a natural 
rhomb of calcite, split as shown at a in Fig. 303 and cemented 
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together with Canada balsam. The behavior of this prism can 
be seen from Fig. 304, which represents a plane passing through 
the comers A, B, C, and D. The optic axis is indicated by XX', 




b 


Fig. 303.—Diagrammatic sketch of a Nicol prism. The direction of vibration 
of the emergent beam is indicated in the end elevatif)n at h. 


and the approximate values of the angles are shown. When a 
ray of natural light is incident on the end face of the prism, it is 
di\dded into an ordinary and an extraordinary ray. At the 
interface, the critical angles for4he two rays are different because 
of the difference between the two indices. The form of the 



Fig. 304.—Cross section of a Nicol prism through the corners A, B, C, and 
D in Fig. 303. The values of the angles are those of Nicol’s original prism. 
The optic axis is indicated by XX', 

prism is such that the ordinary ray makes an angle of incidence 
that is greater than the critical angle, but the extraordinary ray 
makes an angle of incidence that is less.^ Hence, the ordinary 
ray is totally reflected toward the si^e of the prism, where it is 
absorbed by a coating of black lacquer. The extraordinary ray 
continues on its course and emerges from the face BC in its 

^ Although Canada balsam is commonly used in the construction of 
polarizing prisms, any substance such as linseed oil, poppy oil, etc., may be 
used provided its index is lower than that of calcite for the ordinary ray. 
in the Foucault prism, which is used for ultraviolet light, the two parts are 
separated by a layer of air. 
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original direction. The plane of vibration of this ray lies in the 
plane of the paper. This plane is known as the principal plane 
of the prism. It contains the short diagonal of the end faces, 
as shown at 6 in Fig. 303. 

The field of this type of prism is approximately 24°, being 
limited on one side by the angle for which the reflection for the 
ordinary ray ceases to be complete and on the other by the angle 
for which total reflection for the extraordinary ray takes place. 
The field is unsymmetrical about a line through the center of the 
prism. 

Many modifications of the Nicol prism have been devised to 
increase the field, to make the field symmetrical, to decrease the 
amount of calcite required, or to eliminate the slight elliptical 


-x' 


Fu;. 305.—Side elevation and end elevation of typieal Glan-Thomp 80 ii prism. 

The optic axis is indicated by XX'. 

polarization produced at the slanting end faces.^ The most 
common type to-day is the Glan-Thompson prism shown in 
Fig. 305. The angle of the interface varies according to the use 
for which the prism is intended but is usually in the neighborhood 
of 20°. A prism of this type has a field angle of approximately 
40°. 

These polarizing prisms are designed to transmit one of the 
beams produced by the double refraction and to absorb the other. 
Sometimes it is desirable to transmit both beams, as in the case 
of the Rochon prism shown at A in Fig. 306. This prism consists 
of two wedges of calcite cut with their axes as indicated by the 
crosshatching. In the first half of the prism, both the ordinary 
and the extraordinary rays travel with the same velocity. In the 
second half, the ordinary ray continues at the same velocity, but 
the extraordinary ray travels more rapidly and is therefore 
deviated by an amount that depends upon the angle of the inter¬ 
face. The Wollaston prism shown at B in Fig. 306 deviates both 
beams in opposite directions. The ordinary ray in the first half 

^ An extensive survey of those various typ(i8 has been given by Thompson 
in Proceedings of the Optical Convention of 1905,’’ p. 216. 
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of the prism becomes the extraordinary ray in the second half 
and vice versa. Therefore one ray is deviated by the same 
amount that a Rochon prism would deviate the extraordinary ray, 
and the other is deviated by very nearly the same amount. 

It was found by Malus in 1808 that the light reflected at the 
proper angle from the surface of a non-conductor is plane polar¬ 
ized.^ A few years later, Sir David Brewster showed that the 



Fig. 306.—Ilochon prism. B, Wollaston prism. The optic axes are indi¬ 
cated by the crosshatching. 

condition to be satisfied for complete polarization is that i + r = 
90° , a condition which obtains- for glass when the angle of 
incidence is approximately 57°. This method of producing 
polarized light is useful in pract ice when a beam of large aperture 
and small field is required, as in a projection lantern. It has the 
disadvantage, however, that the proportion of light reflected is 
small, as is shown by Fig. 11 in Chap. I. For this reason, a pile 
of plates is often used instead. Of course, the light transmitted 
by the pile is never completely polarized, but the amount of 
polarization becomes greater as the number of plates is increased. 
The angle of incidence for which the polarization of the trans¬ 
mitted light is a maximum is somewhat less than the Brewsterian 
angle, but it approaches this angle as a limit as the number of 
plates approaches infinity. 

^ As shown in Sec. 15, Chap. I, the plane Of vibration in the reflected beam 
is normal to the plane of incidence, which is defined as the plane containing 
the incident ray and the normal to the surface. It will be recalled that the 
tenn '^plane of polarization,which is sometimes used, refers to a plane 
that is normal to the plane of vibration. 

2 In practice, it is found that the light is not completely polarized even 
at this angle, the reason probably being a contamination of the surface 
of the glass. 
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With conductors of electricity, notably the metals, the condi¬ 
tions are quite different. The reflecting power for light polarized 
in all azimuths is high at all angles of incidence, and there is no 
angle at which the reflecting power for the beam vibrating in the 
plane of incidence becomes zero. Moreover, a beam of plane- 
polarized light, in general, becomes elliptically polarized on 
reflection. Even non-conductors, such as glass, produce a slight 
amount of elliptical polarization, probably because of strains 
existing at the surface of such materials. These phenomena are 
exhaustively treated in the standard textbooks on physical optics. 
They are, however, of little practical importance except that 
they must be guarded against in using polarizing instruments. 

ft' 


If two Nicol prisms^ are placed in the same beam as shown in 
Fig. 307, the intensity of the beam emerging from the second 
prism depends upon the azimuth of this prism with 
respect to the first. Let a represent the amplitude of 
the beam transmitted by the first Nicol. Then if the 
principal plane of the second Nicol coincides with 
that of the first, the amplitude of the beam emerging 
from the second Nicol will also be a, neglecting losses 
by absorption and reflection. If the principal planes 
are at right angles to each other, the Nicols are said to be crossed 
and the amplitude of the beam emerging from the second Nicol is 
zero. At an intermediate position, as shown at A in the figure, the 
amplitude of the emergent beam is evidently equal to acos0, 
where d is the angle between the two principal planes. Since the 
intensity is proportional to the square of the amplitude, it follows 
that 

^ Although the particular form of polarizing prism that was devised by 
Nicol has been largely superseded, the term “Nicol prismis commonly 
used to denote any type of prism that produces a single beam of plane- 
polarized light from natural light. 



Fig. 308. 
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I = loCosH, (306) 

where /o is the intensity of the beam that is incident on the 
second Nicol and 1 is the intensity of the emergent beam. This 
is sometimes called the law of Malm, It should be noted that, if 
the second Nicol is rotated through 360°, the intensity passes 
through two maxima and two minima. 

212. The Production of Circularly and Elliptically Polarized 
Light.—Consider the uniaxial crystal shown in Fig. 308, whose 
optic axis is perpendicular to the plane of the paper. Let a beam 
of plane-polarized light of amplitude a be incident normally on the 
face of the crystal as shown, and let the plane of vibration make 
an angle 6 with the optic axis. This beam can be represented 
by two components acosB and a sin 6 vibrating parallel and 
perpendicular to the optic axis, respectively. In the crystal, 
these components become the extraordinary beam and the ordi¬ 
nary beam. Because the direction of propagation was assumed 
to be normal to the optic axis, both beams traverse the same path 
but at different velocities. The light emerging from the crystal 
therefore consists of two beams whose vibrations are parallel 
and perpendicular to the optic axis. The resultant motion of an 
ether particle acted upon by these vibrations can be readily found 
by applying the customary method for compounding two 
mutually perpendicular vibrations of the same frequency. In 
the present case, the amplitudes of the component vibrations 
depend upon the angle 0; and the phase difference depends upon 
the thickness of the crystal and the difference in velocity for the 
ordinary and the extraordinary beam. An expression for the 
resultant motion will be found in any text on physical optics, and 
it will be sufficient to state here that, in general, the orbit of an 
ether particle is an ellipse. In special cases, however, the orbit 
may become a circle or even a straight line. Hence, a crystal of 
this kind is capable of converting a beam of plane-polarized light 
into elliptically, circularly, or plane-polarized light. 

To produce circularl;]^ polarized light, the phase difference must 
be t/2 and the azimuth angle d must be ±45°. Since a phase 
difference of 7r/2 is equivalent to a path difference of 34 ^ between 
the component vibrations, a crystal of this thickness is known as 
a quarter-wave plate. If such a plate were made of quartz,^ 

^ Mica and selenite are most commonly used. Mica is especially con¬ 
venient for improvising quarter-wave plates because of the ease with which 
thin sheets can be split off. 
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which at the D4ine has indices of 1.5443 and 1.5534 for the 
ordinary and the extraordinary ray respectively, its thickness 
would be 0.016 mm. When the azimuth of the incident vibration 
is other than ±45°, the emergent beam is elliptically polarized 
with the axes of the vibration parallel and perpendicular, respec¬ 
tively, to the optic axis. Conversely, a quarter-wave plate will 
convert elliptically polarized light into plane-polarized light if its 
optic axis is parallel to the proper axis of the elliptical vibration. 
It will convert circularly polarized light into plane-polarized 
light regardless of its azimuth. 

At crystal whose thickness is such that it produces a path 
difference of X (or any integral number of wave lengths) obviously 
does not cause the emergent vibration to differ in any manner 
from the incident vibration.^ On the other hand, a crystal for 
which the path difference is produces plane-polarized light 
having an azimuth angle whatever the azimuth angle d 
of the incident vibration may be. Such a crystal is known as a 
half-wave plate. 

213. The Analysis of Polarized Light.—The problem in 
analyzing polarized light is to determine whether the beam is 
elliptically, circularly, or plane polarized. If it is plane polarized, 
the azimuth of the vibration must also be determined. If it is 
elliptically polarized, the azimuths of the axes of the ellipse and 
the ratio of the lengths of the axes must be determined. Some¬ 
times polarized light is contaminated by natural or unpolarized 
light, but this complication will be considered in a later section. 

The first step in investigating the state of polarization of a 
beam of light is to determine whether it can be extinguished with 
a Nicol prism alone. If so, the beam is plane polarized and the 
plane of vibration is perpendicular to the principal plane of the 
Nicol prism—that is, to the shorter diagonal of its end face. 
Should there be no position of the Nicol for which extinction takes 
place, the beam is either circularly or elliptically polarized. If 
the original beam is circularly polarized, its intensity will remain 
constant as the Nicol is rotated. This is true for natural light 
also, but circularly polarized light can be differentiated by 
introducing a quarter-wave plate, which converts the circularly 
polarized beam into a plane-polarized beam. Extinction can 
then be produced when the principal plane of the Nicol is at 45° 

^ As will be shown in Sec. 216, a pronounced effect is produced when the 
light is heterochromatic. 
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with the optic axis of the quarter-wave plate. If the beam is 
elliptically polarized, its intensity will vary between a maximum 
and a minimum as the Nicol is rotated but will never become 
zero unless a quarter-wave plate is introduced at the proper 
azimuth. When the Nicol and the plate are set for extinction, 
the azimuth of the latter indicates directly the orientation of the 
axes of the ellipse. The ratio of the lengths of the axes is equal 
to the tangent of the angle between the optic axis of the plate and 
the principal plane of the Nicol, as can be readily seen by making 
a vector diagram representing the action of the plate. 

The quarter-wave plate is not used for analyzing polarized 
lightVhen a high degree of precision is required because the exact 


G 



the direction AB. 

setting for extinction is difficult to determine. It has the further 
disadvantage that a single plate is suitable for only a very limited 
range of the spectrum. Many ingenious devices, such as the 
Babinet compensator, have been developed for facilitating the 
analysis of polarized light, but an adequate description would 
be beyond the scope of this volume. 

214. Polarization by Scattering. —Although the practical 
methods of polarizing light have already been described, the 
fact that the light scattered by small particles is plane polarized 
is of some importance. The scattering of light was discussed in 
Sec. 71, Chap. IX, but to understand how the polarization is 
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produced, the mechanism must be examined more closely. In 
Fig. 309, let 0 be a minute particle of matter upon which a beam 
of light is incident. Let it be assumed that the direction of this 
beam is normal to the plane of the paper and that the vibrations 
take place along the line AB, Since light waves are of high 
frequency, the particle 0 is unable to vibrate in synchronism and 
there is therefore a relative movement between the particle and 
the ether. This causes the particle to emit secondary radiation. 
The effect of this radiation should be zero in the direction of G 
and K\ for a displacement in this direction would have to be 
transmitted longitudinally. The effect should be a maximum in 
directions such as OC and OZ>, which are normal to AB. The 
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Fio. 310,—The optic^al syatem of a Martens photometer designed especially 
for transmission measurements. 

light scattered in these directions should be completely plane 
polarized, the plane of vibration being parallel to AB. This 
should be true even when the primary beam is unpolarized, as 
can be seen by imagining the vector AB to rotate constantly 
about an axis normal to the paper. ^ 

TyndalFs experiment demonstrated most strikingly the truth 
of the foregoing conclusions. A large part of his success was due 
to his care in producing very minute particles, since the polariza¬ 
tion becomes less complete as the size of the particle increases. 
Sky light is due to the scattering of comparatively large particles, 

^ Although under some conditions the scattering of light by small particles 
may produce polarization, a piece of opal glass makes a very effective depo¬ 
larizer. The reason is obvious when it is realized that, in the simple theory 
of scattering, it is assumed that the waves produced by each particle are 
transmitted unhindered to the observer. In a piece of opal glass, on the 
other hand, the particles are so densely packed that the secondary dis¬ 
placements produced by the original wave cause in turn tertiary disturb¬ 
ances when they impinge upon other particles. The effect at an external 
point is therefore the resultant of a large number of disturbances emanating 
from different portions of the glass and polarized in all possible azimuths. 
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and it is therefore only partially polarized as can be readily 
verified by looking at the sky through a Nicol prism. 

216. The Polarization Photometer. —The extent to which sky 
light is polarized can be determined by means of an instrument 
V designed by Martens. This instrument was discussed briefly 
in Sec. 107, Chap. XIII, and the optical system of a modern 
form is shown in Fig. 310. Two beams of light from the same 
portion of the sky are allowed to enter the windows S\ and S 2 and 
are polarized in mutually perpendicular planes by the Wollaston 
prism W, These beams illuminate the two halves of a photo¬ 
metric field, which is provided by the biprism M, If the light 
is unpolarized, the two halves of the field will balance when the 
principal plane of the Nicol prism N is set at 45° to the planes of 
vibration of the two beams transmitted by the Wollaston prism. 
If the light is partially polarized, the percentage of polarization 
can be measured by rotating the entire instrument until the line 
joining the two windows is either parallel or perpendicular to the 
plane of vibration. Under these conditions, one half of the 
field is illuminated by the unpolarized component alone, whereas 
the other half is illuminated by the polarized component in 
addition. From the setting of the Nicol prism when the fields 
are balanced, the proportion of polarized light in the incident 
beam can be computed. 

This instrument is frequently used as a photometer because of 
its compactness and simplicity of operation. It is especially 
convenient for measuring the transmission of a substance, and 
the method of using it for this purpose will be described. The 
instrument is first directed toward a source of uniform brightness, 
such as an illuminated sheet of opal glass or a surface of plaster 
of Paris. If the instrument is in perfect adjustment, the azimuth 
of the Nicol prism for a brightness match is 45°, but the match 
will usually occur at an angle <p which is slightly different from 
45°. The substance whose transmission is to be measured is 
then placed in front of one of the„ windows of the photometer, 
and the Nicol is again adjusted to produce a brightness match. 
The transmission can be shown from the law of Malus to be 

Tj = tan^i^ cot^^i, (307) 

% 

where 61 , the azimuth of the Nicol prism at the balance point, is 
assumed to be obtained with the sample in the beam that makes 
01 greater than 45°, If the substance is then placed in the other 
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beam and a second photometric setting is made, the transmission 
is 

T 2 == cot''*^^ tan^^jj. (308) 

These equations can be combined to eliminate <pj the result being 

T = cot Bi tun $2 . (309) 

Thus it is unnecessary to determine the value of ip unless the 
" substance under examination is suspected of producing polariza¬ 
tion, which will be indicated by a difference between the values of 
Ti and T 2 . In such a case, it is preferable to use some other type 
of photometer. 

The most common use of the polarization photometer is for 
the determination of the density of photographic images. In this 
case, the precision required is not high; and, because of the large 
number of routine measurements that must be made, it is 
desirable to simplify the procedure as much as possible. It is 
customary to determine the density from a single value of 6 ^ and 
to subtract therefrom the density corresponding to the angle (p. 
The error in a single determination of the density made in this 
way is usually less than the variation in density from point to 
point of a photographic plate. 

In the derivation of the above equations, it was assumed that 
the scale of the instrument is adjusted properly with respect to 
the optical parts. The procedure in checking an instrument is to 
place a small lamp in front of one of the windows and a magnifier 
in front of the ocular in such a position that the filament is in 
focus. The Nicol is then rotated until the extinction point is 
reached. Some means is always provided for rotating either the 
scale, the index, the Nicol, or the Wollaston with respect to the 
other elements mentioned; and the movable element should be 
adjusted until the scale reading is either exactly 0°, 90°, 180°, or 
270° at the extinction point. If the instrument is directed 
at a diffusely reflecting or transmitting surface of uniform 
brightness, the photometric field should then balance when the 
scale reading is 45°, 135°, 225°, or 315°. If the instrument is 
dirty,^ this will rarely be the case; but, as was shown above, no 
error is thereby introduced. 

The Martens photometer was converted by Konig into a 
spectrophotometer by the addition of a dispersing prism as shown 

’ 1 Polarizing prisms should be cleaned with even greater care than a fine 
surface of optical glass because of their extreme softness. 
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in Fig. 311. In this figure, A is a side elevation and jB is a 
development in plan view. An image of the entrance slit Z is 
formed'in light of different wave lengths at the exit slit Z', Thus 
the entire spectrum can be explored by rotating the elements at 
the right of the prism P about an axis parallel to its refracting 
edge. This adjustment is clearly shown by Fig. 145 in Chap. 
XIII, which is a photograph of one form of the instrument. 
Although the various elements are arranged differently t han they ' 



Fig. 311.—The optical system of the Konig-Martens spectrophotometer 
illustrated by Fig. 145 on page 280. A side elevation is shown above, and a 
development in plan view is shown below. 


are in the photometer just described/ the action of the Wollaston 
and Nicol prisms is exactly the same. 

216. Rotatory Polarization. The Polarimeter. —If a beam of 
light is passed in succession through two Nicol prisms whose 
azimuths are perpendicular to each other, the beam will of course 
be totally extinguished. Upon inserting a plate of quartz with 
its faces normal to the optic axis, the light is restored to a certain 
extent and one of the Nicols must be rotated to extinguish it 
again. Evidently, the quartz has rotated the plane of polariza- 

^ The arrangement shown in Fig. 310 is slightly better because a refracting 
surface between the Wollaston and the Nicol produces a slight amount of. 
elliptical polarization, and thus the beam cannot be completely extinguished. 
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tion of the incident beam. This phenomenon is exhibited by 
many substances, both solids and liquids, and is of such great 
importance that substances exhibiting it are said to be opticalhj 
active. The rotation is found to be proportional to the thickness 
of the substance and, in the case of a solution, to the concentra¬ 
tion.^ It also depends upon the wave length of the light (varying 
roughly as the inverse square), and this circumstance gives rise to 
rotatory dispersion. 

The phenomenon of rotatory polarization was discussed in 
Sec. 143, Chap. XVIII, in connection with quartz, and it was 
explained on the hypothesis that an incident beam of plane-polar¬ 
ized light is equivalent to two circularly polarized components 
rotating in opposite senses, one traveling with a greater velocity 
than the other. The sense in which the emergent beam is rotated 
depends upon which of the components travels faster. Thus 
some substances are right-handed (dextrorotatory), some are left- 
handed (laevorotatory), and some, such as quartz, appear in both 
forms. 

By measuring the amount of rotatory polarization, it is possible 
to determine very quickly the concentration of an optically 
active substance in the presence of one that is optically inactive. 
For example, ordinary sugar (sucrose) is dextrorotatory in an 
aqueous solution because of the asymmetry of its molecule. 
Since the tariff on sugar is based on the proportion of pure 
sucrose, the polarimeter is widely used by customs officers for 
determining the purity of sugar imports, Polarimeters especially 
designed for testing sugar are called saccharimeters. 

The simple form of polarimeter just described consists merely 
of two Nicol prisms, which are known, respectively, as the 
polarizer and the analyzer. The precision obtainable with this 
form of instrument is low because the position of the analyzer for 
complete extinction is difficult to locate with certainty.^ This 
difficulty was overcome in I860 by Jellett, who designed a polariz¬ 
ing prism of such a type that the field seen by the observer is 
divided into two halves of adjustable brightness like an ordinary 
photometric field. The type of Jellett prism that is used to-day 

^ This is not strictly true if tho solution is very concentrated or if the range 
of concentrations is excessive. 

2 The principles underlying the design of polarimeters are discussed 
extensively by Skinner, Jour. Optical Soc. Amer. and Rev. Sci. InstrurmnUt 
10 , 491 ( 1925 ). 
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is a modification due to Cornu. It consists of a Nicol prism 
with a wedge-shaped section removed, as shown at A in Fig. 312. 
The two parts of the prism are then cemented together as shown 
at B, the result being that the planes of vibration for the two 
vv parts make a small angle with each 

\ other. This angle is called the 

Ixf * tx angle. p]vidently 

there is no position of the analyzer 
A B for which the two beams are ex- 

Fig. 312. —Construction of the tinguished simultaneously, but 
Cornu-Jellett prism. ^ 

'fn.Y* tirViinVi •fVio-'ir 




L.ornu- e eii pnsm. there is a position for which they 

are of equal intensity. The sensitivity is highest when the half¬ 
shadow angle is small, but because of the reduction in illumi¬ 
nation, an angle of 2.5° is the practical minimum, even for very 
transparent samples. 

Another half-shadow device that is sometimes used is due to 
Laurent. It consists of a half-wave plate covering one half of 
the polarizer, which is an ordinary Nicol prism. A sheet of glass 
whose optical thickness is equal to that of the half-wave plate 
covers the other half. The action of the device can be under¬ 
stood from Fig. 313, where the optic 
axis of the half-wave plate is shown 

by the crosshatching. The vector / X 

OA represents the azimuth of the / ^ \ 

beam emerging from the polarizer ^ \ 

and passing through the glass, and I N ® | 

the vector OA' represents the azi- M m / 

muth of the other half of the beam \m / 

after traversing the half-wave plate. 

It will be remembered from Sec. 212 

that *- i, always equal to ». The Tta 

half-shadow angle is evidently 26. croeshatching indicates the optic 
The operation of the instrument is quartz, 

the same as for the Cornu-Jellett prism, but it is necessary, of 
course, to use light of the wave length for which the half-wave 
plate was designed. On the other hand, the half-wave plate has 
the advantage that the sensitivity can be varied by rotating 
the polarizer. 

A device that is superior to either of those just described is 
due to Lippich. The optical system of a typical polarimeter 
incorporating the Lippich prism is shown in Fig. 314. Light from 


Fig. 313.—Construction of the 
Laurent half-shade plate. The 
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the source S passes in turn through the collecting lens C, the 
polarizer P, and the Lippich prism L. This prism consists merely 
of a small Nicol prism covering one half of the field. The light 
then traverses the sample X and the analyzer iV, and enters the 


w 



Fi<i. 314..The optical Bystem of the Lippich i^olarimeter. 


telescope represented by an objective 0 and an ocular E, The 
telescope is focused on the near face of the Lippich prism, the edge 
of which becomes the dividing line of the photometric field. 
The half-shadow angle in this case is determined by the orienta¬ 
tion of the Lippich prism with respect to the polarizer. 



Fig. 315.—Construction of .SoleiJ’s biquartz. 


The types of half-shadow devices hitherto considered suffer 
from the disadvantage that monochromatic light must be used on 
account of the rotatory dispersion of the sample. To allow 
heterochromatic light to be used, Robiguet developed a polar- 
imeter in which the biquartz plate of Soleil is the half-shadow 
device. This plate consists of semicircular disks of right-handed 
and left-handed quartz placed side by side, as shown in Fig. 315. 
The disks are cut perpendicularly to the optic axes and are 3.75 
mm thick, which is sufficient to rotate yellow light by 90^. If the 
plane of vibration of the incident beam contains the vector OA 
and the principal plane of the analyzer, yellow light is extin¬ 
guished for both halves of the field and the latter appears a 
uniform purple. By a slight rotation of the analyzer, one half of 
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the field becomes reddish and the other half, bluish. This device 
has many faults, however, and modern polarimeters designed for 
heterochromatic light are based on the principle of compensating 
the rotation of the sample by means of a quartz wedge. Ttiese 
instruments have an optical system like the one shown in Fig. 314 
with the addition of the compensating wedge IF. This wedge 
consists of a wedge of glass cemented to one of quartz with its 
optic axis as indicated by the crosshatching. The function of 
the glass wedge is to keep the optical path constant for all settings. 
Unless the rotatory dispersion of the sample is greatly different 
from that of quartz, the error due to the dispersion is trifling. 
This type of instrument has the further advantage that mono¬ 
chromatic light can be used if desired, in which case the dispersion 
does not affect the results. The wedge must, of course, be cali¬ 
brated for the particular kind of light source and sample for which 
the instrument is to be used. Most saccharimeters are of this 
type.i 

217. Photoelasticity. —It has been stated in earlier chapters 
that glass and fused quartz become birefringent when stressed. 
This phenomenon is exhibited quite generally by transparent 
substances that are normally isotropic, and on the basis of it an 
engineering tool of the highest value has been developed. 

Let us consider the stresses in every direction about a point in a 
stressed medium. If vectors representing the stresses are drawn, 
it will be found that their envelope is an ellipsoid. Let the axes 
of this ellipsoid, which are termed the directions of 'principal 
stress, be designated by p, q, and r. Since the stresses in only two 
dimensions can be studied optically, the stress in the r direction 
must be kept equal to zero to avoid complicating the problem. 
The ellipsoid then reduces to an ellipse with axes p and q. The 

^ In saccharimctry, a solution containing 26.000 grams (weighed in air) 
of the sample per 100 cc of water is measured in a tube 200.0 mm long at 
20°C. A linear scale on the wedge is divided into “sugar degrees/’ 100°S 
representing pure sucrose. Thus the scale indicates the purity directly. 
The instrument is calibrated by means of a quartz control plate, which, if 
1.5934 mm thick, represents 100°S when yellow light is used. The source is 
an incandescent lamp with a 15-mm cell containing 6 per cent potassium 
bichromate solution. An ordinary polarimeter with monochromatic light 
can be used as a saccharimeter by noting that lOO^^S corresponds to a 
rotation of 40.763® (circular) for the mercury green line (X = 546.1 m/x) or 
34.620® for the sodium line. The subject of saccharimctry is treated at 
length in Bur. Standards Circ. 44. 
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axis of p is taken as the direction of the compressive stress and 
the axis of q as the direction of the tensile stress. 

Under the influence of the stresses, the substance undergoes a 
deformation that alters its internal structure so as to make it 
birefringent.^ In most substances, the ray vibrating in a plane 
parallel to the direction of the compressive stress travels more 
rapidly than the ray vibrating in the direction of the tensile 
stress. A beam of natural light is therefore decomposed into two 
plane-polarized components having a path difference 

6 = C(p - q)t, (310) 

where t is the thickness of the substance and C is a quantity that is 
proportional to the difference (n,between the indices for the 
two components. The constant C is sometimes referred to a& 
the index of forced double refraction,'^' 



Fk;. 316.- "The optical syste^p of a strain tester for optical glass. 

The phenomenon of forced double refraction can be utilized 
very simply to detect internal stresses within blocks of optical 
glass by means of the apparatus sketched in Fig. 316.^ The 

^ It is important to note that the birefringence is caused by the stresses 
and not by the resulting strains. If a substance is strained beyond its 
elastic limit, the birefringence disappears whcai the stress is removed although 
the substance has acquired a permanent set. 

2 This quantity can obviously be expressed as the retardation in milli¬ 
meters of one component of the beam with respect to the other per milli¬ 
meter thickness of the material when a uniform unidimensional stress of 1 
gram/mm'-^ is applied. Expressed in th()se units, the indices found by Hey- 
mans and Allis for some materials used in photoelasticity are as follows: 
camphor celluloid, 12.1 X 10“®; plate glass, 2.5 X 10“®; fused quartz, 
3.4 X 10“®. Transparent bakelite, which has been developed more recently, 
has an index of forced double refraction that is approximately five times 
that of celluloid and obeys Hooke’s law over a far greater range of stresses. 

3 “ The Manufacture of Glass and of Optical Systems/’ Ordnance Dept, 
Doc. 2037, p, 206. 
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diffusing glass D is illuminated by a light source S. The light 
entering the eye is reflected from a plate of black glass G at the 
polarizing angle, the proper adjustment being determined by 
" setting the Nicol prism N for extinction and moving it up and 
down until the brightness of the field is a minimum. The sample 
of glass X is then placed in the beam as shown; and, if it is in a 
state of stress, it restores the light in the field. The amount of 
light restored and its color at any given point depend upon the 
directions and magnitudes of the principal stresses at that point. 
If the directions of principal stress are parallel and perpendicular 
to the plane of polarization, the field remains dark. If the 
directions of principal stress make some other angle with the 
plane of polarization, the light is partially restored and the color 
of the field depends upon the stress difference {p — q). As the 
stress difference increases, the color changes from black to straw, 
orange, red, bluergreen, straw, etc, the colors repeating themselves 
until they fade out in the fourth or fifth order. The precision of 
the method can be increased considerably by introducing a 
sensitive-tint plate K in front of the analyzer. This plate retards 
yellow-green light by a full wave length and therefore causes the 
field to appear purple where the specimen is free from stress. 
In regions where stress is present, however, the path difference 
between the ordinary and the extraordinary beam is increased or 
decreased, and some cftlor other than green is extinguished. 
Thus the field becomes either blue or orange. The order of colors 
from the unstressed region outward is similar to that described 
above, but the colors are more pronounced.^ The sensitivity of 
the method can be judged from the fact that a change in the 
path difference of 10 mp produces a perceptible change in color. 
A path difference of this order of magnitude per centimeter of 
thickness is quite permissible in optical glass. 

The scope of the photoelastic method has been greatly extended 
by several workers, especially Coker, ^ and the procedure devel- 

^ The sensitive-tint plate can be used with heterochromatic light in a 
polariraeter in lieu of a half-shade device. The analyzer is set to restore 
the sensitive purple, which, because of the pronounced hue change caused 
by a slight deviation from the correct position, can be located more precisely 
than the position for extinction when the plate is not used. 

*See a series of papers in Engineering for 1911, 1916, 1920, and later. 
See also a series in Gen, Elec, Rev. for 1920 and 1921. A comprehensive 
summary of the technique of photoelasticity will be found in a paper by 
Delanghe in Rev. (TOptique^ 7, 237 and 286 (1928). 



POLARIZED LIGHT AND ITS APPLICATIONS 


615 


oped by them is now in common use for studying the stress 
distributions in contemplated engineering structures. It consists 
essentially in making a model of the structure out of some trans¬ 
parent isotropic material, subjecting the model to a load similar 
to the load to which the structure itself will be subjected, and 
studying the stress distribution within the various members by 
means of polarized light. The first operation is to determine the 
directions of principal stress, which can be done by placing the 
model between crossed Nicols. Wherever the stress directions are 
parallel and perpendicular to the plane of polarization, the field is 
dark. Thus the field is traversed by dark lines, called isoclinicsy 
along which the directions of principal stress have a certain con¬ 
stant inclination. A plot of these isoclinics is made. Both 
Nicols are then rotated through a certain known angle and the 
new isoclinics are j)lotted. Thus a map of the isoclinics as shown 
at A in Fig. 318 is prepared, each isoclinic representing t he locus 
of points for which the directions of principal stress are constant. 

The portions of the field for which the directions of principal 
stress make an angle other than 0^ or 90° with the plane of 
polarization have a brightness that depends upon the angle. The 
hue is constant, of course, if the light is monochromatic. Where 
the angle equals 45°, the maximum amount of light is restored. 
The value of (p — q) can then be found by introducing a Babinet 
compensator or equivalent device in the beam and adjusting it 
until the retardation it produces is equal in magnitude but 
opposite in sign to that produced by the specimen. By this 
procedure the field becomes dark again, of course. The scale on 
the compensator indicates the quantity C{p — q), and to compute 
(p — q) itself, the value of C must be known. This can be deter¬ 
mined by cutting a strip of the same material and subjecting it 
to a uniform unidirectional tensile stress of known magnitude. 
Indeed, the strip itself can be used as a compensator if it is 
oriented so that the direction of the stress applied to it is per¬ 
pendicular to the direction of maximum tensile stress within the 
specimen at the point under consideration. If it has the same 
thickness as the specimen, the load that must be applied to effect 
compensation evidently indicates the value of (p — q) directly. 

When the light is heterochromatic, as is the case in practice, 
the portions of the field outside the isoclinics are colored because 
of the rotatory dispersion of the specimen. Every band of con¬ 
stant color, which is termed an isochromaticy is the locus of points 
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for which the value of (p — q) is the same. The second step in 
making a photoelastic analysis is to plot the isochromatics and to 
determine the value of (p — q) for each. Such a plot is shown at 
B in Fig. 318. The value of (p — q) can be determined with a 
compensator as described above. When the compensator is 
adjusted for one point in an isochroma tic, it need only be rotated 
to effect compensation at any other point. A selected isochro- 
matic can therefore be traced by simply rotating the compensator. 

The difficulty with using plane-polarized light is that the 
isochromatic pattern is complicated by the presence of the iso¬ 
clinics. Moreover, the specimen must be rotated to distinguish 
the isoclinics from the neutral axis, where there is no stress. 



Fig. 317.—The optical system of a typical apparatus for the photoelastic 

analysis of stress. 

Both drawbacks can be avoided by using circularly polarized 
light, in which the isochromatic pattern is the same for every 
orientation of the specimen and the isoclinics disappear. The 
apparatus used by Coker and KimbalT is sketched in Fig. 317. 
Heterochromatic light from a source S is collimated by a lens C 
and passed through a water cell W to prevent overheating the 
Nicols. It is polarized by a Nicol prism^ P and is converted into 
circularly polarized light by a quarter-wave plate J, It then 
passes through the specimen X, the compensator 7, a second 
quarter-wave plate and an analyzing prism N. Images of 
X and 7 are formed in superposition on the screen. The second 
quarter-wave plate is placed with its axis perpendicular to that 
of the first. It thus neutralizes the effect of the first for the 
points of the specimen where (p — q) equals zero. Hence, where 
the field is dark, the specimen is unstressed. The other portions 

^Gen. Elec. Rev., 24, 73 (1921); Jour. Optical Soc. Amer., 6, 279 (1921). 

® The purpose of the lenses Li, L^, Lz, and is to permit a large field of the 

specimen to be examined with a polarizing prism of reasonable size. 
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of the specimen produce elliptical polarization, which is not 
neutralized by the second plate, and therefore an isochromatic 
pattern appears on the screen. 

The information furnished by the foregoing procedure 
gives directly the value of (p — q) for all points of the specimen. 
Although the values of p and q themselves can be computed from 
the isoclinic and isochromatic patterns, the operations are 
extremely tedious. An experimental method of determining 
these quantities was devised by Coker. It consists in measuring 
the change in thickness at each point of the stressed specimen and 
then computing (p+g) from these data and the elastic moduli of 
the substance. This gives two equations in p and g, from which( 



ym. 318.—Sketches illustrating the results obtained by a photoelastic analysis, 


their individual values can be calculated. An optical method 
for accomplishing the same result has been devised by Favre.^ 
The importance of the photoelastic method lies in its ability to 
analyze the stresses within a specimen that is too complicated to 
be treated in any other way. P\)r example, the stress distribution 
within a uniform beam subjected to a bending moment can be 
readily computed, but the problem becomes exceedingly complex 
when a notch is cut in the beam. Figure 318 illustrates the 
treatment of this case by the photoelastic method.^ The beam is 
supported at b in the various sketches and is loaded at the ends. 
The isoclinics are shown at A and the isochromatics are shown at 
B. The neutral point is at/in these sketches. The directions of 
the p- and g-stresses are shown at C by curves to which the 
stresses are everywhere tangent. These curves are sometimes 
called isostatics. Since the directions of p and g are mutually 


^ For a description of these methods, see the paper by Delanghe, Rev. 
d^Optique, 7, 237 (1928). More recent papers are those by Favre, idem., 11, 
1 (1932) and Solakian, Jour. Optical Soc. Amer., 22, 293 (1932). 

2 See a paper by Maris, Jour. Optical Soc. Amer. and Rev. Sd. Instrvr- 
ments, 15, 203 (1927). 
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perpendicular at every point, the two sets of curves are orthog¬ 
onal. They are also either normal or parallel to the free boundar¬ 
ies of the specimen, since the normal stress at a free boundary is 
zero. Thus the p-isostatics are normal to the upper surface, 
which is in tension, and the g-isostatics are parallel to it. At the 
lower surface, which is in compression, the opposite condition 
obtains. The zero isostatics intersect at the neutral point /. 
The stress distribution along any section of the specimen can be 
plotted when p and q have been computed. Thus the tangential 
stress along the boundary of the notch is shown at Dj this stress 



Fig. 319.—The isochromatic pattern about two rivet holes in a member 
subjected to a vertical tensile stress. This photograph was made with circularly 
polarized light of wave length 546.1 m/n. {From a thesis by Joseph Harrington, 
Jr., by courtesy of the Mechanical Engineering Department of the Massachusetts 
Institute of Technology.) 

being of course a tension. The stress is indicated by the length 
of a vector normal to the boundary at any given point and 
extending to the curve. 

Within the last decade, the stresses in many engineering 
structures, such as eye bolts, gear wheels, and ship's propellers, 
have been studied by the photoelastic method. Even when a 
theoretical treatment of such structures is possible, the experi¬ 
mental method is ordinarily more rapid. For example, Fig. 319 
shows the isochromatic pattern about two rivet holes in a member 
subjected to a vertical tensile stress. Although it has been found 
possible to determine the stress distribution theoretically in this 
case, the mathematical treatment is so involved that the solution 
of the problem requires weeks of computation. The same result 
pan be achieved by the photoelastic method in as many days. 
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Abbe apertometer, 5011 

autocollimatinK epectrorneter, 562 
focometer, 371 
microscope condenser, 504 
refractometer, 362 
sine condition, 93, 98 
spherometer, 365 
test plate, 504 

theory of microscopic vision, 497 
of optical imagery, 80 
of stops, 68 

Aberrations of lenses, 80 
testing, 377, 455, 503 
(See aim Spherical aberration; Coma; 

Astigmatism; Curvature of field; 

Distortion; Chromatism.) 

Abney’s color-patch apparatus, 310 
Abrasives used in optical work, 340 
Absolute temperature scale, 145n 
Absorption, 23 
laws of, 24 

selective, non-selective, 25 
Absorption coefficient, 24 
Absorptivity, 143 
Accornmodatifm of eye, 186 
range of, 428 

Acetylene burner for photometry, 173 
Achromatic lenses, typejs of, 116, 118, 500 
Achromatism, 109 

(See also Chromatism.) 

Adaptation level, 196 
Adaptation levels, ordinary, 193 
Air, index and dispersion of, 400 
Airy’s theory of diffraction by a lens, 128 
Alloys, reflectivity of, 401 
a-monobromnaphthalene, properties of, 
364, 406 
Ametropia, 427 

determination of, 432 
Amici prisms, 362, 548 
Amplification of photoelectric currents, 
256, 294 
Anaglyphs, 530 
Anastigmats, 106, 447 
Angle, goniometers for measuring, 372 
of incidence and refraction, 34 
Angstrom unit, 11 
Angular magnification, 62, 67 
Anisometropia, 436 
Anti-npdal points, 65 


Antinode, 573 
Anti-principal points, 66 
Apertometer, 503 

Aperture, effective, determination of, 69 
(See also Relative aperture; Numerical 
aperture; //-number.) 

Aperture stop, 68 

location in visual instruments, 417 
Aplanatic points, 98 
Aplanatism, 96 

of cardioid condenser, 514 
Apochromatic objectives, 116, 446, 500 
Arc. 174 

cadmium, 181, 571 
carbon, 174 

high intensity, 175, 539 
iron, 184 

mercury, 177, 571 
mercury-tungsten, 179 
tungsten, 179 
Artificial daylight, 171 
Aspheric lenses, 84 

as condensers, 514, ,540 
Aspheric surfaces, figuring, 84, 347 
testing, 368 

Astigmatic difference, 101 

effect of position of stop on, 105 
Astigmatism (aberration of lenses), 99 
computation of, 102 
of spectacles, 437 

of typical photographic objective, 106 
Astigmatism (defect of eye), 430 
lenses for correcting, 436 
measurement of, 433, 442 
Atom, structure of, 138 
Axis, of crystal, 396, 596 
of optical system, 33 
transverse, 66, 379 

B 

Babinet compensator, 604, 615 
Back^focal length, 40 
Backing for mirrors, 353 
Bakelite, index of forced double refraction 
of, 613n 

Band spectrum, 15 
Beam of light, definition of, 14 
Becquerel effect, 247 
Beer’s law, 25 

Bending a lens, definition of, 84 
effect on astigmatism, 103 
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Bending a lens, effect on coma, 94 
on spherical aberration, 84 
Betelgeuse, measurement of diameter, 593 
Bifocal lenses, 437 
Billet’s split lens, 569 
Binocular microscopes, 524 
adjustment of, 506 
Binocular vision, 517 
measurement of, 531 
radius of, 521 
Binoculars, 493 
stereoscopic effect of, 623 
Biprisms, 569, 606, 608 
Biquartz plate, 611 
Birefringence, 393, 595, 612 
Bjerrum screen, 444 
Black body, 144 

Black-body radiation (see Radiation) 
Black-body temperature, 153 
Blue sky, cause of, 165 
Blur circle (.see Circle of confusion) 
Bolometer, 157 

Bouguer’s law of absorption, 24 
Boys’ radiomicrometer, 156 
Bravais points, 65 
Brewster’s law, 600 
Brightness, 20 
of candle, 167 
of carbon arc, 174 
of color stimulus, 308 
conversion factors for, 274 
of diffusing surface, 272 
of heated tungsten, 169 
of high-intensity arc, 176 
of image in visual instruments, 417 
measurement of, 270 
of mercury arc, 177, 178 
minimum perceptible, 193 
of moon, 167 

sensitivity of eye to differences in, 192 
of sky, 167, 193 
of sun, 161 

Brightness range of ordinary scenes, 193, 220 
Brightness temperature, 153 
Brilliance, 307 

Bromide papers, characteristics of, 241 
Bromides, effect on photographic develop¬ 
ers, 224 

Bubbles (in optical glass), 322, 33’ 
Bunsen-Roscoe reciprocity law, 20^> 

C 

Cadmium arc, 181, 671 
Cadmium spectrum, 181 
Calotte, 398 

Huygens’s construction for, 696 
in polarizing prisms, 597 
transmission of, 390 
Calipers for optical work, 372 
Callier coefficient, 212 


Campimeters, 444 
Canada balsam, 405 
cementing with, 346 
Candle, brightness of, 167 
Candlepower, standard of, 20, 265 
Carbon disulphide, properties of, 399 
Cardinal points, 50, 65 

location by computation, 67 

of single surface, 54 

of system of lenses, 59 

(See also Focal points; Nodal points; 

Principal points.) 

Cassegrainian reflector, 488 
Cathodic sputtering, 355 
Cauchy dispersion formula, 400 
Cedarwood oil, properties of, 406 
Cells, light sensitive, 244 
photoelectric, 249 
effect of gas in, 255 
in photometry, 287 
speed of response of, 256 
typical characteristics of, 253 
in photometry, 293 
photovoltaic, 247 
selenium, 244 

Celluloid, index of forced double refraction 
of, 613n 

Cementing glass parts, 346 
Centering lenses, 344, 358 
Characteristic curves of photographic 
materials, 208 

Chemical analysis with spectroscope, 566 
Chemical focus, 457 
Chief point, 94 
Chief ray, 73 
tracing, 102 

Chloride papers, characteristics of, 242 
Chroma, 310 

Chromaticity (of color stimulus), 306 
Chromatism, 109 

correction of, in a separated system, 119 
relation to Petzval condition, 117 
Cine-photomicrography, 509 
Circle of confusion, 77, 99, 462 
Coddington magnifier, 473 
Color, 296 
applications of, 314 
measurement of, 297, 308, 310 
psychological attributes of, 307 
sensation of, 297 
specification of, 304 
Color analyzer, 288 
Color filters {see Filters) 

Color match, criterion of, 303 
Color mixture, 314 
Color photography, 673 
Color temperature, 153 
of carbon arc, 174 
of daylight, 152 
of heated tungsten, 169 
measurement of, 268 
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Color temperature of sky, 107, 171 
of sun, 162, 172 
of sunlight lamp, 180 
of tungsten arc, 179 
Color triangle, 305, 309 
Color vision, 298 

Colored objects, photography of, 230 
Colorimetric purity, 308 

least perceptible difference in, 313 
Colorimetry, 308, 310 
Colors, primary, 298 
Coma, 91 

effect of form of lens on, 86, 94 
elimination of, 95, 96 
example of, 56, 86, 90 
participation in artificial flattening of 
field, 106 

relation to Herschel condition, 98 
of typical photographic objective, 90 
Compensators for polarized light, 604, 615 
Compton effect, 8 

Condensers, manufacture of. 337, 348 
for microscopes, 504, 514 
for motion-picture projectors, 540 
Conjugate distances, definition of, 31 , 
referred to focal points, 51, 56 
to nodal points, 63 
to principal points, 52, 56 
to pupils, 71 
sign convention for, 34 
Contact potentials, 249 
Continuous spectrum, 15 
Contrast, enhancement by photography, 221 
of subject, in photography, 220 
(\)nvention of signs, 33, 46, 51, 59, 72 
Cornea. 185 

measurement of curvature of, 442 
Cornu-.!ellett prism, 609 
Cosmic rays, 139 
Cover glasses, microscope, 506 
Critical angle, 26 

Critical frequency of eye to flicker, 196 
Crookes glass, 390, 392 
radiometer, 156 

Crystals, light propagation in, 595 
refractometry of, 363, 364 
twinned, 397 
Cube, photometric, 267 
Curvature of field, 102 
of spectral lines, 551 
of surfaces, measurement of, 364 
with gauges, 341 
with ophthalmometer, 442 
with test glasses, 342, 576 

D 

Daguerreotype process, 200 
d’Arsonval radiomicrometer, 166 
Davisson and Germer’s experiment, 8 
Dawes limit, 138 


Daylight, 172 
artificial, 171 
Densitometers, 210, 284 
Density, optical, 24, 284 
measurement of, 607 
of opaque materials, 239 
ratio of specular to diffuse, 212 
Depolarization, 605n 
Depth of field, 77 

in microscopy, 510 
in photography, 461 
of focus, 79 

Design of optical instruments, 416, 421, 
422 

Development constant, 206 
Diaphragm (see Stop) 

Diathermancy, 390 
Dichroism, 316 
Difference limen, 312 
Diffraction, 121 

at a circular aperture, 124 
at a lens, 127, 130 
Diffraction gratings, 559 
reflection, 368, .563 
method of ruling, 562 
replica, 563 

Diffusing surface, brightness of, 272 
Diopter (dioptre, dioptry), 46n 
prism, 346 
vertex, 435 
Diopter tools, 340 
Dioptrometer, 371 
Dipping refractometer, 363 
Discharge tube, gaseous, 183, 572 
Dispersion, 111 
of air, 400 

anomalous and normal, 400 
Cauchy formula for, 400 
of a grating, 560 
Hartmann formula for, 115, 330 
mean, 118 

measurement of, 359 

partial, 118 

of a prism, 546, 549 

rotatory, 609 

of various media, 113 

(See also Index of refraction.) 

Dispersive power, 117 
Displacement law, Wien’s, 148 
Distance' , conjugate, 31 

sign convention for, .34, 46, 51, 72 
Distoition, in lenses, 106 
of perspective, 465 
Di' ■ ling engine, 662 
Dominant wave-length, .308 
Doppler effect, 12, 15, 666 
Double refraction, 393, 595 
forced, 612 

Drawings, optical, 424 

Dropping, manufacture of mirrors by, 347 

Dyes, effect of mixing, 314 
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E 

9 

Eagle mounting of concave grating, 564 
Eberhard effect, 225 
Echelon grating, 580 
Edging flats, 345 
lenses, 343 

Efficiency, luminous (see Luminous 
efficiency) 

Einstein’s photoelectric equation, 249 
Electromagnetic spectrum, 135 
Electromagnetic theory, 6 
Electron, 7, 138 
Emissive power, 143 
Eraissivity, 146 
of tungsten, 169 
Emmetropia, 427 
Energy levels, 141 
Engraving glass, 350 
lens mounts, 424 
Entrance pupil, 70 
Entrance window, 76 
Equatorial plane (see Secondary plane) 
Equivalent focal length, 57 
Equivalent thin lens, 57 
Etching glass, 350 
Evaporation of metals, 356 
Excitation functions, 301 
Exclusion principle, 141 
Exit pupil, 71 

of microscope, 499 
of telescope, 481 
Exit window, 76 
Exposure, definition of, 205 
determination of, 275, 508 
Exposure meters, 275 
Extinction coefficient, 404 
Extraordinary ray, 595 
Eye, 185 

accommodation of, 186, 427 

acuity of, 190 

anatomy of, 185 

color vision of, 298 

contrast sensitivity of, 192 

defects of, 427 

optical system of, 187 

refraction of (spectacle fitting), 432 

schematic, 187 

sensitivity to difference in brightness, 192 
to difference in colorimetric purity, 313 
to difference in hue, 312 
to flicker, 196 
spectral, 17, 190 
test charts for, 434 
Eye circle, 482 
Eyepiece {gee Ocular) 

F 

Fabry-Perot interferometer, 686 
Far point of eye, 427 


Fechner’s law, 195 
F6ry spectrograph, 556 
Field, curvature of, 102, 106 
depth of, 77, 461, 510 
of distinct vision of eye, 188 
of view, 77 

of eye, 188, 444 
limitation of, 76 
of oculars, 474 

of photographic objectives, 446, 446, 
449, 451 

of prism binoculars, 493 
of telescopes, 483. 485, 488, 491 
Field stop, 75 

Films, thin, interference at, 574 
Filter factor, 231, 291 
Filters, 385 
gelatin, 388 

absorption in ultraviolet, 390 
cementing, 347 

for heterochromatic photometry, 173 
heat absorbing, 391 

liquid, for producing artificial sunlight, 
173 

to match visibility curve, 293 
in photography, 231 
for ultraviolet and infrared, 389 
First-order theory of optical im'agery, 40 
Fizeau’s interferometer, 579 
Flare, 460 

Flashlight powders, 180 
Flats, manufacture of, 345 
Flicker, sensitivity of eye to, 196 
Flicker photometry, 292* 

Fluorescent screens, 385 
Fluorite (fluorspar), 398 
index of refraction of, 109, 113 
in semi-apochromatic objectives, 116 
transmission of, 390 
Flux, luminous, 19 

distribution in optical systems, 409 
measurement of, 268 
//-number, 73 

of photographic objectives, 459 
relation to light-gathering power, 413, 416 
{See also Helative aperture.) 

Focal collimator, 369 
Focal points, 51 

location by computation, 67 
Focal length, 51 
achromatizing, 111 
back, definition of, 40 
equivalent, definition of, 67 
measurement of, 368, 458, 603 
relation to coma, 91, 93 
of simple lens, 68 
of system of lenses, 60 
of thick lens, 64, 72 
of thin lens, 46 
Fooometers, 369 
Focus, depth of, 79 
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Focusing optical instruments, method of, 486 
Foot-candle, 21, 274 
Foucault knife-edge test, 367 
prism, 598n 

Fourier analysis of wave trains, 570 tj 
F ourth-power law of radiation, 145 
Fovea centralis, 186 
Fraunhofer lines, 15, 162, 183/t 
Frequency, 10, 137 
Fresnel lens, 535 

Fresnel’s interference experiment, 569 
modification of Huygens’s principle, 122 
reflection formulae, 27 
Fringes, interference, 570 

of equal thickness and of equal inclina¬ 
tion, 579 

increasing sharpness of. 584 
Fundus of eye {nee Ketina) 

Fused quartz, 397 

index of forced double refraction of, 613 
index of refraction of, 109, 113 

G 

Galilean telescope, 490 
Galvanometer, optical system of, 540 
Gamma rays, 139 
Gauss ocular, 374 

points (tree Principal points) 
theory of image formation, 40, 80 
Geneva gauge, 366 

Geometrical optics, convention of signs in, 
33, 46, 51, 59. 72 
definition and postulates of, 32 
Ghosts in grating spectra, 562 

in Lummer-Gehreke plate spectra, 589 
produced by lenses, 460 
Glan-Thompson prism, 599 
Glass, 320, 384 

for absorbing ultraviolet, 390 

cementing, 346 ' 

colored, 385, 388 

drilling, 337 

grinding, 336 

ground, 384, 456 

heat absorbing, 391 

index of forced double refraction of, 613 
marking, 350 
opal, 384, 605ri 
optical, 320 

defects of, 331 , 

dispersion of, 330 

effect of impurities in, 321 

history of, 320 

list of, 328 

manufacture of, 321 

price of, 330 

reproducibility of, 330 

specification of, 325, 330 

stability of, 333 

transparency of, 333, 389, 391 


Glass, optical, types of, 325 
plate and window, 384 
polishing, 338, 341 
pressing, 325 
reflectivity of, 28 
rolling, 324 
sawing, 336 
smoke, 388 

measurement of stresses in, 613 
suitability for achromatism, 115. 117 
for transmitting ultraviolet, 389 
uranium, 385 
Glass parts, care of, 334 
cleaning, 502 
inspection of, 358 
specifying, 424 
Glaucoma, 441, 444 
Glycerine as immersion liquid, 406 
fJloss, 23, 282 

specification of, 240 
CJoggles, 390 

Goniometer, spectrometer as, 372 
Goniometers, 377 
Gonio-photometer, 282 
Grating, diffraction, 559 
echelon, 589 
Gray body, 146 

Gullstrand ophthalmoscope, 440 
H 

Half-shadow devices, 609 
Half-wave plate, 603 
Hallwachs effect, 247 

Hartmann dispersion formula, 113, 115, 330 
test, 382 

Hastings magnifiers, 473 
ocular, 476 
Headlight lenses, 535 
Hefner lamp, 265 
Helium, discovery of, 566 
spectrum of, 183 

Helmholtz’s ophthalmoscope, 438 
schematic eye, 187 
theory of color vision, 298 
Herschel condition, 98 
effect, 233 

Herschelian reflector, 488 
Hertzian waves, 136 
Heterochromatio light, 15 
Heterophoria, 431, 531 
History of optics, 1 
Homogeneous light, 14 
Hue, 307 

sensitivity of eye to differences in, 312 
Hues, division of spectrum into, 16 
H and D curves, 208 
H and D speed, 213 
Huy genian ocular, 474 
Huygens’s principle, 13 

applied to birefringent media, 595 
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Huygens’s principle, correlated with principle 
of rectilinear propagation, 121 
in reflection, 22 
in refraction, 25 
Hydrogen atom, 138 
Hydrogen discharge tube, 183 
Hydrogen spectrum, 183 
Hyperfocal distance, 465 
Hypermetropia, 427 

I 

Iceland spar (see Calcite) 

Illuminants, photographic effectiveness of, 
232 

Illumination, 21 

conversion factors for, 274 
due to stars, 194 
measurement of, 273 
in micro8(U)py, 498, 508 
dark field, 513 
vertical, 502 

of projection screens, 537 
Illumination levels, average, 160 
flluminometer, Macbeth, 270, 273 
Image, 29 

illumination in, 410 
Image formation, 29 
requirements for perfection of, 80 
third-order theory of, 81 
Image space, 31 
Incandescent lamps, 167 
for projection, 538 
special forms, 171 

Index of forced double refraction, 613 
Index of refraction, 11 
of air, 400 

measurement of, 359, 549 
relative, 26 

of common optical materials, 109, 113, 394 
of spectacle glass, 438 
Infrared radiation, 137 
effect on photographic materials, 233 
Instruments, optical, design of, 416, 421,422 
recording, optical system of, 540 
Integrating sphere, 269 
in reflectometry, 278 
Intensity, 19 

measurement of, 265, 274 
minimum perceptible, 193 
Interference, 11, 569 

application in machine-shop practice, 576 
testing surfaces by means of, 342 
at thin films, 574 

use in measuring index of refraction, 591 
in measuring stellar diameters, 592 
Interference spectroscopes, 588 
Interferometers, 579 
for meaeuring index of gases, 591 
resolving power of, 688 
stellar, 592 


Interferometers for testing lenses, 382 
Inverse-square law, 21 
lodoeosin test of optical glass, 334 
Ionization of atoms, 138 
Iridectomy, 441 
Iron arc, 184 

Isochromatics, in photoelasticity, 615 
Isoclinics, in photoelasticity, 615 
Isostatics, in photoelasticity, 617 
Isotopes, 138 

J 

Jamin’s gas interferometer, 591 
Javal and Schjotz’s ophthalmometer, 442 
.lellett prism, 609 
Johansson gauges, 577 

K 

Kellner ocular, 476 
Kelvin temperature scale, ]45n 
Keplerian telescope (see Telescopes, re¬ 
fracting) 

Kirchhoff’s law, 144 
Knife-edge test, 367 
Kohler illumination, 508 
Konig-Martens spectrophotometer, 286, 
607 

Kryptok lenses, 438 

Krypton radiations, purity of, 572 

L 

Lab-arc, 178 

Lacquers for instruments, 423 
for mirrors, 353 
Lagrange’s law, 43, 93a 
Lambert, definition of, 271 
Lambert’s cosine law, 153, 271 
law of absorption, 24n 
Lamps (see Incandescent lamps; Arcs) 
Lantern-slide projectors, 536 
Latent image, 199 

Lateral magnification (see Magnification) 
Laurent half-shadow plate, 610 
Length, measurement of, by interference 
methods, 579, 587 
Lens bench, 379 

Lens computations, trigonometrical, 36 
Lens formulae, 50, 56 
(See also Thin 'lens.) 

Lenses, 29 

camera (see Objectives) 
cementing, 346 

converging and diverging, 29, 47 
correction of, 90, 96 

cylindrical, for correcting astigmatism 
of eye, 431, 436 

in optical system of recording instru¬ 
ments, 542 
depth of field of, 462 
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Lenses, edging and centering, 343 
Fresnel, 635 

grinding and polishing, 337 
inspection of, 358 

measurement of aberrations in, 368, 377, 
455 

mounting, 422 
ophthalmic, 338, 436 
positive and negative, 47 
preparing blanks for, 336 
for searchlights, 535 
truing, 346 
{See aho Objectives.) 

Lensometer, 371 
Light, definition of, 1 
nature of, 6 
natural, 17 

in optical systems, distribution of, 409 
polarization of (see Polarization; Polar¬ 
ized light) 
velocity of, 8 
Light filters (see Filters) 

Light-sensitive cells, 244 
(See also Cells.) 

Light sources, photographic effectiveness of, 
232 

Lighthouse lenses, 535 
Limen, difference, 312 

Limiting frequencies for photoelectric effect, 
250 

Line spectrum, 15 
Lippich prism, 610 

Lippmann process of color photography, 573 
Littrow spectrograph, 557 
Lloyd’s mirror, 569 
Longitudinal magnification, 67 
Lowe’s gas interferometer, 592 
Lumen, 19 
Luminosity, 19, 308 
of color stimulus, 306 
Luminous efficiency, 19 
of black body, 152 
of incandescent lamps, 170 
of solar radiation, 164 
of sunlight lamp, 180 
of tungsten, 169 
Luminous flux (see Flux) 

Luminous intensity (see Intensity) 
Lummer-Brodhun photometer head, 266 
Lummer-Gehreke plate, 589 
Lux, 274 

M 

Macbeth illuminometer, 270, 273 
Macula lutea, 186 
Magnesium carbonate, gloss of, 240 
reflectance of, 280 
Magnification, 42 
angular, 62 

apparent and real, 418 


Magnification, empty, 420 
initial, of microscope objective, 495 
lateral, 42 

chromatic difference of, 110 
referred to entrance and exit pupils, 72 
to focal points, 51, 56 
to nodal points, 64 
to principal points, 52, 66 
relation to coma, 91,93 
by single surface, 42 
by thin lens, 47 
longitudinal, 67 

relation between types of, 67, 81 
Magnifiers, 470-473 
Magnifying power, 418 

of magnifiers and oculars, 470 
of microscopes, 495 
normal, 418 
of spectacles, 435 
of telescopes, 479 
useful, of microscopes, 499 
of telescopes, 482 
Magnitudes, stellar, 194 

measurement of, 238, 274 
Malus, law of, 601, 606 
Mangin mirror, 536 
Marking glass, 350 
Martens photometer, 285, 606 
Maxwellian view photometer, 274 
Maxwell’s requirements for perfect optical 
instrument, 80 
Mean dispersion, 118 
Mechanical equivalent of light, 19 
Mercury arc, 177 
spectrum of, 177, 571 
Meridional plane, 99 
Meridional ray, 36 
Metallic reflection, 405 
Metals, electrical deposition of, 355 
limiting frequencies of, 250 
reflectivity of, 401 
Meter, measurement of, 583, 586 
Meter-candle, 274 
Meter-candle-second, 205n 
Methylene iodide, properties of, 364, 406 
Michelson’s echelon grating, 589 
interferometer, 582 
measurement of meter, 583 
of velocity of light, 9 
method of analyzing complex spectral 
lines, 688 

stellar interferometer, 692 
Micrometers, 372 
stage, 503 

Micrometer ocular, 475 
Micron, 11 

Microscope condensers, 504 
Microscope objectives, 499 
(See also Objectives.) 

Microscope oculars, 477 
(See also Oculars.) 
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MicroBcopes, 3, 494 
adjustment of, 605 
binocular, 524 
depth of field of, 510 
magnifying power of, 494 
normal, 419 

mechanical tube lengtli of, 499, 503 
optical system of, 494 
optical tube length of, 495 
resolving power of, 496 

use of ultraviolet light to increase, 514 
simple (see Magnifiers) 

Microscopy, 505 
illumination in, 507 
critical, 498 
dark field, 513 
oblique, 513 
vertical, 502 
ultraviolet, 514 
(See also Photomicrography.) 

Millimicron, 11 
Milliphot, 274 

Minimum deviatif)n of a prism, 548 
Mirrors, 351 
dropping, 347 

ellipsoidal, for motion-picture projection, 
539 

figuring, 348 
fused quartz, 397 
platinizing, 354, 355 
protecting, 353 
for searchlights, 535 
spherical, in projectors, 538 
spherical aberration of, as a function 
of form, 83 

Mittenzwey ocular, 475 
Monochromatic light, definition of, 14 
purity of, 570, 571 
sources of, 181 
Monochromators, 544, 555 
Monochromats, 500 
Moon, brightness of, 167 
Moseley’s atomic number, 139 
Motion pictures, 198 
of microscopic specimens, 509 
projectors for, 539 
stereoscopic, 530 
Mounting lenses, 422 
Munsell system of color notation, 310 
Mylius’ test for stability of optical glass. 
334 

Myopia, 427 

N 

Natural light, 17 

Nature of light, 5 

Near point of eye, 427 

Newtonian form of lens equation, 52 

Newtonian reflector, 488 

Newton's rings, 674 


Niool prism, 597, 601 
Nodal poijits, 62 
experimental location of, 379 
negative, 65 
Nodal slide, 66, 379 
Node, 573 

Nokrorne lenses, 438n 
Non-homogeneous light, 15 
Noviol glass, 390 
»'-value, 325 
Numerical aperture, 73 

relation to light-gathering power, 414, 416 
(See also Relative aperture.) 

O 

Object, 29 

real and virtual, 30 
Object space, 31 
Objectives, 48 
Eistrographic, 486 
light-gathering power of, 413, 416 
microscope, 499 
aplanatism in, 98 
cleaning, 502 

correcting for cover-glass thickness, 
506 

immersion, 98, 501 
initial magnification of, 495, 501 
measurement of focal length and 
numerical aperture of, 503 
resolving power of, 132 
special oculars for, 477 
testing, 381, .503 
types of, 116, 499 
used as condensers, 505 
working distance of, 472, 501 
photographic, 445 

astigmatism and curvature of field of, 
104 

coma of, 90 
correction of, 445 
depth of field of, 461 
distortion of, 108 
meniscus, 104, 106, 446 
spherical aberration of, 90 
symmetrical, 73, 108, 448 
testing, 455 
types of, 446-455 
projection, 537, 539 
telescope, 485 
resolving power of, 133 
(See also Lenses.) 

Ocular, Gauss, 374 
Huygenian, 474 
Ramsden, 476 
Oculars, 470 

achromatism of, 112 

astigmatism and curvature of field of, 

> 104,475 
erecting, 477, 490 
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Oculars, magnifying power of, 470 
tube sizes of, 477 
types of, 474-478 
Opacity, 24 
Opera glasses, 492 
Ophthalmic lenses, 338, 436 
Ophthalmometer, 442 
OphthalmoBCope, 438 
Optic axis of crystal, 396, 596 
Optical activity, 609 
Optical axis, 33 
Optical center, 62, 64 
Optical collineation, 80 
Optical parts, care of, 334, 607n 
classed by quality, 337, 341 
(See also Lenses; Prisms.) 

Optometry, 432 
Order, of interference, 571 
of spectrum, 560 
Ordinary ray, 595 
Origin of spectra, 139 
Orthosoopic lenses, 109 
Oscillations (see Waves) 

Oscillograph, lamp for, 171 
optical system of, 540 

P 

Paint, cause of color of, 318 
gloss of, 282 
for instruments, 423 
for integrating spheres, 269, 279 
Papers, photographic, 239 
Parabolizing mirrors, 349 
Parallax stereograms, 529 
Paraxial rays, behavior of, 40 
Partial dispersion, 118 
Pencil of rays, 14 

Pencils, stigmatic and astigmatic, 99 
Penetration effect of binocular instruments, 
524 

Perfect imagery, requirements for, 80 
Perimeter, 444 
Period, 10 

Persistence of vision, 196 
Persistent lines, 567 

Perspective considerations in optical im¬ 
agery, 81, 465 

Petzval’s condition for flatness of field, 104 
relation to achromatism, 117 
construction in projection lenses, 540 
portrait objective, 455 
theory of pinhole camera, 125 
Pfund arc, 184 
Phot, 274 

Photoelasticity, 612 
Photoelectric cells (see Cells) 

Photoelectric currents, amplification of, 
256, 294 

Photoelectric effect, 6, 247 
limiting frequencies for, 250 


Photoelectric spectrophotometer, 287 
Photoflash lamp, 181 
Photographic materials, 201 
astrogamma of, 238 

characteristic (mrves of (H and D curves), 
208, 241 

chemical fog of, 203 
color coefficient of, 226 
color sensitivity of, 229, 289 
contrast of, 211,214 
control in processing, 228 
density of, 205 

measurement of, 210, 607 
developer for, 217 
fine grain, 236 
reduction potential of, 225 
development of, 223 

effect of bromide on, 224 
laws governing, 206 
proper time for, 226 
effect of flash exposure on, 216 

of improper exposure and development, 
222 

exposure of, definition of, 205 
determination of, 275, 508 
laws governing, 204 
mechanism of, 202 
extraneous markings on, 238 
fixing, 199 

solution for, 203 
fog of, 203, 215 
gamma of, 211,214 
grainiuess of, 235 
halation of, 237 
hyperscnsitizing, 234 
induction period of, 207 
inertia of, 211 
intensification of, 227 
irradiation in, 238 
latitude of, 215 
manipulation of, 203 
nature of, 201 
opaque, 239 
panchromatic, 230, 290 
positive, 239 
reduction of, 228 
resolving power of, 234 
reticulation of, 239 
reversal of, 208 
solarization of, 208 
spectral sensitivity of, 229 
speed of, 213 
types of, 216 
washing, 204 

Photographic objectives, 445 
speed of, 458 

transmission of and flare in, 460 
(See also Objectives.) 

Photographic print, full scale, 241 

Photographic reproduction of tone values 
219, 226 
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Photography, 199 
aerial, 234, 446 

application to photometry, 289, 295 

astronomical, 485 

depth of field in, 461 

effectiveness of various illuininants in, 231 

history of, 199 

in infrared, 233 

perspective considerations in, 465 
stereoscopic, 526 
true to nature, 465 
in ultraviolet, 231 
use of filters in, 231 
Photometer heads, 266 
Photometers, 265, 270. 274, 285, 606 
Phctornetric constant, 205 
Photometric units, 18, 264 
conversion of, 274 
Photometry, definition of, 18 
of extended sources, 270 
flicker, 292 

heterochromatic, 285, 291 
of incandescent lamps, 268 
physical, 264, 287, 293 
of point sources, 265 
special methods of, 274 
stellar. 274 

by photography, 238 
visual, accuracy of, 266 
Photomicrography, 507 
depth of field in, 510 
lamp for, 171 
oculars for, 477 
stereoscopic, 525 

Photon (unit of retinal illumination), 192 
Photropic cell, 247 
Physiological optics (see Eye) 

Pigments, cause of color of, 317 
Pinhole camera, 125 

Pinhole test for refractive errors of eye, 436 
Planck’s distribution law, 150 
constant, 249 
value of, 141 

Plane-parallel plate, deviation due to non- 
parallelism of, 546 
Plate, Lummer-Gehreke, 589 
Plates, crystal, 614 

for modifying polarized light, 602 
photographic (see Photographic materials) 
Platinizing by burning in, 354 
by sputtering, 355 
Platinum, reflectivity of, 402 
Point-o-lite lamp, 179 
Polarimeters, 608 

sensitive-tint plate in, 614 
Polarization, 16 

elimination of? 605n 
plane of, 16 

production of, 597, 602, 604 
by reflection, 28. 600 
rotatory, 608 


Polarization, rotatory, in quartz, 396 
Polarized light, 16, 595 
analysis of, 603 
applications of, 17, 608 

to measurement of reflectivity of 
metals, 405 

to photometry, 285, 606 
to saccharimetry, 612?i 
to stress analysis, 612 
Polarizing angle, 28, 600 
Porro prism, 493 
Potassium, A' line of, 183/t 
Pots for making optical glass, 321 
Power, of a lens, 46 
vertex, 371, 485 
(See also Focal length.) 
radiant, 19 

(See also Kadiation.) 

Precision of manufacturing optical parts 
(see Tolerances) 

Precision quality of optical parts, 338, 341 
Presbyopia, 427 
spectacles for, 437 
Prescription for spectacles, 432 
transposing, 436 
Pressure of radiation, 145 
Prdvost's theory of exchanges, 143 
Primary image, 99 
location of, 102 
Primary image surface, 101 
Primary plane, 99 

Principal plane of polarizing prism, 599 
Principal planes of lens. 50, 94 
Principal points, 50 
for extra-axial rays, 94 
location by computation, 57 
negative, 65 
order of, 59 
of simple lens, 58 
of system of lenses, 61 
Principal ray (see Chief ray) 

Principal surface, 94 
Prism, Amici, 362, 548 
dispersing, theory of, 645 
Porro, 493 
Risley, 532 

thin, deviation and dispersion of, 546 
Prism diopter, 346 
Prisms, manufacture of, 345 
measuring angles of, 372 
polarizing, 597, 609, 610 
preparing blanks for, 336 
specifying, 426 

use in binocular instruments, 493, 525 
Projection, stereoscopic, 530 
Projection lenses, 537, 639 
Projection systems, 534 
Projectors, lantern slide, 536 
motion picture, 539 
Proton, 138 

Pseudoscopio effect, 522 
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Pulfrich refractometer, 359 
Pupil, of eye, diameter of, 189 

{See also Entrance pupil; Exit pupil.) 
Purity, colorimetric, 308, 313 
l^urkyn6 (Purkinje) phenomenon, 191 
J*yrometer, optical, 271 

Q 

Quality, of glasB, 323, 384 
of optical parts, 337-346, 424 
Quantum, 7 
Quantum number, 141 
Quantum theory, 7, 141 
of photoelectric effect, 249 
of radiation, 152 
Quarter-wave plate, 602 
Quartz, 393 

fused {see Fused quartz) 
index of refraction of, 109, 113 
transmission of, 390 

H 

Radiation, 135 
black body, 146 

filters for transforming, 173n 
luminous efficiency of, 152 
spectral distribution law of, 150 
pressure of, 145 

solar, luminous efficiency of, 164 
color temperature of, 148 
thermal, 142 

from incandescent lamps, 170 
from tungsten, 169 
Radiation detectors, 155 
sensitivity of, 158 
Radiator, diffuse, 20, 146, 154, 272 
selective and non-selective, 146 
Radiometers, 156, 159 
Radi ora etry, 155 
Radiomicrometer, 156 

Radius of curvature, sign convention for, 34 
{See also Curvature.) 

Raies ultimes, 567 
Ramsden circle, 482 
ocular, 476 
Range-finders, 523 
Ray of light, 14 
chief, 73 

Ray tracing, general case, 34 
numerical examples of, 36 
special cases, 35 
Rayleigh limit, 133 
Rayleigh-Jeans distribution law, 160 
Rayleigh’s gas interferometer, 592 
theory of pinhole camera, 126 
Raya, meridional and skew, 36 
ordinary and extraordinary, 595 
paraxial, 40 
Reciprocity law, 205 


Recording instruments, optical system of, 
540 

Rectilinear objectives, 109, 447 
Rectilinear propagation, 121, 124 
Reduction potential (of photographic 
developers), 225 
Reflectance, 277 
absolute, 281 

computation from spectrophotometric 
data, 290 

of metals and alloys, 402 
Reflection, 22 

by a mass of transparent particles, 317 

diffuse, 23, 271 

metallic, 405 

at mirrors, 41 

polarization by, 600 

total, 26 

at transparent media, 26 
Reflectivity, 143, 277n 
of metals and alloys, 402 
Reflectometry, 277 

absolute methods of, 280 
Reflectors, types of, 20, 23 
{See also Mirrors.) 

Refracting surface, cardinal points of, 54 
conjugate distances for, 41 
Refraction, 25 
double, 393, 596, 612 
at a spherical surface, 33 
Refractive index {see Index of refraction) 
Refractometers, 359 
contact liquids for, 406 
preparing samples for, 363, 426 
Relative aperture, 73 

effect on depth of field, 463 
measurement of, 459, 503 
relation to light-gathering power, 413 
of telescopes, 483, 486, 489 
uniform system of marking, 459 
Relative visibility of eye in spectrum, 17, 190 
Resolution, criteria of, 130 
Resolving power, 130 

correlation with magnifying power, 417 
of echelon gratings, 590 
of eye, 189 

of grating spectroscopes, 561 
of interterorneters, 588 
limitation due to design and workman¬ 
ship, 133 

of microscopes, 132, 496 

use of ultraviolet light to increase, 514 
of photographic materials, 234 
of photogi^phic objectives, 445 
of prismatic spectroscopes, 550 
of telescopes, 483, 593 
Retina, examination of, 438 
structure of, 186 
Retinosoope, 441 

use in refraction, 433 
Rialey prism, 532 
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Robiguet polarimeter, 611 
Roohon prism, 599 
Rotatory polarization, 608 
Rowland gratings, 563 
Ruete’s ophthalmoscope, 439 
Rutherford’s atomic model, 138 

8 

Saccharimetry, 609, 6l27i 
Sagittal image surface, 101 
Sagittal plane, 99 
Salt (rock), 399 
transmission of, 391 
Saturation, 307 
Sawing glass, 336 

Scattering of light by small particles, 165 
• polarization by, 604 
Schott, optical glass, 112, 117, 326 
Schumann plates for ultraviolet, 231 
Schuster’s method of focusing a spec¬ 
trometer, 552 
Searchlights, 412, 534 
Secondary image, 94 
location of, 103 
Secondary image surface, 101 
Secondary plane, 99 
Secondary spectrum, 115 
Seeds (in optical glass), 331 
Seidel’s theory of aberrations, 82 
Remi-apochromatic objectives, 116, 5(X) 
Sensitive-tint plate, 614 ✓ 

Sensitometer, 209 

Separation of lenses, measurement of, 372 
Siedentopf’s cardioid condenser, 614 
Sign convention in geometrical optics, 33, 
46, 51, 59, 72 

Silvering, chemical, 351, 363 
by evaporation, 356 
half, 353 
Simple lens, 58 
Simple lenses, systems of, 69 
Sine oonditien, 93 

departure from, by photographic objec¬ 
tives, 90 

relation to Herscbel condition, 98 
Skew ray, 36 
Skiascopy, 442 
Sky, brightness of, 167, 193 
color of, 165 

color temperature of, 167, 171 
Sky light, 165 

determination of polarization of, 606 
Slit lamp, 443 ^ 

Slits for spectroscopic apparatus, 558 
Slope angle, 33 
sign convention of, 34 
Snellen charts, 434 
Snell’s law, 25 
Sodium spectrum, 182 
Solar constant, 163 


Soleil’s biquartz plate, 611 
Sound-recording on film, 542 
Specifications for optical parts, 424 
Spectacle lenses, manufacture of, 338 
Spectacle quality of optical parts, 338, 341 
Spectacles, magnifying power of, 435 
fitting, 432 
protective, 390 
types of, 436 

Speculum metal, properties of, 402, 408 
Speed, of lenses, 73, 458 
(See aiso f/-number.) 
of photographic materials, 213 
Spectra, origin of, 140 
types of, 15 

Spectral lines, analyzing, 588 
curvature of, 551 

Spectral sensitivity of eye, 17, 190 
of photoelectric cells, 251 
of photographic materials, 229 
.Spectrographs, 644, 556 
wedge, 289 

Spectroheliograph, 566 
Spectrohelioscope, 566n 
Spectrometer, 544 
adjustment of, 374 
autocollimating, 552 
as goniometer, 373 
optical system of, 373, 649 
procedure for measuring refractive index 
with, 549 

Spectrophotometer, photoelectric, 287 
photographic, 289 
polarizing, 607 

Spectrophotometric curves of common 
objects, 297 

Spectrophotometry, 264, 285, 557 
as basis of colorimetry, 311 
visual, difficulties in, 287, 307 
Spectroradiometry, 158 
Spectroscopes, 544, 553, 565, 
direct vision, 548 
interference, 588 
prismatic, 553 

optical system of, 549 

Spectroscopic apparatus, adjusting, 374, 552 
applications of, 565 
grating, 559 
illumination of, 551 
prismatic, 552 

curvature of spectral lines in, 551 
theory of, 545 
resolving power of, 550, 561 
slits for, 558 

Spectrum, division into hues, 16 
electromagnetic, 135 
secondary, 115 
solar, 162 

Spectrum analysis, 566 
Sphere, aplanatism of, 96 
integrating, 269, 278 
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Spherical aberration, 83 
correction of, 87, 98 

elimination by Fresnel construction, 535 
example of, 40 

relation to coma and sine condition, 94 
to distortion, 107 
to Herschel condition, 98 
Spherical surface, cardinal points of, 64 
formula for axial rays, 41 
formulate for extra-axial rays, 102 
refraction at, 33 
Spherometcrs, 364 
Sport Glass, 492 
Sputtering, cathodic, 356 
Squint, 432, 631 
Stage micrometer, 603 
Stars, measurement of diameter of, 592 
spectroscopic study of, 566 
Stefan-Boltzmann law, 145 
Stellar magnitudes, 194 
Stellar photometry, 238, 274 
Stereoscopes, 526 

for testing binocular vision, 531 
Stereoscopic microscopes, 524 
Stereoscopic photography, 526 
Stereoscopic telescopes, 523 
Stereoscopic vision, measurement of, 531 
radius of, 521 
Stereoscopy, 517 

distortion in, 520, 522 
enhancement of relief by, 528 
Stones (in optical glass), 331 
Stop, diffraction effects of, 123 

effect on astigmatism and curvature of 
field, 104 

effect on distortion, 106 
{See also Aperture stop; Field stop.) 
Strabismus, 432, 631 
Stresses, in fiised quartz, 397 
in glass, 323, 332 
in telescope mirrors, 489 
measurement of, 612 

(See also Photoelasticity.) 

Striae, 324 

detection of, 331, 368 
Stroboscope, light source for, 178 
Sugar (see Saccharimetry) 

Sumpner’a principle, 268 
Sun, 160 

(See also Radiation.) 

Sunlight lamp, 179 
Sunset colors, cause of, 166 
Surface, spherical refracting (see Spherical 
surface) 

Surface curvature (see Curvature) 

Surfaces, testing by interference methods, 
576 

Sutcliff’s ophthalmometer, 442 
Sylvite (sylvine), 309 
transmission of, 391 


T 

Talbot’s law, 197 
Tangential image surface, 101 
Tangential plane, 1(X) 

Telecentric systems, 74 
Telephotography, 452 
Telescope, history of, 3 
magnifying power of, 479 
normal, 419 

method of focusing, 486 
mounting of, 489 
resolving power of, 133, 483 
theory of, 479. 490 
Telescope objectives, 485 
(See also Objectives.) 

Telescope oculars (see Oculars) 

Telescopes, 479 

astronomical (see Telescopes, refracting) 
binocular, 523 
Galilean, 490 

Keplerian (see Telescopes, refracting) 
photographic, 485 
reflecting, 487 

manufacture of mirrors for, 348 
testing mirrors for, 368 
refracting, 484 
spectrographs for, 558 
terrestrial, 489 
weather proof, 487 
Telescopic gun sights, 483 
Telescopic system, definition of, 479 
Temperature, absolute (Kelvin), 145r» 
brightness and true, definitions of, 153 
color, 153 

(See also Color temperature.) 

Test charts for eye, 434 
for lenses, 457 
Test glasses, 366 
use of, 342, 576 
Thalofide cell, 246 
Theodolites, optical system of, 487 
Thermal radiation (see Radiation) 
Thermopile, 157 
Thick lens, 50 

Thickness, measurement of, 372 
Thin lens, coma of, 96 
equivalent, 57 

formula for conjugate distances, 46 
formulae for extra-axial rays, 103 
lateral magnification of, 47 
spherical aberration of, 86 
Thin-lens system, 48 

achromatizing, 111, 114, 117 
astigmatism and curvature of field of, 103 
correction of, 88, 96 

Third-order theory of optical imagery, 81 
Thompson polarizing prism, 599 
Thorp’s process of making grating replicas, 
563 
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Tolerances, for condensers, 341 
in curvature of surfaces, 426 
in diameter of lenses, 344, 345 
for flats, 346 

method of specifying, 424 
for ophthalmic lenses, 341 
for precision quality lenses, 342 
for prisms, 345 
Tolies ocular, 475 

Tone values, photographic reproduction of, 
219, 226 

Tools for lens grinding, 338 
Topler’s shadow method, 331 
Toric lenses, 436 
Total reflection, 26 

Tourmaline, polarization of light by, 507 
Transmission, 283 

computation from spectrophotometnc 
data, 290 

of materials in ultraviolet and infrared, 
389 

measurement of, 283, 333, 606 
of optical glass, 333, 380, 391 
Transparency, 23 

also Transmission ) 

Transverse axis, 66, 379 
Trial frame for refraction of eyes, 435 
Truing lenses, 346. 358 
Tube length of microscope, mechanical, 499 
optical, 495 
Tungs-arc lamp, 179 
Tungsten, properties of, 168 
Tungsten arc, 179 

Tungsten lamps (see Incandescent lamps) 
Tungsten surface, radiation from, 154, 168 
Twyman’s lens-testing interferometer, 382, 
583 n 

Tyndall effect, 166, 604 
U 

T^lbricht sphere (see Integrating sphere) 
Ultramicroscopy, 513 

Uniform system (of marking lens apertures), 
459 

ITnits of measurement of light waves, 11, 136 
Universal spectrograph, 565n 

V 

Value (of a color), 310 

Velocity of light, 8 

Vertex (of refracting surface), 33 

Vertex diopter, 435 

Vertex power, 371, 435 

Vertometer, 371 

Visibility of radiant energy, 17, 190 


Vision, acuity of, 190 
defects of, 427 
persistence of, 196 
Vital-ray region, 163 

W 

Wadsworth constant-deviation spectro¬ 
scope, 554 

Wallace’s process of making grating replicas, 
563 

Water, optical properties of, 391, 399 
Watkins factorial system of development, 
229 

Wave front, 12 
in birefringont media, 595 
effect of lens on, 29, 127 
of size of stop on, 123 
in image formation, 29 
Wave length, 10 

dominant (of a color stimulus), 308 
of electromagnetic radiations, 136 
measurement by interference, 579 
standards of, 182, 184 
Wave mechanics. 8 
Wave motion, 9 ♦ 

Wave theory of light, 6 
Wave train, Fourier analysis of, 570n 
Waves, electromagnetic, 135 
stationary and traveling, 572 
Weather alkalinity of optical glass, 334 
Weber’s law, 195n 
Wedge spectrograph, 289 
Welding, goggles for, 392 
Wheatstone’s stereoscope, 527 
Wien’s displacement law, 148 
distribution law, 149 

Wiener’s stationary-wave experiment, 573 
Window {see Entrance window; Exit 
window) 

Wollaston prism, 699, 606, 608 
Work function, 249 
Working distance, 472 
of magnifiers, 473 
of microscope objectives, 501 
Wratten filters, 388, 390 

X 

X-ray stereoscopes, 527 
X-rays, 139 
photography by, 233 

Y 

Yellow spot (of retina), 186 
Young’s interference experiment, 569 
Young-Helmholtz theory of color vision, 298 
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